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PREFACE TO FIRST EDITION. 



Algebra is justly considered oae of the principal foundations 
'of all sound mathematical knowledge. Since the investigations 
of modem geometers hare given to analytical investigations that 
predominance v^Jiich they now hold over the synthetical methods 
adopted by ancient mathematicians, its importance has propor- 
tionably increased. Every person, therefore, who wishes to ob- 
tain a thorough knowledge of the higher mathematics, must 
commence by studying and fully mastering the principles of 
Algebra: 

It is not to such persons alone that it is important. The 
habits of investigation to which it leads ; the powers of analysis 
which it confers ; and its general application to the solution of 
problems, which are frequently presented to every person who 
lays any claim to a liberal education, make it an important, if 
not an essential branch of education. 

The object of this treatise is to present the science in a manner 
sufficiently simple to enable all to understand it, and yet so com- 
prehensive as to embrace nearly every thing that it is necessary 
for the student to learn, as a preparation for his future studies. 
The first part of the work, which includes Qus^lratic Equations, 
will be found to be more full than common, particularly on the 
subject of pure equations. It is believed to contain all that is 
required, for one who desires to obtain a knowledge of the more 
elementary parts of Algebra. The remaining chapters contain 
the theory of Equations, Series, Logarithms, Indeterminate and 
Diophantine Analysis. 

Most teachers have found that children commencing the study 
of Algebra are frequently at a loss to understand the nature of 
the operations they are required to perform. The addition and 
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4 PREFACE TO FIRST EDITION. 

subtraction of letters seem to them foolishness. Some prelimi- 
nary exercise is necessary to enable them to perceive the utility 
of their labours. It is hoped the preliminary chapter in this work 
will do something towards removing this inconvenience. The 
questions selected are so simple that no child who is prepared to 
commence the study of Algebra will find much difficulty in per- 
forming them ; no operations being necessary but such as the 
method of instruction universally practised by all thorough 
teachers of arithmetic will have rendered familiar. In solving 
the various questions that are found in this chapter, the student 
can hardly fail to become familiar with the meaning and use of 
the symbols ; and thus be prepared to enter upon the subsequent 
portions of the work, without that embarrassment to which allu- 
sion has been made. It is earnestly recommended that he be 
made fully acquainted with this chapter before he is allowed to 
proceed. 

Considerable care has been taken to make the explanation of 
the various rules concise, yet clear. The attention of- teachers 
is particularly called to the remarks on the absolute negative 
quantity, art. 11 and 12; in which an attempt has been made to 
relieve the pupil from a cause of embarrassment to which he is 
generally subjected when commencing his labours. The demon- 
stration of the rule for signs in multiplication and division, has 
no claim to novelty. Notwithstanding its importance, it is often 
omitted in elementary algebras. The omission of such demon* 
strations will at once be seen to be objectionable, when it is 
remembered that chil<)ren are taught Algebra for the purpose of 
putting in their hands an instrument by which they may remove 
difficulties they meet with elsewhere. Such explanations should 
never be passed over without being understood; an opposite 
practice leads to loose habits of study, which often lay the 
foundation for much future difficulty, and deprive the pupil of 
the satisfaction which he would feel from the consciousness that 
every thing in the work he had studied had become his own. 

The method employed, art. 17, in explaining the force of the 
index, was generally used by ancient authors ; it has been too 
much neglected in modem treatises. It will be found to give 
more precise notions respecting the exponent than can be ob- 
tained in any other way. 

Throughout the first part, numerous examples have been given, 
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PREFACE TO FIRST EDITION. D 

sufficient, it is believed, to familiarize the student with all the 
methods of solution employed. 

In the Second Part, the theory of equations has been much 
more fully developed than in any elementary treatise with which 
the author is acquainted* Care. has been taken to preserve per- 
fect rigour in the. demonstrations. Some of these will be found 
to be very copcise. The beautiful theorem of M. Sturm, for 
which he obtained the mathematical prize from the French Aca- 
demy, has been developed at some length ; as well as the com- 
pendious method of Homer for approximating to the values of 
the roots of an equation. The chapter on the Summation of 
Series has been principally taken from Young's Algebra ; that 
on Binomial Equations from a treatise on the theory of equations, 
by the same author. For the theory of Diophantine Analysis, 
the author is principally indebted to the admirable treatise on 
Algebra by Euler. 

In the preparation of the work, most of the treatises on the 
subject in common use have been consulted, more, however, for 
the purpose of discovering what had been done, than from an 
expectation of deriving much direct assistance from them. For 
the greater part of the theory, the author is only so far indebted 
to books as they have enabled him to store his own mind with 
knowledge on the subject. In selecting examples, however, he 
has made free use of all the treatises in his possession. A con- 
siderable number have been taken from ^^ Bland's Algebraical 
Problems." 

In conclusion, the author would remind those who may be 
disposed to use the work, that in a treatise of this kind much 
that is new could not be expected. Most that can be done is to 
simplify the arrangement, and render the demonstrations more 
ii\eai and precise. If this result has been obtained, and an im- 
portant branch of science has thus been made more accessible, 
one great point has been gained. With these remarks the author 
leaves the work to the judgment of an enlightened public. 

Philadelphia, 5th month, 1846. 
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PREFACE TO SECOND EDITION. 



In preparing this edition, the author has subjected the whole 
work to a thorough examination. The few errors that were dis- 
covered have been corrected. The chapter on Diophantine Ana- 
lysis has been considerably extended. The additions likewise 
include a chapter on Continued Fractions, and one on the appli- 
cation of Algebra to Geometry. 

In the selection of the subjects to be introduced, it has been 
his object to choose those which give the most complete exercise 
in algebraical analysis, and which, at the same time, have the 
most extensive bearing on the general principles of mathematical 
science. It has, in fact, been his aim to furnish the student with 
a treatise which will present all that is necessary to a thorough 
knowledge of the principles of Algebra, and thus afford a firm 
basis on which to found his future mathematical studies. 

As now offered to the public, it is believed the treatise contains 
all that is necessary to a mathematical course as extensive as that 
pursued in our best colleges, treated in a manner as simple as is 
consistent with the full development of the mental faculties of 
the student. It has formed no part of the author's object to fur- 
nish a popular work. A popular treatise on mathematics is neces- 
sarily a poor treatise. The subject is one which, to be of any 
value, requires to be taught thoroughly, systematically. When 
so taught, there is nothing which strengthens the reasoning 
powers to a higher degree, and gives firmer tone and greater 
vigour to the mind. To secure these objects, however, deep 
and close study is necessary ; and to these a popular book is a 
hindrance rather than an aid. 

With the elementary treatise, to be published in a few weeks, 
it is believed the work will be found to contain all that is needful 
to the objects in view. 

Wilmington^ 5ih month, 1848. 
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SYNOPSIS OF THE DEFINITIONS. 



••. This sign is used for therefore, 

oc Signifies infinity, . 

^ Indicates the difference between two quantities between 
which it is placed. 

Jiffirmative quantities are those affected with the sign +. 
A quantity without a sign is always considered affirmative, 
(Art. 10.) 

Negative quantities are those affected with the sign — . 
(Art. 10.) 

M)/iomia/ quantities are those whose parts are not separated 
by the sign + or — ; thus a, bb\ and Qbc^ arie mono^ 
miala. 

Binomial quantities are such as consist of two monomials, 
connected by the sign + or — ; thus a + 6 and 3 a«— 56c 
are binomials. 
The monomials which form a binomial are called Terms, 

Polynomial quantities consist of more than two terms ; thus 
4 a — 5 b'x + c* is a polynomial. 

Coefficients are numbers joined to any quantity to indicate 
how often it is considered as being repeated ; thus 3 a is 
the coefficient of ar in the expression 3 ax, (Art. 16.) 

Index or Exponent^ is a number or symbol placed over an 
expression to indicate some power or root ; thus 2 is the 

exponent of a«;^ of (a + b)^. (Art. 18 and 89.) 



Digitized by VjOOQIC 



i 



10 SYNOPSIS OF THE DEFINITIONS. 

Homogeneous quantities are those which contain the same 
number of factors ; thus 3fi^^ and a^xy^ are homogeneous, 
each containing 6 factors. (Art; 25.) 

liatio is the relation which one quantity bears tq another in 
magnitude, and is expressed by dividing the second by the 

5 

first ; thus the ratio of 4 to 5 is -. 

Equation is aii expression of equality between two expres- 
sions ; the two expressions considered equal being called 
the members or sides of the equation. (Art. 6.) 
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ALGEBRA. 



CHAPTER I. 

DEFINITIONS AND PRELIMINARY EXAMPLES. 

Art. 1. — ^Algebra is the science of computing by arbitrary 
characters. By it "we are also able to trace many abstract 
relations of numbers, which can not be done by common 
Arithmetic. 

The quantities employed in algebraic calculations are 
represented by symbols ; for which purpose the letters of 
the alphabet are generally eniployed. 

The different operations upon these quantities are indi- 
cated by signs, with most of which the student has become 
famihar in Arithmetic. Thus 

2. To represent addition, we make use of the sign -|-, 
(plus) or more, a -f 6, which is read a plus b, signifying 
that the quantity represented by 6 is added to that repre- 
sented by a. ' 

3. — (miriusj) or less, placed between two letters, indi- 
cates that the quantity represented by the-latter of these let- 
ters is to be subtracted from that represented, by the former. 
Thus a — 6 is read a minus b, and signifies the remainder 
left by taking b from a, 

4. X is used to indicate the product of the quantities be- 
tween which it is placed, axb is read a multiphed by b. 

Multiplication is often expressed by placing a dot between 
the factors, or by simply writing them as in a word. Thus, 
a. b, or ab, indicates the product of the factors a and b, and 
is consequently identical with a x b» Similarly, S a and 
2 X indicate respectively three times the quantity represent- 
ed by a, and twice that represented by x, 
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PRELIMINARY EXAMPLES. 



5. The division of quantities is expressed by writing the 
divisor after the dividend, and separating them by the 
sign-:-; or by placing them as a vulgar fraction, the di- 
visor of course being the denominator. Thus, a-i-b, or 

V- signifies the quotient arising from dividing a by 6, and^ is 

read a divided by 6. 

6. The sign =, (eqUal,) expresses the equality of the 
quantities between which it is placed. 

An expression of equality is called an equation; the quan- 
tities represented ^a equal being called the members or sides 
of the equation, 

7. To exhibit the conciseness which results from the use 
of these symbols, w« shall employ them in the solution of the 
following problem. 

It is required to divide $1000 amongst three persons, A, 
B, and C, so that B may have $50 less than A, and C $125 
more than B. 

By the use of ordinary language 
it may be solved thus : 

A has $50 more than B. 

C has $125 more than B. 

Therefore the three will have 
$175 more than ihree times the 
share of B. ^ 

Consequently three tiines the 
share of B, and $175, must make 
the sum to be divided, or $1000. 

Three times the share of B is, 
therefore equal to $1000 diminish- 
ed by $175, or to $825. 

Hence the dhare of B is equal 

- ' ^825 ^_^ 
to — 3- or $27o, 



and A's equals 
C's " 



325. 
400. 



Algebraically thus : 
Let X represent B's share. 

Then A's is a: -f 50. 
C's is a? +125. 

Therefore the three 
will be 

Sx+ 175. 

We will consequently 
have 

3 3? + 175 = 1000, 



or 3 ar s 

825, 

and X 



1000—175: 



275 « B's. 



x+ 50 =325= A's. 
ar + 125 = 400 = C's. 



In the above example, the solution by the use of ordinary 
language was easy ; in many cases, however, this^is difficult 
even when it may be performed with great readiness by the 
use of algebraical symbols." 

The following simple examples will enable the pupil fully 
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PRELIMINARY EXAMPLES/ 13 

to understand the advantage, which the use of the symbols 
above explained possesses f and will rehder him familiar 
with their application. 

Ex. 1. — ^Required to divide a L'ne of 125 yards in length 
into three parts, such that the middle may be one-third as 
long as one of the extremes, and ten yds shorter than the other. 

Here, if we represent the middle portion by a?, the extremes 
will be 3 Xy and x -f 10, respectively. The whole line will 
therefore be 5 a? + 10. Consequently, we hdye the equa- 
tion 5 a: + 10 =^125 

atid 5 a? = 125 —10 = 115. (A) 

whence a? = 23 /the middle portion. 

and J + 10^= 33 ] ^^^ ^^^^^"^^ P^'^^^"^' 

Ex. 2.-rA post is half its length in the mud, fifteen feet 
in the water, and one-third of its length above water. Re- 
quired its length. 

Let X represent the length, then the separate portions will 

X 

be '-- in the mud. 

2 

, • a? 

— inthe air. 
' o 

15 feet in the water. 

X X 

Consequently - jr + ^j- + 15 is the length of the post. 

* . o ^ 

XX 

Hence " 3? == o + o + ^^• 

To avoid the embarrassment arising from the fractions we 
multiply the several terms oF the expression by 6, which 
gives 6ar = 3a? -i- 2a? + 90 = 6a: -f 90 
Subtracting 5 a? from each member, we have 

6 a? — 5 a?, or a? = 90, the length required. (B) 

8. There are some important remarks to be made on the 
processes employed in the preceding solutions. 

1st. *^ni/ quantify may 6e transposed from one member 
of an equation 1o the other, if we change its sign. 

This is exemplified in the equation marked^(A) in the first 
example ; 10 having been there transposed from the left- 
hand member to the right, its sign being at the same time 

2 
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14 *PB£UMINABY EXAMPLES^ 

changed ^Din + to — : and likewise in the equation (6), 
of the second example, where 5 x has been taken irom the 
ngbt to the left-hand member, its sign being chapged. 

The correctness 4>f this operation is manifest from the 
principle, that equals, increased or diminished by equals, 
must still be equal. Thus, in the l^rst case above alluded to, 
the left-hand member is 6 a? + 10. If, then, we change it 
to 5a:, we diminish its value by lO ; and, consequently, the 
right-hand member, 125, must likewise be diminished by 
10; which changes it into 125—10 = 115; so that the 
equation will read 6 a: = 125 — 10 == 115'. 

Had the original equation been 5 a: -r 10 =x 125, it is evi- 
dent that the left-hand member is 10 less than 5 a?, and must, 
therefore, be increased by 10 to make it 5 a:. Increasing the 
other member by the same number we should have 5a:^ 
125+10 = 135. 

9. ^n equation may be cleared offraciiofis by multiply" 
Hng all its terms by the least or any other common multiple 
of the denominators, ^ 

The reason of this is plain. 

Ex. 3. A father in his will directed his property to be 
divided amongst his daughter and two sons, in the following 

Eroportjons, viz. : the elder sbn was to have one-half the estate, 
^ss $ 13000 ; the second son was to have one-third, less $2000 ; 
and the daughter was to receive one-fourth and $3500. He 
likewise directed -the remainder, #lHch was ascertained to 
be $6000, to be given to the ** Pennsylyania Asylum for die 
Blind." Required the estate and the shares of the children ? 
Here, if the whole estate be represented by .a?, 

the elder son's share will be-" - i x —13000 
Younger's - - - - - - iar— 2000 

Daughter's t - ■» - - i a? + 3500 
Consequently 

i a?— 13000 + la?- 2000 -f jar -i- 3500 -f 6000 = a? 

Clearing of fractions, by multiplying by 12 ; we have 

6ar— 156000 + 4a? — 24000 + 3i -f 42000 +72000 
=.12a? . 

or, transposing, 

6a? + 4a? + 3x-12x = 156000 + 24000 — 42000— 
72000 
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diat is, *- 

13 x—12 a?=: 180000-^2000— 72000= 138000— 72000 
«66000 

or, X 8B 66000 the whole estate, 

and J a?— 13000 « 20000") ^ \ 

i x-^ gOOO 9s 20000 Uhe children's shares. 
ix+ 3500 = 20000 J 

Ex. 4. What number is that, to the double of which if 18 
be added the sum will be 96? 

Here the equation will evidently be 2 a: + 18 = 96. 

^n«. 39. 

Ex. 5. What number is that, from five times which if we 
subtract 24 the remainder will be 196 ? 
Or, 6 a? — 24 = 196 ^n«. 44. 

Ex. 6. In a certain school,, if the number of boys be 
doubled, and then increased by 25, the result will be 367. 
How many are there ? vfn^. 171. 

Ex, 7. What niimberis that whose double exceeds ite 
half by 78? Jins. b% 

Ex. 8. A number increased by its half, then by its third, 
and aftetwards diminished by 96, inakes 164. What is 
that number? .^ns. 120. 

Ex. 9. In a certain orchard, one-half the tree$ bear apples, 
one-fourth bear plums, one-fifth peaches, and twenty bear 
cherries. How many in all ? ^ns. 400. 

Ex. 10. What number ii^ that, which being increased by 
75, the iresult ishali be four times the original number ? 

: wf n«. 26. 

Ex. 11. A and B set out from Philadelphia towards Bal- 
timore. A has 3 hours the start, and travels 6 miles per 
hour. B travels 7 miles per hour : how long will he be in 
overtaking A, and how far will he travel before that occurs ? 
^ns. Time, 7i hwrs ; distance, 62i miles. 
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Ex. 12. What number is that whose fourth part exceeds 
Its fifth part by 25? ^^na 600. "^ 

Ex. 13. A' gentleman purchased a horse, a chaise, and 
Harness, for $1000. The horse cosl^ four times as much as 
the harness, and the chaise three times as much as both. 
Required the price of each. 

Ans, Harness $50 s horse $200, and chaise $750. 

Ex. 14. The head of a fish is 11 inches long, its tail is as 
long as its head and half its body ; and its body is as long as 
its head and tail. What is the length ? Ans. 7 ft. 4 in. 

Ex. 15. One-foui$h of the contents of a cask leaked out, 
ten gallons and a half were afterwards drawn out, after 
which the cask was found to be two-thirds full. What was 
the whole content of the cask ? Jins, 12G gallons* 

Ex. 16. One-fifth of the bo3's in a school are studying 
arithmetic, one-third algebra, one-fourth geometry, and 13 
are studying surveying. What is the whole number ? 

Ans. 60. 

Ex. 17. A criminal having escaped, travels 16 hours 
per day, at the rate of S miles per hour ;. after three days 
his route is discovered^ and an officer, starting in pur- 
suit, travels^ 12 hours per day at the rate of 5. miles per 
hour, how long before he overtakes the fugitive, and how far 
will they have gone ? Ans, 12 days, and 720 miles. 

Ex. 18« An estate of $39,000 is to be divided amongst A, 
B and C, in the following manner: C's share is to be one- 
third of A's, and B's is to be equal to C's and half of A's. 
What is the share of each ? 

Ans. A, 18,000; B, 15,000; C, 6000. 

Ex. 19. Bought a piece of cloth which proved to be 
only i as long as it was marked, nevertheless, by selling it 
at $o*00 per yard, I received^ as much as it cost. What 
was the cost per yard ? .^7i«. $5*25. 

Ex. 20. .A servant' was hired at 62i' cents per day for a 
year, consisting of 313 working days,^on condition that he 
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should be charged STi cents for his board every day he was 
idle. On settlement, it was found there was f 145'62i due 
him. How many days was he idle ? ^s. 60. 

Ex. 21. A and B commence trade with the same capital. 
The first j'^ear A gains $5000, and B loses one-fourth of 
his stock. When A's money is treble B's. What was their 
capital? ^n«.$4000. 

Ex. 22. Three men purchased a ship. A paid Aths, 
B, -^ths, and C the, remainder, which was $7800. . What 
was the whole cost ? Jna. $18^000. 

Ex. 23. A can dp a piece of work in 12 ddj^s, but wish 
ing to have it finished in less time, he hires B, and the two 
perform it in 7 4ays. In what time could B alone have 
done it? " . ^ • ' ' '.^n*. 16|th days. 

Ex. 24. A-'wbman purchased some eggs at 10 cts. per 
doz., and twice as many at 9 cis, per doz. She sold them at 
12 cts. per doz,, and thereby gained 96 cents. How many 
did sh^ purchase altogether ? .^ns. 36 dozen. 

Ex. 25. The sum of two numbers is 25 and their differ- 
ence is J2. What are the numbers? ^ns. 18i and^i. 

Ex. 26. There are three numbers whose common differ- 
ence is 4 aqd sum 48. What are the numbers ? 

^n«. 12, 16 and 20. 

Ex. 27. A, B and C can perform a piece of work in 5 days. 
A alone can do it in 12 days', and B iti 15. In what time 
could C accomplish it? ^ns, 20 days. 

Ex. 28. Required to divide a line of 99 inches into three 
such parts,^that i the first, i the second, wad i the third 
shall be equal. What are the parts ? 

4^na» 22, 33, and. 44 inches. 



2* 
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CHAPTER II. 

ON T1|E PRELIMINARY RULES. 

\ SECTION I. 
On the Addition of Algehrqic Quantities. 

10. By the additioa of. algebraic qftantities, is understood 
the collecting them together ; performing with each the opera* 
tion indicated by its. sign. Thus when we collect the 
quantities in*lhe expression 6-f 5r— 3-f2, we find the 
result to be 10. Tliis operation is considered to be one of 
addition, although one o^ the processes is really a subtrac- 
tion. . ^ 

In jregard to the additioa of positive numbers, (those 
affected by the sign -f,) no difficulty can arise, since the 
operatiort ii^ manifestly performed in the same manner as m 
arithmetic. Thus 6 -f 4 -f- 3 = 13, and 6a?-f4a:-f-3a? 
= 13 a*, as much as 6 apples + 4 apples + 3 apples == 13 
apples. 

If dissimilar quantities are 'required to be added, we 
can only do it symbolically. . Thus, if Thomas received' 
from' one man $5, from a second 3 yards of cloth, from a 
third 2 yards of cloth, and from a fourth $12. He receives 
altogether $17 -f 5 yards. So that $5 + 3 yds + 2 yds + 
$1^ = $17 + 5 yds. 

So also 9a + 5a? + 3a? + 2a = 11 ft + 8a?. 

If any of the quantities are negative (that is, are af- 
fected with the sign — ) thpy must be subtracted from the 
sum of the Uke positive terms. • Thus let the value of 
the expression 75 -i-' 37 — 24 be required . This expression 
evidently means 76 diminished by 37, and the result dimin- 
ished by 24. We therefore have 

75 — 37 — 24 = 38 — 24-14. 

Now it must be evident -that diminishing a number suc- 
cessively by two others, is^ equivalent to diminishing it by 
their sum. Consequently 
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75_37-.24«75^61=14as before. 

We here see that to collect two negative ^quantities we add 
them and prefix the common sign — . 

Let. now the result of the following operations be required, 
viz 

7 + 5 — 3 + 8 — 6 — 4+12. 

It may be reduced innhe following manner : 

7 + 5 — 3 + 8 — 6 — 4 + 12=12 — 3 + 8-6—4+12 
=,9+8 — 6—4+12 

= 17_6— 4 + 12 = 11— 4 + 12 = 7+112 = 19. 

This process is, however, tedious, and may be abbreviated 
by x)bserving, that in general it can make no diflerence in 
the final result, whether we. collect the quantities in the 
order in which they were written or in any other that may 
be more convenient. The above quantity is therefore the 
same as 7 + 6 + 8 + 12-^-3 — 6— 4 = 32— 13 = 19. 

When the quantities are dissimiilar, they of course can 
only be so far collected as to include in separate amounts 
those of the same. kind. . ^ 

11. Again, let it be required to collect the foUowiiig quan- 
tities: 

3^+4^10 + 12, 
We may proce'ed thus : 

3 + 4—10+12=7—10+12 

but here we are met by a difficulty, since the next operation, 
which requires us to subtract 10 from 7, is manifestly im- 
possible. 

Such cases generally indicate some absurdity in the con- 
ditions, as will be seen by the following example. 

A snail commenced climbing a pole. The first hour he 
ascended 3 feet, the ^ext 4 feet, the thijrd he descended 10 
feet, and again ascended 12 feet the fourth hour. What is 
his elevation at the termination of the four hours ?- 

This problem will give the expression above, viz., ^ 

3 + 4-^10 + 12, 

and is absurd, since, when he had ascended but 7 feet, it 
was impossible to descend 10 feet. . 

In such case's it is usual to deduct the positive from the 
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negative quantity, and prefix the sign — to the remainder. 
Thus 7 — 10 Bs ---3; by this means reducing the absurdity 
to another form. . 

12. We must not suppose^ however, tha.t negative results 
always indicate impossible conditions. The following is an 
instance in which no absurdity is implied. 

A gentleman started out to collect some debts. He first 
obtained from A $100, then from B $300 ; after which he 
paid C $700, and finally received from D $150. What was 
the result of his day's operations ? 

The formula is evidently 

100 + 300 — 700 + 150 
« 400 — 700+150 

« — -300+160 

== ^160 

We have in this case the same difiiculty as before ; but there 
is no absurdity, unless the gentleman had no funds, on 
which he could draw to pay the $700. In case there were 
such funds, they would be diminished $300 by this pay- 
ment, and $150 by the whole day's operations. 

So in the former cas^, had we supposed the snail to set 
out at a point more than 3 feet high, the absurdity would 
cease to be other than apparent ; the result 7 — 10 as — 3 
merely showing that at the end of the third hour he had 
arrived at a point 3 feet lower than that from which he had 
started. The result — 3 + 12 ■« 9 indicates a final pro- 
gress of d feet. So that, had his original elevation been 5 
feet, he would have arrived at. the iieight of 14 feet at the 
end of the four hours. 

Let it now be required to add the quantities 

6a — 46 — 3.C, 7a — 26 + 4cand6c + 2;A.— 3a. 

The result may be written 

6a + 7a — 3a — 46 — 2d+26-^3c + 4c + 6c 
=xlOa — 46 + 7C. 

In performing addition, therefore, cottect the aimthr quan- 
tities from all the expressions to be added, operating with 
each as indicated by its sign; thai is^ collect aU the poH* 
tive quantities of the same kind into one sum, aria the 
negative into another : take the difference, of the results 
which must be affected with the sign of the greater. 



Digitized byVjOOQlC 



PRELIMINARY RULES, 31 

£xAMPtx;s. 

Ex. 1.— Add 2. 

6a + 46— Sex 6a + 5y —66c 

7a — 36+ 2cx 7bc+ 4a — 6y 

— 3a — 76— Sex - 12t/ + 7a —36c 

9a + bb + l2cx 15^ + 26c^4a 

ISa— 6+ Sex 13a +26y 



In these examples the positive quantities are collected into 
one amount and the negative into another, and the differ- 
ence taken, which is set down with the sign of the greater 
surn. Thus, 5 a + 7 a + 9 a = 21 a, and 21 a — 3 a = 18 a; 
again, 4 6 + 5 6 = 9 6, 3 6 + 7 6 = 10 6, and 9 6 — 10 6 = 

— 6, so of the rest. The positive and negativa amounts in 
the case of 6c in the second example are equal, and therefore 
the remainder is nothing. 

Ex. 3. Required the sum of the following quantities, viz. : 
3a — 26-f-4 ex, 7 ca: — 36 + 8 a,— 9a + 3ca? — 61 and 
2a — 3CX+46. 

Ex. 4. Required the sum of :3 ax — 4 6c + 12 ex, 7 ex 

— 5 aa?+ 14 6c, 8 oj? — 12 6c +3 car, and 2 6c — 6 aa?+8 ex. 

Ex. 5. Add 3 ay + 4 6x — 5 ac, 7 6a? — 3 ac + 2 ay, 
8 ac — 7 ay + 2 6ar, and 9 ac — 3 bx + 7 ay, 

Ex. 6. Add 3 a6c — 4 ac — § 6c, 3 ac + 1 fl6c — 7 aCf 
and9iac + a6c — 6c, 

Ex. 7. Add ax —.4 a6 + 6rf, 3 6rf — 2 oa: + a6, 7 a6 

— 2 ax — 6(i, and 5 a6 — 3 aic + 12 6(f . 

Ex. 8. Add 8 abd + 4 a6x — 5 ex, 8 ex — 11 a6x 
+ 12 a6(f, 9 ahx — 12 ex + 3 abd^.^ni 7 ex— 16 (!]d)x 
+ SaM. 
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SECTION IL 
Subtraction. 

13. Subtraction being the reverse of addition, it is evident 
that we must apply ev^eiy term in the subtrahend, with the 
opposite sign from what we should were the quantities to be 
added. T%erefore, td subtract one algebraic expression 
from another we must change aU the si^ in the subtra- 
hend, and ^hen proceed as in addition. 

This will be made plain by the following examptes, viz. : 

add ^a + hb'\ f 9a + ^b 

and 3 a — 26 v consequently < dim'd by .3 a — 26 

sum 9g + 36 J L equals - 6 a + 5 6 

Now this latter result would equally be obtained by adding 
9d+36 
and -- 3 g -f 2 6 
since the result is iia + bb 
arid this operation is evidently in accordance with the rule. 

14. The reason of the above rule may perhaps be made 
more clear by the following illustrations. 

If we diminish any number, jas 60, by the sum of any 
numbers, say 15, 6, and 9 ; it can? evidently make no differ- 
ence whether we diminish it separately by the nunjibers 
themselves or first find their sum, arid . then-subtract this. 
The former of these operations leads to. the formula. 

50— 15 — 6-r9 
in which the subtracting terms are set down with the 
sign—. . 

Let it now be required to ascertain the remainder arising 
from subtracting '30 -- 10 from 5Q. 

If we diminish 50 by 30, we have 60 — BO = 20 for the 
remainder. This result is' evi4ently too small, since the 
subtrahend was too great by 10. To obtain the true remain- 
der we must evidently increase that so obtained by 10; so 
that we shall have for the final result, 

50 — 30+10or20+10 = 8p. 
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The student may satisfy himself of the correctness of this 
process, by first reducing BO — 10, and then subtracting the 
result. Thus, 30 — 10 =« 20, and 50 — 20 = 30, as before. 

15. To generalize the above reasoning we may proceed 
thus. Let it be required to subtract a — b from x. Now it 
is evident that the quantity a -^ 6 is 6 less than u. If, there- 
fore, we subtract a froxn x^ the remainder a? — a; will be too ' 
small by b, and will therefore require to be increased by 6. 
The true result is, therefore, 

X'—a+b 
in which each term of the subtrahend is applied with a con- 
trary sign. 

Examples. 

Ex. 1. From Tax— 36c + 8^y / 
take Aax + ^bc — 2 6y 

. 3gar— 6Ac-f lO^y. 

Ex. 2. FromSa? — 4iar+ 96c - 

take 36ar— 76c + 2a? . 

6ar — 76ar-f 166c . 

Ex. 3. From8aa? — 36y + 4 (fa? take 3 cfo:— 5 aa; + 3 6y. 

Ex. 4. From 9 6ca? + 7 abif — 4 6a: take^3 6ca? + 2 aby 
—46a?." 

Ex. 5. From 3 6a? — ^4 acy + bxy take 2 tuy — bbx-r- be. 
Six. 6. From9a6— 7ffe+Bcg takeSeg*— 7rfc— 9a6. 
Ex. 7. From the sum of 3a6 + 4 C(Z— 6 aeXy and 2 cd 
—4 6a? + 3 a6— 2 cc?, take 7 ab — 3 6a? -(- 3 cd. 

Ex. 8^ From J a+ J 6, take J a — J 6. 
Ex. 9. From 9 a6— 7 dx + ^ey, take the sum of 
3 a6 + 7 ipy + 11 dx and 9 dx,— 6ab — 3 ey^ 

Ex. 10. From the sum of 3 6a? + 4 aj/ -^ 15 6c -f- 20, ano 
35 -f 7 ay -f 46a?,^take the sum of 3 + 8mj — 76x,36c + Say 
-I- 2 6a? and l5 6a? — 32— 8 6c. 
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SECTION in. 

MttUipUcation, 

16. It has already been said (4) that the jproduct of two 
quantities, such as a and 6, is expressed by a x 6, a . 6, or 
more simply by o^. 

In the' same manner the produet of any number of factors 
is expressed. Thus, a xb xcxd is written abed. 

So likewise, 5 a6 X 3 ci = 5 alrS cd. But since it is in- 
difierent lyhat order is maintained amongst the factors, the 
result may be written 

5 X 3 X abcd^ or Ibabcd. 

Henceyto multiply monpmicds, {or expressions consisting 
of but one terni,V u^c multiply the numerical partSy or coeffi- 
cients, arid to the product annex the product of the literal^ 
parts. 

Examples. 

Multiply 4 ac by 3 bd. . Ana. 12 abed. 

" Zad by 5 ac. »* \baafid. 

" 4 aax by 7 ay. " 28 aaaxy. 

What is the value of 7ayKl^bxx6ab ** 504 aabbxy. 
Reduce the following, viz. : ^ 

daxxSay x4:it = 

Sbyx6abxx2cd = 

Baaabbbx x7 aaabxx s^ . 

Tabxxy xSabxxx^x s= 

12 oodc X 3 o^ccc = 
16 aad x2bbc x7 abed = 

13 a(t6ccx 6 d(6ca? = 
5 aac X ii^aabbc x 7 aabiv = 

17. In the above examples we have frequently met with 
such expressions as aaa, bb^ &c. 

Now we have learned in arithmetic that the 
product of two equal factors is^the square of one of them, 
« three " " « cube, " 

** four - " " fourth power, &c. 

Consequently aa is the square or 2d power of a. 

aaa is the cube or 3d power of a, &c. 
In order ta render the expressions more concise, the num- 
ber of factors is indicated by putting a small figure over the 
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root^ and a little to tjie right ; thus, a' is written for aa^ and 
is read a^s square, or the sc^uare of a. 

Similarly a* = naa, and ts read a^s cube, or the cube of a, 
so aS a^ a'f are resj)ectivelyv the same as aooo, cuMuma, and 
aaaaaaa ; and are fead a'« fourth, d's sixth, &rA-a*8 seventh 
pow6r. 

IS. The j6gui:e which thus indicates the power, is called 
the eocponenti or index, and represents the nUmber of equal' 
factors that are muhiplied together. Thus, when we say 
4^ = 64, we mean 4 X 4 X 4 = 64* 

The indices ihust be carefully distinguished from the 
coefficients, since these express only successive additions, 
while the/ormer represent successive multiplications. Thus, 
3 a = a + a -f a, while a' = a x a X a* 

19. From what has been said above, it is easy to write 
the results -in the 16th article more concisely. The second, 
third, and fourth may be written thus, 15 a'cdj 28 a^xy and 
504 a«6«ary. 

The student will thus simplify the remaining results in 
that article. . 

20. Since ar* == xxxx, and ar* = xxxxx 
it is evident that a:* x a?* « xxxx x xxxxx 

=s xxxxxxxxx SM a:*. 
Similarly we should find that 

a:« X a:' =s a:*, a:^ x ^ = a?", &c. 
Hence, to multiply different powers of the same root we 
add their indices. 

Examples. ' 
Ex. 1. 7a»x5a3 = 35 a*. 

Ex.2. 5 fl«a?« X 4 a«ic« = 20 0*0?*. 
Ex.3. 3a»a:*x6a«a: » \% a'^xK '' 
E3f. 4. 9a*x»x7o»a? == 
Ex. 5. 7.a6«c' X 4 c^hd" = 
Ex. 6. 12a*6c* x 8 o*6c» = 
Ex. 7. 3 a^T^b x 5 aar*6y* « 
Ex.8. 15 >^ra?* X 3 a«a?»67 « 
Ex.9. 12 a*6*c8 X 4 a*°6«c7 = 
3 
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Fx. 10. 17 a«6»c*xac» » 

Ex.11. SxY^X^xy^z' ^ ^ 
Ex. 13/ 15 fl?ar»y« x 3 bJx^ ^ 
Ex. 13. 9 b»ch/^ X 4 o»(? = ; 
Ex.14. 15 6»rf»«*x5 6»(/9c"i« 

HULTIPUCATION OF POLYNOMIALS. 

21. If a 4- 6 is to be multiplied by any number as d^it ia 
equivalent to adding three quantities, each equal to a + 6 ; 
the result will evidently be 3 <z + 36, which consists of three 
times the first Quantity plus three times the second. Had 
the expression been a -^ 6, the result would have been 
3 a — 'Sb, This would be equally true- if the multiplicand 
consisted of more than two terms^ or if the multiplier were 
any other number. Hence, 

To midtipli/' a polynomial by a positive muUipKer^ we 
multiply each term separately^ and connect the results by 
the signs with which the several- terms were affiicted in the 
multiplicand. 

Note. — ^To indicate that several quantities are to be aflfect- 
ed by one sign we enclose them within brackets ( ), or 

place a vinculum, , over them. Thus, (6 + 4) X 5 is 

equivalent to 10 x 5.= == 50, while 6 + 4x5 = 6 + 20 «« 26. 
So, also, (a + by or a + b is the square ^f a + 6, wliile 
a + 6« is equal to 6« + a. 

Examples. 

Ex. 1. (5aa:-6a«6— 3ac)x4a = 20a»a:-^24a*6— 12aV. 
Ex.2. (7a:y«— 4a;» + 36)x6fl^a:« = 42a«a:^«— 24o»a:*2 
+ lS<^bx^.' 
Ex. 3. (4 o^a — 5 (^c + 6«) X 7 a^b'c . « 
Ex. 4. (S a«i?— 15 flir« + 15) x 12 a?;c» « 
Ex. 5. (9 bd" — 8 b^c +,b^d') x 15 6«c « 

Ex. 6. (12 a6»— 4 d»a:— 5 o«c) X 4 oft'ca; «5 
Ex. 7. (3 o«63 -T- i ft^c + 8 c») X J 6c* ^' 

Ex. 8. (9 0?^— 4 ad^S d)x7 a*b « 

Ex. 9. (I a?sy ■— ^ b^z + J xy^) x 12 bj^ix^ « 

In the above cases we perceive that a negative quantity " 
multiplied by a positive, gives a negative product. 
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22. We shall now proceed to the case in which the mul- 
tiplier is a polynomial as well as the multiplicand. 

Let it be required to multiply a: -f y by a -f 6* This is 
evidently requiring us to increase x -^Vja -^b times, which 
is equimetit to multiplying it \>y a and also by 6 and. adding 
the results. The operation may be arranged thus : 

a +1 

ax+ay product by a 

^bx-^-by " ^ 

ax + 6a? 4" ay. + 6y. " a + b. 

Similarly if the product of (x — y) by (a + b) were re- 
quired, the operation would evidently be 

3^ — y 

a + b 
ax — ay ' product by a 

. ' ^ar — by " by b 

ax-^ay + bx.— by by (a + 6). 

23. Had the multiplier been a — 6 it is evident the first 
line ax — ay, which is a times the multiplicand,' would 
have been to6 great ; and would require to be diminished by 
b times (a?^y) or bx — by^ which is the second line. But 
as in subtraction, we change the signs of the subtracting 
terms, the operation by addition might still be preserved, by 
writing the terms in the last-mentioned line, with the oppo- 
site signs, as below. 



X' 

a- 


:? 


' 


\ 




ax - 


Z7, 


+ &y 


product by 
«« (a- 


a 

-6 


ab- 


-ay- 


-bx + by 


-6). 



24. By examining the various, terms in this operation 

wcj perceive that ax a? «= + «a? 

r ax--y = ~ay 

— 6x x=T — bx 

~l>x—y=^ + by 

Hence we derive the following 
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Rule for Signs. 

Like si^8 \a multiplication produce />/u9 ; unlike signs 
m multiplication produce minus. , 

EXAMPLES dF THE HULTIPLICjITION OF POLYNOMIALS. 

Ex. l. a + b Ex.2, a — 6 

a + b a^^b 



a^ + ab a*' 

ab +b* 
a« + 2a6 + b» a»- 


^ab 
-ab +6« 

-2a6 4-6» 


Ex. 3. a + b 
a—b 




-. 


a» + ab 
^ab — b* 






a» -6» 




V 


Ex.4. a*—2ab +b^ 
a +b 

a^^2a^b + ab^ 

a«6 — 2aA« + 6» 






c» -^ a^b — a6« -f b^ 




Ex. 6. 3a«6 — 2a£>» +6* 




+ 3a36»— 2a6« 




6tf»6«-f 3a?6» — 4a«6* 





Ex. 6. Multiply op^ + y« by x^ — y». w^n^. ar*— y*. 

Ex.7. Multiply oc^ — Saj'y + Say*— 3/» by ar«-*2a:y 

Jlns. ««— 5a:*y+10a;8y» — lOary + 5a^— y». 

Ex. 8. Multiply 3 a*— 7 (^b+ b^ by 2 a»— 4 a6. 

.^n«. 6 a8 — 26 a*6 + 28 a*6« + 2 a»6» — 4 oft*. 

Ex. 9. Multiply a:» + 2 xy + y» by x*—2xy + y«. 

^n*. a:* -^2 a:«y« -f- y*. 
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Ex. 10. Multiply X* 4- iP'y + a;"t/' + xy^ +;y*by x — y. 

Ex. 11. Square 3 x* — 4aa?. 

•^n«. 9 ar* — 24 aar» + 16 a"ar". 

Ex. 12. Square a«— 2 ax + or*. ^ ^ 

^nir. a* — 4 a«x + 6 a«x* — 4 ox* + a?*. 

Ex. 13. Cubex + y. . . ' ' 

./^n*. X' + 3 x^y + 3 xy« + y». 

Ex. 14. Determine the fifth power a» +5". 

' w^n«. ,a" + 5:fl"6» + 10a»6* 
+ 10 a«6« + 5 a»6« + 6*«. 

Ex., 15. Multiply the square of a + 6 by the cube of a—- 6. 
w^n.s. a* — a*^ — 2 a^ft' -f ^ «'^' + oft* — &*• 

Ex^ 16. Determine the product of the four factors 
a — 4 X, a — X, a 4- ^ and a -h'4 x , 

.^n/. a*-^17a»x»+16x*. 

Ex. 17. Multiply 3 a* — 7 a^ft + Sa'^ft^— 5&*by 2 a?— 3a6 

^7W. 6 a« — 23 a*6 + 40 a*6« — 31 a»68 
— 2 a«Z^* + 15 a6*— 5 68. 

25. It is often found that the different terms in the ihuki- 
pHcand, aT>d also in the multiplier, contain the same num- 
ber of factors. Thus in the last example of the preceding 
article, the literal portions of the several terJns of the multi- 
pher are a* ^^aaaeu, a^b r=zaaab\.a''¥ ^ aabhand b* 5= 6666, 
each being composed of four iactors. . Sp in the multiplier, 
the literal ^art of each term containsi two factors. 

Quantities of this kind are said to be homogeneous. 

In all cases where there are not more than two letters 
employed, and the several terms of the multiplicand and 
also of the multiplier are homogeneous, the operation may 
be shortened by omitting the letters until the close. 

In arranging the ternfe, we ihust be Cajeful to place them 
according to the powers of sbme letter, beginning either at 
the highest or the loweat, And regularly defending or as- 
cending. Should any term in the regular series of powers 
be wanting, its coefficient must be supplied by a, zero. In 
example 17, above referred to,. the series, of |)o wers <jf a if 

3* 
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a* being omitted, we must therefore conceive the term ab* 

to be placed between Sa'^b* and — 5 6*. The compile 

series of coefficients , is therefore , : , , 

in the muhipUcand 3 — 7+8 + — 5 

in the multiplier ^ — ^ 3 + 1 

multiplying these 6—14+ 16+ 0—10 

we obtain _ 9 + 21 — 24 + 0+ 15 

3— 7 + 8,+ — 5 

^6—23 + 40 — 31-^2+15 — 5 

and supplying the. letters we have for the product 
6a«— 23 0^6 + 40a*6» — 31 a»63— 2a^6f+ 15a6**-.5A» 
as before. 
This is called multiplication by detached coefficients. 

EXAMPLES. 

Ex; 1. Multiply a:3_3 ^»y ^ ^3 ijy x^—yK 
Supplying zeroes for the coefficients of the missing tenris 
we have ' - 

l«^3 + 0+l 
1+0— i 
ii^3 + 0+l 

--l+3r-0— 1 



. j^3^— 14-4 — 0—1 

aixd the product is ar* — 3 x*y — ^y^ + 4 a?y — y*. 

Ex. 2. Cube a+ 3 6 by this method.. 
The operation is , , 

1+3 
. 1+3 
1+3 

+ 3 + 9 
1+6 + 9 ^ ,. , ' • 

1+3 

1 + 6-+ 9 , . 

+ 3+18+27 . - 

^ .1+9 + 27+^ ' \, 
Hence thfe'resuU iso' + 9 a»b + 27 oft- + 27 6». 

Ex. 3. Multiply ^aj»-^ 8 oa?* + 5o«;c— c? hy a^ + Bax 
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The coefficients in the multiplier must be reversed, the 
operation will therefore be 

5_ 3+ 6 — 1 

5-f a4> 1. . ^ . 

'16—9 + 15—3 
- 6,^ 3 + 6—1 . 

*a5+ + 21+ 7'+»— 1 ^ 

And the product i§ 25 x* +1il a«a? + 7 <fx* + 2 a*ar — a*. 

Ex. 4. Multiply 3a«— 5 aar -ji 2 «? by 2d*— 6 ax— S a?». 
•^n«. 6 a* — 28 a»j: + 25 a«a?» + 3 aa* — 6 a:*. 

Ex..6. Multiply 1 + 2 a? '+,3 a? + 4a?' +5 a:* by 1— ar. 
i^n*. l.+ aJ + ar^+ar' + ar* — 5ar«. 

Ex. 6. Multiply a^_3ar« + 3a;— 1 by 3^—2x + 1. 
^ns, ar*— 6ar*+10a:»-*10a?« + 5a?— 1. 

Ex. 7. Multiply 0^ + 3a3A + 3o5« + 6* by a» — 3a»5 

w^n^. a»— 3a*6« + 3«»6*— 6«. 

• Ex. 8. Raise a— .6 to the fifth power by this process. 

^m. a»— 5 a*6 + 10 a^b^ — 10 fl«6« + 6 ab*,— ¥. 

Ex. 9. Square a» — Zahj + y^. 

jjns. 08.--6 a^y+9 a^«+2 (^tfi—6 ohf^+y\ 



SECTION IV. 
Division, 

26. The division of simple quantities can present but little 
difficulty, since its operations must be the reverse of those 
of multiplication. 

Thus the product of two powers of the same root is 
found by adding their indices. For example, (P xc^^ a*". 
Hence, a**> -5- 07 = a% and as the operation will be similar 
whatever the indices may be, it follows that 

To divide different powers of the same root, subtrctct 
the index of the divisor from that of the dividend, the re- 
mainder is th0 index of the quotient. 
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We shall also find that the same rale for signs. h(^ as in 
multiplication. 

Hence/ in Mttltiplicatian and Divinan 
Like 8%gn^ produce pJusj 
Ufdikt ngns produce mtntM. 

Note. — ^The general tidue of — is «****. If in this we 
suppose n « m we shall have 

^ ^ ' ^ or 1 sa af , 

whence the 0th pow^r of any numher is equal to 1. 

of* ' ' ^ 

Agaiurif in —- «■ aJ*"* we make m = 
3r, 

ar" 1 

we shall have -- a? a*^* w — = x^""* 

27. It id often convenient foj heginners to write the divi- 
SOT hen^th tl^e dividend as in a fraction, and cancel the like 
factors, as in arithmetic. 
Thus the division of 

27a*68c»by^9a°6»c 
may be performed ^^hus, 

27.a*6»c» 

the common factors 9, a", 6*, and c having beeji cancelled. 

This mod^ of operation can hardly be recommended, how- 
ever, except for those persons who have, not acquired any 
facility in calculation, as we ma^ obtido the result in all 
cases, at least where the quotient is not fractional, by a more 
simple process. We should divide the coeffiqients, and then 
the literal parts, setting them down in order: first, however, 
having been careful to notice and write the sign with which 
the quotient will be afiected. 

In the above example the operation would be as follows : 
—9 M'c ) 27a^c» 
— 3rf»c. 

Thus unlike signs produce minus; 9 into 27 gives S, 
fl" into a* goes a", 6* into 6* gives 1, and c into c*, goes c 
times. The result is therefore as above ; the factor 1 not 
appearing, as it does not afiect the resuk. 
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Divide —35 a»6« by r- 


-5a6«. Am. 


Ifab. 


Divide — 15 €N)Qif^ by 


ZaH>x. Am.' 


-5£KV. 


Divide 31 a^b^c by 


id^b*.' 




Divide . 18 6«a:» ' by- 


-6 6ar. 




Diyide —36 o^^caf' by 


3 abf^cxl 




Divide — 9 ac^a? by 


3flc»a:. 




Divide -r (^cas^ by - 


-(ftjd?. 




Divide 11 6«c*a?5^ by 


ft'co^. 




Divide — 13 i^c^' by- 


^h^cyj. 
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Ex.l. 
Ex.2. 
Ex.3. 
Ex.4. 
Ex; 5. 
Ex.6. 
Ex. r 
Ex. 8. 
Ex/9. 

28. It frequently bappqns that the divisor is not Contained 
exactly in tne dividend, fn sucfi • cases the quotient can 
only be expressed by a fraction ; and the method first point- 
ed out above is the most concise. -^ 
Thus, let it be required to divide 

— 15 a*:^'^ by 10 a«ary. 
The quotient would be represented by the fraction • 
i5a*3?^ 

which, by cancelling the common factors 5v o', 01^9 iind y, is 
reduced to ^ - 

. 3fl^^ - 

2a?y. ' , 

Again, 21 a^z^^U e^xf^-^^ =-|f , 

the factors 7, a?, and y* having been stricken out. 

EXAMPIJEIS. . 

Ex. I. Divide ISa'a;* by — 3a«a^. Ans.^ . 

♦ - ■■ ' ^ ■ .• " a? 

^ ' 17 a? 
Ex. a. Divide — 17 a«6x» by — 3 a^hx. Am. -5-. 

r .-' . . -30 

Ex.3. Divide— 21 fr^car by , Vtbcs^. 
E}^. 4. Divide — • 33 c^hy^ by — 22 &y . 
Ex. 5. Divide — 29 Z>8c^ by — 14 a5»(?.^ 
Ex. 6. Divide 35 osJo?" by -^ >15 aJb^s?. 
Ex.7. Divide 27 a*6c« by — 6 a«6»c«. 
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Ex.8. Divide — 19 irt»^ by 6»c». 

Ex. 9. . Dividfe ' s?y2^ by ' 6 ary*;^. 

Ex. 10. Divide— 8 a*Jc« by — 18 ^c«*. ♦ . 

29. When the dividend' consist* of sevetil teifns, these 
must be divided separately^ and the several quoti^ts con* 
nected by their proper signs. ^ r 

Thus, (72 a^a^— Wa^scf' + 64 rf^ar^ -*- 8 «*x* 
is equal to 9 a: — 2 <^a?" + S^ar". 

The reason of this rule is too evident to need ex^danation. 

-Examples. _ . 

Ex. 1. Dividel0<t*a*^24ri'a?*by8e««a?". 

Ex.2. I5ividfe27a?fe— 16a6«c»by9a«6. 

JtfU.Sae TT — • 

9a 

Ex. 3. Divide 9 a^bx^i ai^sfi + 12 fl«6a?« by ^Mx. 
Ex. 4. Divide 15«^«-r-87 ay» + 14 «y by 7 «y». 
Ex* 6. Divide 4c^b + 5 6» by 2 a«6«. 
Ex. 6., Divide 15 ab^x-rr- 14 iaffa:" + 25o»to by 5 M. 

20* The division of polynomids is performed in the some 
manner as long division in arithmistic^ applying the princi- 
ples laid down in the preceding pages. 

In air cases the several terms of the divisor and the divi* 
dend must be arranged siccotding to the. powers of some 
6ne letter, either beginning, with the hig;he8t and regularly 
descending, or with the lowest and regukrly ascending. 

Havinff so arranged them^ divide the first term of the 
divisor into the first term of the dividend^ for the first 
term of the quotient. Multiply the devisor by the term 
thus aetermirudf anfl subtract the product from the divi'^ 
dend^^ apranging the terms as abovfi directed^ . 

Divide the first term of the rerndinder by the first term 
of the divisor, t^nd so proceed until the operation is aecom" 
plished, , 
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Ex. L a — a?) a» — Ji oa: + a» (a — a: 

-r- era? -fa* ' ' . 

— ' ' "" ' '•.? ^ 

Ex. 8. a + a:) 0" — a!* (a -- af ' 

— oa?.— ap^ ^ 

Ex.3. a:+y)a?3-y(;«^--afy+y«^|^ 

g» + a?"y ; « + y 

— a?^ — a?y« . ; . 

,~ ajjr'? — y* ; 

ay^ + ya 

'" -^i^ '. ^. . 

Ex. 4. 3a'6--2a63+6*)6a*6»+3a'»6«T-4a«6*+**(2«6+&" 

3c^68.-^2a6* 4-6^ ' 
3tf»63_2a&«-f6« 

Ex. 6. a: — . y) a?' -r y* (a:^ + ar'y + a^* + ^^ + y* 
a^^a — ys ^ 

Ex. 6. Divide (D^ + ^8 by «-f 6. 

Ex. 7. Divide (i^-r 8 »^ + «?^T?jr a^ + 2 «? + a;«. 
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Ex. 8. Divide «• — 3^aj» + 3d«a:?* — a^ by ce'+^fj^ 
+ 3aa" + «». 

Ex. 9. Dividea4a* — &*by3a — 6d. 

Ex. 10. Divide 6 a?<» — 6 y« by 2 aj» — 2y». 

Ex. 11. Divide x'' — if^ hyjx ^ y. 

Ex. 12. Divide o» — 5 a*6 + 10 a»6» — 10 a*' + 5 a&* 

_ 65 by a« — 2 oft + 6". 

Ex. 13. Divide 12 ■- 4y — 3y« + y» by 4 — y». 
Ex. 14. Divide 81ir*--18x«+i by 9a:» — 6ar+l. 

Ex. 16. Divide48a:8_76^;pa?»— 64a»ar+105o»by2ar 

— 8a. . 

Ex. 16. Divide a:" + y* by ar+y. 
Ex. 17. Divide 1 by 1+ or. . 

Ex. 18. Divide 1 + a: by 1 — ar. 
Ex. 19. Divide 1 + a: by 1 — 2a? + a?". 
Ex. 20. Divide 1 byl +.2a? + «"• - 

31. I? the termtS of the divisor a|id also of the dividend be 
homogeneous, and do not contain more than two letters, 
the operation may be. performed l)y detached coefficients. 
Thus: ^ 

Ex. 1. Divide 6 a*h« + 3 a»i&9 — 4 a^ + 6" by 3rt«6 

— 2a6« + 6*. . . , 

The coefficients are, supplying that of a" in the divisor, 
and of a inlhe dividend, . 

• 3 + 0-2+ 1) 6+3 — 4 + + 1 (2 + 1 
6+0-4+2 
3 + 0-2:+ 1: 
3 + 0-r2+l 

Now the litetai portions of the first terms being a^ and o»6, 
that of the first term of the quotient is a6. Hence the com- 
plete quotient is 

2a6 + 6* 
as in Ex. 4 of last article. 

Ex. 2. Again let it be required to divide 

6a?« — 6y« by 8a?* + 3aJ«^« + 3y« 
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Here the eoefficients are . 

3 + + 3 + + 3) 6 + + + + + 0—6 (2+0— « 
6+0+6+6+9 ^ 

0—6+0— 6 + 0— 6 
-,6+0—6 + 0—6 

and a?*-f-a?« ssar®. Hence the quotient is 2x" + 0a:y — 2y* 
— 2ar«— 2y«. 

As examples 6f this method, the pupil can employ those 
of the last article, aird thus more readily compare the two 
methods of proceeding. 

. SYNTHETIC DIVISION. 

32. In the method of dividing by detached coefficients, 
the several coefficients of the divisor are successively mul- 
tiplied by the various terms of the quotient, aikl the pro- 
ducts subtracted from the partial dividends. Now, since in 
subtraction we change the signs of the subtrahend and then 
add ; if we write the terms of the several products with their 
signs changed, each operation will become one of addition. 

TJiis may be done with facility by changing a^U the signs 
in the divisor, except the first, which must not be changed* 
on account of the liability to error in the sign of the quotient 
to which such chan|e would lead. No difficuUy can arise 
in the subtractions from the siffn of the first term not heing 
changed, for the first term of the product being always the 
same as that of the paiti^il dividend, need not be written. 
Thus let it be required to divide 

x*—Z 'ax8_8 flSaja + .jg flf»a?_8 ^» by a?« + 2 a»— 2 a» 
writing the coefficients, changing the signs of the second 
and third in the divisor, the operation becomes 

l_2 + 2) 1—3—8+ 18-^8 (1 — 5+4 

♦ .—2 + 2 -^ . ' 

^ —.5, — « + 18' 
# + 10—10 



4 + 8-^-1^ 
♦ _8 + 8 



and the quotient is a:^ — 5 oar + 4 rf®. 

In examinitig the afeove process, we will readily see that 
the — 6 and 18 in the third line, and +8 and — 8 in the 

4 
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foaith might have been omitted ; the operation would then 
stand thus : . . . 

l_-2-t2)l— 3— 8 + 18— 8(1— 6 + 4 
—2 + 2 . . 

-6 

+ 10—10 

4 

—8 + 8 



Which may be moire concisely written by placing the terms 
of the divisor in a vertical column to the left, thus : 



1_3— 8 + 18—8 
—2+10—. 8 

2-- 10 + 8 



first terms of dividend , — 5 + 4 

quotient i 6 + 4 ^ ^ 

in which the several terms of each product are written in a 
diagonal line, downwards and to the right. 

Again. Divide 2a7— 6 o* + 4a»— 7a» + 9by 2a* + 
6a^ — 10 



Coeffts. r_g 
i ^ 



2 





-6 


4 


— 7 


+ 9 


— 


-6 + 18- 


- 54 + 160— 


• 878 









V 















■ 10— 


30 + 


90- 


■250+620 



ofdi-<(— ^ 
visor* 

1st terms div. — 6 + 18—50+124—289—260+^29 
Ouotient i— 3 + 9 —25 + 62 "T 

Consequently the quotient is ' ,/ 

a*— 3a8 + 9a9— 26 a + 62, 

and the remainder is 

— 289 a»^ 250 a + 629. 

For further examples the pupil n(iay. solve -those of art. ^9 
by this method. 
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TABLE OF trSEFUL TOBXVJJE. 

ff — ai'^(ar+x){a — a?), ^ ^ 

flS — a:« s=^a» + or -faJ») (a— cc), 
a» + a* =ar(Q^-^ajr+a!»){a+±), 

a=Ta"+ a?*) (a + a?) (a — a»), 
«• — x^^[€^+^) (a'^-^) =(«* + a:®) («" + or + ar») (a — x) 
=5: (a^— A?») (a^^oa? + a?«) (a f x) 
=:(a + a?) (a-^:;p) (o^ + ar + x") 
' (a^~ar + a?") 
. ;. 5=(flf— a*)(a* + a«a:« + a?*) 

a*> flftca + ic* = (£X*— oa: + ar«) {a* + ax + a^) 
a^-^b^ . . . aa — 6« , 

a — 6 . o + P 

a^-b a + b 

r-*= o^ + «'6 + a6> + *», — — -.=,a»-flrt+«6»— ^. 

a — ff,-\- 

1 1 * if* 

a"* - a*" 6" 



SECTION V. 

Tractions, . 

33. The principles upon which' the operations with alge- 
braic fractions are performed, being the same as those al- 
ready employed ia arithrtietic, we might at once proceed to 
apply them. As these principles, however, are more rea- 
dily explained by the algebraic process, we shall enter at some 
length upon. a few of them : and thus perhaps remove. somd 
difficulties which the: pupil may have felt in his course here- 
tofore. , .^ 

34. One of th^ first reductions frequently required in 
working with fractions is to reduce them to their lowest 
terms. For this pui^ose we first find the common me&sure. 

The rule for obtaining the common measure is founded ^ 
on the following principles. 
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The common measure of two quantities, a and 6, will be 
K factor of the remainder that i^ left, after dividing the less 
(as a) into the greater. 

That this is true may be thus shown : ' - 

Let a be contained in b, m times, leaving the remainder r. 
Then we will evidently have 

b == am + r. 

Now, since the greatest common measure ^, will measttre 
b andii, if we divide the above equa,.ti6n by g-, it will become 
, b am ^ r 

^^T ? • ■ . \ 

in which — and — are integers. If, thcfn, r be not divisible 

g g 

by gi we shall have an integer equal to a fraction, which is 

•1* ' ■ 

impossible. As, then, —is an integer, g must be a factcJr of r. 

o 

Let, now, r be divided into a, leaving a remainder f'. It 
is evident that g is a divisor of r'. If we thtfs continue the 
division until we find a remainder (, which will divide the 
preceding one without leaving any ^ reniainder, then will 

The fpnmila of the opeiratioh is as follows : 
a)6(w ^ 
ma 
r) a (n 

nr^ " \ V 
r')r{p 

pr 

. •" . -■ \ .'f£ ■ • 

. o^ 
the last remainder being i. 
To show that t *fs g^ we have the following equations : 
itssma + r. . 
aa=3 nr + r'^ 
-' ■ r ^pf + r''. 
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. ^From these equations we perceive that r", r', r, a and 6, 
must each be measured by /. Now, we have shown that 
the greatest common measure of a and d, viz.,,g-j must mea- 
sure each of the * remainders : it must measure ^ and of 
course cannot be greater than t. And as Ms a Common 
measuie of a and h, g cannot be less than t. Therefore g=^t. 

Therefore, to find the greatest common qieasure of two 
numbers, divide the less into the greater. If there be a 
remainder, divide it into the last divisor, and so proteed 
until a remainder is found ^hich will be contained exactly 
in the preceding divisor. Tlien this remainder is the 
greatest common measure. . 

Thus let the greatest common measure of 246 aod 272.be 
required. 
- The operation i^ as follows : 



246) 


272 
246 


(1 










26) 


246 
334 


(9 










12) 


26 


(3 










24 












■«) 


12 
12 


(6 



2, being the last divisor, is the greatest common measure 
We may assure ourselves of this, by resolving the two num- 
bers into their facl6rs. Thus : 

246 = 9x3x41 
and 272 = 2x2x4x17 

41 and 17 being primes. We thus see' that 2 is the com- 
mon factor. The x)peration may be shortened by first can- 
celling any prime factor that is contained in either number, 
and not iri both. * Thus, if the commcm measure of 1015 and 
2871 were required, we perceive at once that; 6 is a factor 
of the first ; and the sum of the digits in 2871 being a ttiul- 
tiple of 9, 2871 is divisible .by 9j and peither of the factors 
of 9 being contained in 101 6j we may strike out this factor. 
By this mecyis the nun^bers are reduced to ' 

203 and 319, 
the greatest common measure of which is 29. 

35. If we could determine readily all the factors which 
4* 
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each of the given numbers contains, tire could at once strike 
out those which did not belong to the common measure. To 
resolve a number into its factors, however, being frequently 
more laborious than to peiform the operation for finding the 
common mefisqre, in the preceding rulei, this mediod is al- 
ways to be preferred, unless the &c^or8 are at once disco- 
verable from the forms of the tiumbers. When we are 
operating upon algebraical quantities however, the mono- 
mial factors may at once be determined by inspection, and 
should in all cases be stricken Out. 

Thus, if the common measure of 6 a*6'c and lifhx were 
required, we at once perceive that 5, 7, c and or can form no 
part of that common measure. The question is thus redui^ed 
to finding the common measure oi a^6*^ and a% which is at 
once seen to be a'6. 

Again, let it be reqvured to find the common measure of 
the two polynomials " . 

and 6a«6-{-12a^«+12a6« + 66*. 

Here we perceive that 8 a^ is a factor of the first, and 6 6 of 
the second expression, and as thes6 have a common factor, 
3, this must form a part of the required common measure. 

Striking out the factors 3 a» and 6 5, and proceeding with 
the reduced expressions as directed in the rule Art. 34, the 
operation will be as follows : 

a« + 2a6 + 6») a^ + 2««6 + 2a6a + ^8 (a 
a« + 2fl «6 + o^a 

dividing by the factor l^ 
this becomes 



a« + a6 


ab + bK 



Hence 3 v (a -f 6) « 3.a + 36 is the required common 
measure. " ■ .' 

EXAMFUSS. 

Ex. .1. Find tlie greatest <x)mmon measure of - 
and 2(>a»6— lda«5 — 16a6+5&. 
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Omitting 4he factors 4 and. 5^,. these expressions are re* 
dncedta 

and 4aa — 2a?--B«4-l- 

But here we at once ipeet with a difficulty. Since 3 «« will 
not divide into 4 c^, unless fractions be admitfted, which in 
the present case is manifestly improper, the question mig-ht 
appear impossible. This difficulty is removed, however, by 
considering that inasmuch as the comnion measure can con- 
tain no simple factor, this ihtroduction of such a factor into 
either divisor or dividend cannot afiect the final result. In 
. ♦he above case, then, we may multiply the dividend by 3, 
and the operation will stand thus : 

4rf»^3a?»-.3a + l 

V ; .v3 ' • 

3a3 — ^fli — l) 12a»-«6a« — 9a + 3 (4a 
2^a — 5a+3 ■ 



6a«:— 4a — 2 



or cancelling the factor— 11^ a --l)3a«— 2a— !(%+! 

3a«— 3a 

j"^- a— 1 

and a •— 1 is Ihe common measure, required. 

From ,the above investigation the following rule may be 
derived. - ■ ^ , 

To find fhe common measure^ of two polynomials, first 
determine f ani divide by the monomial factors that either 
of them: contains. 

Divide that one of the r^dticed expressions in which the 
leading quantity is involved to the. highest power, by the 
other J and cancel fromjhe remainder any monomial fac" 
tor that it contains. 

Divide the reduced remainder into the preceding divisor, 
and so proceed until no remainder occurs; the last divi- 
sor mmiptied by the common divisor of the monomials 
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stricken out f torn the original expressions^ will be the com' 
mon measure required. 

Jj^in the course of the operation^ a monomial remainder 
occurs f the original eacpression has no polynomial divisor • 

Should th& coefficient of the 1st term of any of the divi' 
sors not be contained in tJuU of the first term of the divi" 
dend, the latter must be multiplied by such a factor as will 
make the division possible in integers. 

S6. To reduce a fraction to its lowest terms, the terms of 
that fraction must be divided hy their greatest common mea- 
sure. 

ExASfPLES. 

T-» ar^ 4- V* ^ . . 

Ex. 1. Reduce ^ to its lowest terms. 

x-^y 
Ex. 2. Reduce 3,.^-3^s^_3^.^._3^.^ to hs lowest 
terms. . ^^^^^ a. + ^. 



3a' + 3az* 

Ex. 3. Reduce -r—-: — ^ T to its lowest terms. 

Atks, 



^\-^" ^ ar + y 



ar* — a?y 

Ex. 4. Reduce j-~ — :|--1_2 — -^ to its lowest terms, 

Ans. -~^-^ 

„ K -D J 2 aar« — a«;r — «' .. , . 

JiiX. 6. Reduce ,- . ■ ■ — - to its lowest terms. 

2^ + 3ax+a' ^_^ 

. .a«i5. i-; , 

x + a ' 

Ex. a. Reduce ^^ to its lowest terms. 

15 a^ a?'- a? 4- 3 

Ex. 7. -Reduce ..^ ; ^ , , T to its lowest terms. 

n 5a? + 3 

^ •'• 3^+2x + r 
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Ex. 8. Reduce s--= — ,^. ' "~ v^ to its lowest terras. 
3a:3 — a4a? — 9 2 

Ex. 9. Reduce - _ ■ ^7"^ , ^^ — ^^ ^ ^ toitslow- 

est terms. Jins. ^^7^ _ '^ , , ^ . 

Ex. 10. Reduce ' _, . b oi. to its lowest terms. 

8a»+.8a»6 ^ 5a + 5d 

. " wan^. — s *• 

<ia 

Ex.11. Reduce — a ^ i r, / ^ — ^ :# to itslow- 

,, z, 3a + 5ft 

est terms. .a/w. -^ — - — --. 

3c— 1 

t:* to.T3^ fraH» + 2a;«4-4a:«-a?4-l , ., , 
Ex. 12.' Reduce .- . o^T tA»>« ' . o ^ ^^ ^o^" 
, 15 ar*^-T- 2a:» + 10 ar» — a? + 2 

est terms. ^ 3a:»4.a?»+l 

^/i^, . ■ — --7-. 

6x» + ar + 2 

Ex. 13. Reduce g^T. mJ^^. ic T^it ^ its lowest 

terms. ^ a!*+:a6« + ft* 

•^^*- 5a^ + 5a»6- 

37. 7b reit^ce a mixed number* to a simple fracUonal 
expression. 

The principles by which this is perfbrmed, being identi- 
cal with tho^e with which the pupil has already become fami- 
liar in arithmetic, require no remark here, except that when 
the fraction is nega^tite^ the numerator is to be subtracted 
from the product of the integer and denominator^ instead 
of being added^ as is always dorie in aritJvmetic^ 

ExAMFLSS. 

j« a" 

Ex. 1. Reduce a to a fraction. 

The operation is a - , ' 

X by « ' ^ 

- a«; 
subtract ' ft» — a« 

2<i« — 6« = the numerator. 
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4S. FEE;LiafIErABT BULKS. 

Hence > is the.fraction required. 

Ex. 2. Reduce 2ifi + x + r to 'a fraction. 

Here (8a*.+ a:)6 + 4fl(*— 5a; = 3fl^6 + te + 4«* — 5ar 
tss7M + bX'^^xssihe numeratpr^ 

J .1. r * - 7ffb + bx — 6x ' 
and the fraction is '^ * -. 



Ex. 3. Hedtice 4 ox to a !iacti(»i, 

^ 4. «/9 ' 

Ex. 4. Reduce 7x — Sy + • — -^-^ to a fraction. 

Ex. 5. Reduce a + x : to a fraction. 

a ^x ^ 2ar» 



Xr-a 



Ex. 6., Reduce a' — ax + a^ : — to a fraction. 



a + x 
Ex. 7. Reduce a? + v -^ to a fraction. 

Ans.—t—. 
y — x 

38. The mode of performing the remaining operations 
with fractions being the same as in arithmetic, we shall 
merely annex examples for exercise. ' 

(jfi ^ ^ 

Ex. 1. Reduce — -t- to a mixed number. 

a +h 26» 

jlns.a^-^ab + b^-^ 



a + 6' 



' 4^9 4. 2 06 "^ 6^ 
Ex. 2. Reduce ^ — —^ — to a mixed number. 

^^ + ^* . 6^ 

•/Jn*. 2a — 26 + , 



2a + 36 
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Ex. 3, Reduce > ^ ^ . ^ "^ — to a mixed number. 

Jim. 2 + -, 



3a« + 2ar* 



^ ^ a^ + b^ 
Ex. 4i Reduce — --r- to a mixed number. 

a-\-b 2A« 



Ex.5.Reauce^Hlll^:=i£±9:^ 

Ex. 6. Reduce ^7^-, rrrz, and ^r— to fractions haviiiJ: a 
common denominator*' IS c^b 21 c^ Sb^ 

Ex* 7. Reduce and ^r-- — to a common denomi- 

a — X a + X - 

nator. ^ a^+2'ax + X' .a« — 2aa: + a:« 
•^a- — —^ i — and — ^-- . 

Ex. 8. Reduce — ; — , -—-, and to a common de- 

a + x 30^ a, — X 

nominatOT* 

^ 4««a:«--4aa:» 3a^ — 36x« , 2 a^ar^ + 2 aaJ* 

•««*: — :: — , — --r — r-r — , and — -— — - — . 

ct^x^-^x* c^ai^ — x* a«x^ — a:* 

Ex.9. Add ^Jty and ^=^. 

x-y , ^+y 2a:« + 2t/« 

ar» — y« 
Ex. 10. Add3a+^^^and5a + ?-5|p^. ^ 

15 

Ex. 11. From — 5 — take ^ 7^ ■ . 

^ ^ 8 a— 39 



-•^iw. 



15 



Ex. 12. From 6a^+ take 2a + 

a X 

3a:« + aa:— 4a« 



^ns. 4a + 



ox 
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phelhokajiy uxfUM. 



Ex. 13. Fiom — ^ take 



a — b a + 6* 

2ffib + 2ab^ 



JinB. 



a^-^b* 



Ex. 14. Collect the fractions — '^ ii5+l?L_?. 

a — X a ' a-\-x 

a 3a» + 2aa:«— a* 
'tanSh — - — » — - — ^-» 

Ex.15. Cdlect the fractions -r^rr + 77; ttt into one 

136 13 a 2 b 

«»• ^ 126« — 83a« 



Ex, 16. Subtract ^L* fnMn^+ * 



26 a& 



2 2 • ./Jn*. 6. 

a" a 1 

Ex. 17. Bedoce to one fraction -- — -— — 4 



a" — Of* a + x a — a?* 

a ax + a-j-x 

t/ins. — -— • 

ii" — aj* 

Ex. 18. Reduce 5-7^ r- + , h »/-. . x — ^ a 

. 3(1— a?)«l — ar 3(1+ ar) 1— ^a:« 

to one fraction. 24 3 a: -1— 13 ar» 



8.— 3a: — 3a:« + 3a:*' 

Ex. 19. Reduce — ; :+— 7 — : — r— -s ttoasin- 

x^a — x) a{a + x) c^-^x^ 

gle fraction, ' \a^ + ax + a^ 

.afW- — - — ■ -—. 

a^x + aa^ 

Ex. 20. Reduce — 1-.--5±^+ ^ to a 

single fraction. 20?* • 

•*'**• ((^» - x^O (a» + or +,ar«)* 

In solving the last few questions, and also those which 
follow, the pupil will find advantage in consulting thQ table 
of factors at the end of Art. 32, pi^e 39. 

Ex. 21. Multiply ^.-^ by ^^J > 

Ana. 1. 
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-nuxamuBY bulei]. 



Ex. 22. Multiply p-, —.and -^^, 
Ex. 23. Multiply ' ^±$^ by ^* 






a' + ft* 
. . a« + 2a6 + 6«* 

Ex. 24. Multiply ^.^^^ ^^^ — iTZs^- 



Ex. 25. Multiply ^^f+fl , ,^j^-.^) , and 

a + ar 

a 



oar— a^* •^/l*. _, ^w 

«.. ^.. « * 1 . « ff ic* — oA?' ; > a* — flp' 
Ex. 26. Multaply ,_^^ + __j- by -^-^. 

- a? ■ 

n mr TDT u- 1 « + a: . O'— a? , a + a? a— a? 

Ex. 37. Multiply — — by -. — , 

''•' a — a? a + aj, > a — ^a? a 4: a: 

■ ., Scfix + Saaf" 

(a« — a?»)* 

Ex. 28. Multiply ^^f-', -^^^1 and y + -^L. 

Ans, %ax — ay — ^hx + by. 

17 on T^- ^j 44? + 12, 3a? + 9 ' 

Ex. 29r Divide ;i— by , 7^ . 

7 "^ 14a fi^ 

17 oA TV J 3a? + &, 15a? + 25 

Ex. 30. Divide ^ by — r— ^— • 

a + o "^ a* — 6*. ^1 

Ex.31. Divide f^4 by ^'- ' 

•^tu. ) ■ A 
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GO VROPcHKnxm and pboc^lsssion. 

Ex. 32. Divide ^=^ by ^ f~^\ , > 
x + y ^ afl + 2xy+y* 

Ana. 1. 
Ex. 33. Divide o + ^r-^ by b r-t . 

Ex. 34. Divide — — ^, , , , by j-. 

. ajf— 2.6ar + 6« ''a? — 6 

•a/M. 07.4 — . 

- ' . • ^ 

Ex. 35. Divide — ^^ + ^ by — ^^ — . i- — -. 

u^-^x a-i-x ■ a — X a + x 

^ ^UX 

til a/j T^• -J 8^, o. 9 a?® , 4 a /3a? 

Ex.3a Divide _ + 2 + ^ by g^+^. 

a 2* 3a? 
3ar 4a 

This example is best perforaited by the rale for dividing 
polynomials. ^ . ' 



CHAPTER in. 

PROPOBTION AND PBOGHESSION. 

38. Batio is the, relation which two qmmtities bear to 
each other in magnitude. It is expressed by" the quotient 
arising from dividing the second by the Jirst^^ Thus, the 

ratio of 4 to 5 is represented by the fraction -.- The i»tio 

3 ^ b ^ 

ofl2to3is7-rori; ofato6is — <fcc. 
12_ - a 

To indicate that two quantities ate compared in this maa- 

ner> we Write them with two dots between them. Thtis, 

4 : 5^ 12 : 3, <E : 5, ^fcc.. ; 

which are read 4 to 5» 12. to 3, ato b^ &c. 
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paopoa'^ox and paoGaEssioir, &1 

39. The 1st term of a ratio is the antecedent^ the 2d the 
consequent, 

40. When four (mantitics are. such that the ratio of the 
1st to the 2d is equal to that of the Sd to the 4th ; they are 
said to he proportionals^ and the series of terms forms a 
proportion. , ' - 

Thusjhe numbers 3, 6, 8, and 16 aie proportionals, the 
ratio of the 1st to the 2d, and of the 3d to the 4th being each 
equal to 2. 

To express the equality of two ratios, we ?rrite them down 
with four dots ( : : ) between them. Thtis, 

3:6::,8:16; 
which is read, as. 3 is to 6 so is S tb 18.^ 

Cor, In every proportion the quotients of the 2d by the 
1st, and of the 4th by the 3d^ must evidently be equal. 
So that a^.bz'^cid 

- b d a c 

and - = - or r =» J- 

(f c b d 

may be considered as convertible expressions, both indicating 
the equaljty of the ratios, a to 6, and c to (/., 

41. Any number of quantities so related that the ratios 
of the successive pairs are all equal, are proportionals. Thus, 
2, 6, 3„ 9, 4, 12, 8, and 24 form a series of proportionals, the 
ratio being 3, Such a series is written 

2:6::3:9::4:12::8:24. 

42; A series of continued prijportionals ia one in which 
every term has the same ratio to the succeeding one. Thus, 

2, 4, 8, 16, 32, &c., 

are continual proportionals, the bommon ratio bein^ 2. 

A series of continual proportionals is likewise said to be 
in geometrical progression. . 

43. If four like quantities are proportionals, the product 
of the extremes is equal to that of the means ; and conversely, 
if the product of <iny two quantities be equal to that oi two 
others, the four are^ proportionals ; those of one product being 
taken as extremes, and of the other as means. ^ 
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62 FROPoaTicm and progressiok. 

Thus, if a : 6 : : c : (f, then will ad «= be. 

Or, conversely, if ad w^ bc^ then a : b r: e : d. 

For, since a:b :: e : djwe will evidently have 

' a c 

f-'^4 whence, clearing of fractions, 

ad^bc. 
Again, let ad » be^ 4hen dividing by bd^ we have 

b'^d 
Or, aib II c: d» . 

44. If three magnitudes be in continaal proportion, the 
product of the extremes is equal to the square of the mean. 

If a\b lib I e^ then oc b 6*« 

For, r^*:;' ^ - ■ 

Multiply by 6c, and Ac = 6** 

45. If four quantities be proportionals, and any equaPmul« 
tiples be taken of the antecedents, and also of the conse- 
quents, the results will be proportionals.' 

If a : 6 ; :, c : i, then will ma :;nb :i mci nd. 

For 'since j- =b-i, we will have, by multiplying by — , 

nb "~ ncC 
Or, fna: rtb :: mc : nd. 

Cor. This proposition is evidently true, if m orn should 
be fractions instead of whole ntimbers ; so that the proposi- 
tion might be extended to include any parts of the antece- 
dents, and of the consequents. 

46. If four quantities be proportional, they are propor- 
tionals by division, that is, the difference between the first 
and second is to either term, as the difference between the 
third and fourth is to tlie corresponding' term. 

Let a: b :: c : J,'thjBn a^b : a or b n c^rd : cot d,* 

* To exprera the difTerence between iwo quantities, when it is not 
known which is the greater, the sign .r is empidyed. 
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FRO^O^aTtON AND PROGBESSXOK. 53 

Pot, since r- =-V we have ^ 1 == ^^r 1, 

°'' -r-=-r- 

thai is, , a^b : 6 :.: c-^d : dt 

o c 

Dividing the last equation by the following, viz,, -r 5= -yt 

. , a^b c^d 

It becomes . = -. 

a c 

Or, a yb : a :: Csj^d : d. 

47i If four quantities be proportional, they are proportional 
by composition^ that is, the sura of the first- and second is to 
either term as die' sum of the third and fourth is to the cor- 
responding term. 

The demonstration of this, being almost i4entical With the 
last, can be Supplied by the student. 

Cor. From this and the preceding art., we have 

. I. I. .J y^ • a + * c + d 

a+b : a^b :: c+d :&^dt tor, since — r — = — i — ■ 

b . d 

, a^b -' c^d , ^ , ,. . . a + b e + d 

and'— =— gg ; , we have by division ^ — 4^=a — - — -„ 

b a . ■ ''. , a^b c^d 

Whence a + li \ a^b \i c + d ; c^ d. ' 

48. If four quantities be propbrtiorials, they are proportion" 
als when taken inversely. That is, the second is to the fixat 
as the fpurth is to the tjxird. 

Let a I b :: c : d, 

. ' a c 

then X - =as — . 

vd' 

Whence - = — pr 6 ; a :: rf : c, 

n c 

49, If fbtir Hke quantities be^ proportional, they are prot- 
portional when X^ken alternately ; that is, the firat is to the 
third' as the second is to the fourth. 

Let a : b :: c :'dj then a : <j 2:.^^ : J 5 a, 6,-c, an4 d helps. 

like quantities. - * 
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64 TEOPORTION AND TROGRESSIOlT. 

For, since -r — -i» w« have, by mulliplying by -♦ 
u a c 

Or, a : c :: b : d, 

Tbe restnction to like qaantities is important, for we can 
have no ratio .between any others. If, for instance, a and c 

were not like quantities, the expre^^sion — would be an ab- 

surdity. 

60. If the antecedents in one proportion be the same as 
those in another, then will one of the antepedents be to the 
sum. of its consequents as the other antecedent is to the sum 
of its consequents. 

Let a: b :: c : d^ 

and - a: e :: c iff 

Then will a :b + e i: c id +f. 

For, we have - =* — and — «r ^. 

, a c a e . , 

Consequently, = -^ — sf , whence we readily conclude 

that . a:b + e:: c : d +/. ^ 

Cor, 1. If we have a : b : : c : cf, 
and € : b ::fi dfWe shall in like manner 

have a + e I b :: c +/ id. 

Cor. 2. These results would evidently be true -whatever 
should be- the number of proportions. 

51. If any number of like, magnitudes be proportional ; as 
one antecedent is to its^ consequent, so is the sum of the ante- 
cedents to the sum of the consequents. ^ 

Let aibiicidi^eifiigih, 
then will a^ib n a + c -{• e +^ : b 4" d.,+f+h^ 
For we have by altemadon (Art. '49) ' 
a: e lib id 
ai e lib I f 
ai g II b : A 
and a I ail b lb 
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PltOPORTION AND PROGRESSION. 56 

.-. {Cor. 2. Art. 60.) a : a + c + c + ^ : : 6 : 6 + ^ +/+ /if 
and alternately, a:6::a + c + e + g:6 + rf +/+ h. 



52. If 


a:6::c.:.rf, 


and 


bifiidih, 


then will , 


a:f::c:k. 


For we have 


a e 


and 
and ' 


b d 

ah cd a c 

bf'^dh^^f'^h 

a:f::c : h. 



Cor. 1. Thia reasoning might evidently be extended to 
any number of propoi^tioris. 

Cbr.]2, From the above demonstnition we have 
ab<: bf IX cd : dh. 
Henee, if the corresponding terms of two proporfions be multi- 
plied together,.the products will be proportional ; and thepropo- 
sition may evidently he extended to any number of proportions. 

63. If we have any number of continued proportionals 
a, 6, Cj rf, . . »-to m tCTms, then will a: n i-i cC^"^ : 6"*" '. 

For we evidently have aib ii axb 

..-.■' a lb lib : c 

ai.b H c : d 

. &c. &c. 

to m — i proportions 

.\ {Cor. 2. Art. 52;) c*"-* : 6*"-* : : xibc ^ . . : 6c . . . . n 

: : c : » 

64. If four quantities be proportional, like poweii and ropta 
of them will likewise be proportionaL 

Thus, if a lb II c I d^ then a? : 6" : : c" : d^ ; 

- . .6 rf- 6" rf» .. 

For, smce —as-, — *=—. 

a e fl" p" 

Or, 6* : 6* : : c" : d^. 
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66 pmopoBTioN Arm progbessiov. 

SECTION n. 
AriikmeHcal Progresnan, 

55. Whea the terms of a series of quantities continually 
increaae or decrease by the addition or subtraction of a given 
number, ^uch series is said to be in Arithmetical Progres- 
Hon. 

Thus the numbers 1, 4, 7, 10 ... , which increase by the 
successive Edition of 3, form an increoHng arithmeticiil 
progression ; 60, 47, 44, 41 . . • • which decrease by the sub- 
traction of 3, form a decreasing arithmetical progression. 

66. l^he number by .which the successive terms of the 
series increase or diminish is called the common difference. 

67. If a be the first term of an arithmetical progression, 
and d the common ^difference. Then the series will evi- 
dently be " ^ ' ' . 

if increasing a, a + (f, a + ^d, o + 3rf, a + 4rf> . .-* 
if decreasing a, a-— (/, a^^2d, a-^Bd, a— 4d. ^'. . 

By the inspection of the above series> w^ find that the 
coefficient of d^ in any term, is a number leas .by unity than 
the number of the term in the series. Thus the coefficient 
of d in the> fifth term is 4, in the sixth 5, &c. 

The nth term will therefore be 

a=fc:(»-^l)rf. . 

In general we omit the double sign. T^his will lead to no 
want of generality in the results^ if we consider the common 
difference in a decreasing series, negative. 

68. The sum of ike extremes is equal tp the suin of any 
two terms equally distant from them. " 

hei a^a + d,a + 2d . . . a+{n—S).d,a+(n—fi)d, 
a + (n— 1) rf, be a series of n terms. The sum of the ex- 
tremes is \ 

Arid this 'will evidently be the sum of any two terms 
equally distant from them ; and, likewise, twice, the middle 
term, if the number of terms is odd. 
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P&OPORTION Ain> PB06RE8SI0V. 57 

69. This being the cafte, th^ 3uin of the series must be 
equal to the sum of the extremes multiplied hj half the num* 
ber of terms. ' - 

So that if S represent the sum ,qf the series, a being the 
first, and / the last term, we shall have 

.. , S«=Ca + /)|. ■ 

Thift propositioii may be otherwise demonstrated* Thus* 

putSa=:a.+ (a + rf) + (« + 2rf)+ .^ t . /. 
Writing the same series in a^ inverse order, we hare 

S:fe/-^(/-.rf) + (/-2rf) . . . i , a. 
Addingthis to the former, we obtain 

2^^{a + l) + (a + l) .. . ,^,t6ntenD^ 

and S=^(a + /). 

Or supplying the value of /, 

S=|(?a+(ri-l)rf> (A) 

This equation and the foHowing^ 

l^a + {n^l)d • <B) 

contain the whole theory of arithmetical progression. 

Thus, if the first term, the last term, and the number of 
terms, are given to find the common difi^rence, we have, 
from (B), 

dr=9- r. 

.- .. n — -i 

^ • . ^ '. ' 

Examples. 

Et. 1. The first term is 6, the common difiference 10, and 
the .numbeif of terms 50. . Required the sum^ of the series ? 

Here /»ra+ (».— !) <;« 5 + 490 » 495, 
and 'S^^(a + /)«25(5 + 495Y«12600. 



Ex. 2. A car, descending an inclined plane, moves 5 feet 
the first second, 15 the second, 25 the third, and so on, in- 
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Ijfii HtWOaTKW AND FBMSiSSaqjS^ 

PieMQg 10 ftet ci^ry secopj. How te w^ it move ia a 

Here a » 5, c^ » 10, n «= 60. 

.-. S«|(2tf+(n— l)d)«:80(10 + 590) 

» 18000 feet « 3 /^ miles. 

This would be the rate down a plane which descended 
fire feet in sixteen; No allowance being made foF friction. 

Ex. 3. Insert 10 arithmetical means betw^n the num- 
bers 8 and 68. ; 

As there are 10 means there are 12~ terms. He^ce, the 
formula 

/ = a + {n — l)d 
becomes 68rsd+li</ 

d=±5. 
And the means are. 

8, 13, 18, 23, 28, 33, 36, 43, 48, and 53. 

Ex. 4. The sum of a series, the first term, and the com- 
mon difference bein^ given, to find the number of terms. 
This may be solved by the equation 

S=iJ(2a4-(n— l)rf) 

clearing of fmctions said transposing, 

. . «»i + (2a — c^n = 2S, 
a quadratic equation, whieh.we are not at present in a 
situation to solve. See Quadratic Equations. 

Ex. 6. What is the sum oi the odd numbers 

1,3, 6, . . to 150 terms ? Awl. 22500. 

Ex. 6. The first term is 300, the common di^rence 
— - 4, and the nainber of terms 30. WW is the sum (d the 
series? Ans. 7260. 

Ex. 7. The first terin is 3j the common di^rence 7, and 
the number of term^ 1^. . What is the isum of terms ? 

w^w.780. 
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Ex. 8. One hundred stones are phfeoed in a stsaiglit fine, 
at the distance of d yards : the lirst being 5 yards frotti a 
basket. .How far will a person walk who shaii bring them 
one by one to the basket. Ans, 17 miles and 7S0 yards. 

£x* 8. Insert 5 aritometical means between 12 and 30. 
Jins. 15, 18,21, 2*, and 27. 

Ex. 9. A man being anxious to purchase a horse offers 
1 dollar for the first nail in his shb^s, 4 for the second, and 
so on in arithmetical progression. Now there being 8 nails 
in each shoe, ^hat wi]l the horse t;ost hitn ? 

Ex. 10. The first term is j, the common diiereaoe is |, 
and the number of tenos 30. What ia^ the suofi ? 

An8. 165. 

Ex. 11. A and B start on a journey. A travels nnlformly 
40 miles per day. B goes 17 miles the first day, 20 the 
second, 23 the third, ai)<f so on in anthmetical progression. 
.How fiir will they be a|)art at the end of twenty d^ys ? 

.^ns. llO^iles. 

44 
Ex. 12. What is th^ l^th term of the series 15, r^r^, 

43 " >^ ^ 

— , &c., and thqr sum of the 16 terms ? 

^ ( Jins. 10, and, the sum 200. 

15 4 

Ex. 13. What is the nth term of the series =-,. -, 5-, &c., 

O O O 

and thfe sum of the n terms? 

'11 11 

^^ns. nth term zr-n — ^, aad .the sum is 7^ 'i + x w'- 

.4 ^ - 15J 4 

Ex. 14« TVtnit is the nili term, aad sum of n terms of the 

n — 1 n-^2' - . ' 

series , -^ :, &c.? 

n 71 ' ^ J 

n^ns. nth tem^ as 0, sum sa. . . 

Ex. 15. The first term is n^'^(n — 1) and caramon 
digorence is 2. What'is thfe sum of n terms ? 

win*. n\ 
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From this example it folkni:s that 3 + 6«b2^, 7 + 9 
+ 11 »9>, 13 + 15+ 17+ 19 a*4», 21 +23 + 25 + 27 
+ 29»5',&c. 



SECTION m. 
.Geomdr^al Progreuian* 

60. A series of nambeis increasing by a coqunon multi- 
plier, or-. decreasing by a common divisor, is said to be in 
geometrical progression. See Art. 42. ^ 

Thus, the series 2r 4. 8, 16, 
and also , ^ 729,-243,81,27, 

are in geometrical progression, the former being an increas- 
ing and the.latter a decreasing series* 
In general tiie series 

. a, ar^ arS ^j &c., 

wiU represent any geometrical progression, as r may be 
taken integral or fractional. 

61. The comiBon mnkiplier r is called the ratio^ which is 
a proper fimction if the series is decreasing. 

62. The nth term of such a series is evidently of the form 

l^af^-\ 

63. To find the sum of n terms of the series, assume 

S=iaf— '» + af7« .. . ,\..ai^+ar + Q^ 
multiply by r — 1, and this will become, 

(r_i)S«==ai-— a«a(f»— 1)/ 

r — I »!— ^.1 

64. If the series is decreasing, r is « proper fraction, and 
we shall hate 

g^ a(l^f») ^.a-r/ 



1 — r 1 — r 



(B) 
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PROPORtrON AND PRQ6RESSIOK. 61 

65. These formutafe' give the foUowing rule for' summing 
a geometrical progression. ^ 

liaise the ratio, to a power indicated by the number of 
terms $ divide the difference between this power and unity ^ 
by the difference between the ratio and unity, and multiply 
the quotient by the first term. 

66. Tq find the ratio we have - ^ 



r^-y-. \i 



or . r = «^ -, (See Art. 83.) 

Also (r — l)S=Bar* — a. 

Whence af^^&.r^a-;-^^. 

This last equation can only be solved in partictdar cases. 

67. If a decreasing series, continue to infinity, the'kuit 
term is 0, and the formula (B), Art. 64, .becomes 

Examples. 

Ex. 1. What is the sum of the first ten terms of the 
series 3,^, 12, ^&c. 

Here a »= 3, f ■=: 2, jind n = 10, 

r»«i2*»«1024, 

and ^ S = a.^^^!^ =3x1023 = 3069. 

V - r — 1 

Ex. 2. The first term is 78732, the number of teims 8, and 
the ratio i^- What is the sum of the series ? . 

Here /=* ar»-'« 78732 x^^ «=:- 36, 

A fTy\ a ct—rt 78732-^12 ^q^vqa 
and (B) S ^ .^ .=. — ^-j = 118080. 

Ex. 3. What is the sum of the series 1> ^, ^, -^^ in- 

ftnitum ? ; ^ 



Here 

6 



f«t: Hence (C)S^^ = f.\ 
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Ex. 4. Insert 2i geometric tneans between 7 and 8584. 
As there are 2 means there will be' four terms. 

Hence (66) r « ^ ^ « ^ ^ - ^ 512 « 8,. 
and the means are 56 and 44S. 

Ex. 5. Whiat is the sum of the series 1 — i -f |^-i^, 
ad infinitum? 
Here r =« — i and S = |. 

Ex, 6. Required the sum of 11 teims of the progression 
S, 9, 2?, 91 ^n9. 266719. 

Ex. 7. Required the siiia of the series 1, |, |» &c., to 15 

Ex. 8. .A person wishing to purchase a fine horse was 
told he might have him, if he would give 1 mill for the first 
nail in his shoes, 3 for the second, 4 for the third, knd so on. 
What would be the price of the horse at that raite, there 
being 8 nails' in each shoe ? Ans. 4(4294967.295. 

Ex. 9. Required the suh^ of thfe series 1 -^ i 4- jV — tV> 
&c., ad infinitum. : . ^ns. 4. 

Ex. 10. Required the sum of the first ten terms of the 
series M.i,&c. ■ . 4„,;i^«^. 

Ex. Jl^ Insert four geon^etric means between 9 and 9216. 
,^m. 3(5, 144, 576, and 2304. 

Ex. 12. What is the sum of 1 — i + f— Vt + rx » *<^-» 
ad infinitum? jim. ^. 

Ex. 13. What is the sum of 1 + J +i +&c.j.ad infi- 
iiitum? . '4n«, 2. 

Ex. 14. What is the slim of , the series 100, 40^ 16, &c., 
ad infinitum? "^ wfna. 166|. 
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Ex. 15. What is the sum of ar — bx + — -- — &c., con- 
tinued to infinity ? (See Art. 89.) ^^^, -— ^ 

Ex. 16. Insert three geometric^ means h^tv^een i and 9. 

Ana. h 1, andS. 

Ex. 17. Insert, three geometdc means betwen 89 and 
3159, also four between i and 519. . . 

Jim. 117, 361, ^lid 1053 ; and 2, 8, 32, And 128. 

Ex. 18. What is the sum of n terms of the series a, bf 

b* ¥ '\ 

— , --, &c. ; and also bf the same series cont^ued to infi- 

fl « \ - ' 

w?n«. Sum pf the terms j rrHn ; to inf. r- 

{a — 6)cr-* a-^b 



SECTION IV. . 

ffamwnical Proportion. 

68. Three quantities are said to be in harmonical propor- 
tion, if, the first is to the third as the diflference between 4he 
first and second is. tp the difference between Che second and 
third. . ^ \ . 

Thus, if a : c :: o — 6 : 6-r-c; the magnitudes «,'&, and 
care in-harmonical pro]^ort{on. - - . ' 

69. Four quantities! are in harmonica! proportion where 
the first is to th^^ fourth as the diflference between the first 
and second is to the difierence between the third and fourth. 

Thus, if <t : (f : : a— -6 : c — (f, a, 6, c, andy are in har- 
monical proportion. ^ 

70. A harmonical progression is a series,' any three con- 
secutive terms of which are in harmonical proportion. 
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71. Let a, &« and c be three quantities in hannbnical pro- 
portion, ^ 
then aicwa — 6:6— c, 

or (Art. 48,) ab — ac sacsac— 6c,. 

a6 + 5cas2ffc, 

whence 6 s= — ; — '-, 

a + c 

72. The reciprocals of any seiies in harmonicai progres- 
sion are in arithmetical progres$ion.' > 

Let a, Wcy fl,e, &c., be in harmonicai progression, 

then will — , t^, -, ^, — , &c.,be in arithmetical progressioo, 
a o c a e 

r -11 1_ r 2flc 26rf - 2)ce - 

for we will have 6 sas — -^, c = i— :— r, a = — : — , obc., 
a+c b+d -c+e 

dividing'by 2 and inverting we have 

2 a+c 1,1 



6 




ae 


a 


^ 


e 


3 

e 


- 


b + d 
bd 


1 

"6 


+ 


1. 

5 


2 


- 


c + e 
ce 


_^ 1 

c 


+ 


1 

7' 



therefore — , y^, — , -r, &c., are in arithmeticalprogresi5ion.(58) 
a o c u , . ^ 

Thus the numbers J, ll J, J, J-, (or bringing to a common 
denominator," and using the numerators) 30, 20, 16, 12, 10, 
are in harmonicai progression. 

Note, — When five strings of equal weight and tension 
have their lengths as the above*^ numbers, they will vibrate 
so as to make the n^ost perfect harmony they can produce. 
Elence the name Barmonital^progrtssion. 

73. To find a Juirmdnical mean between two qitarUities 
a and c: / 

If 6 be the mei^n, we must have (Art. 71) 
. . 2ac ^ 
a + c 
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74. We may, by. article 72, insert any number of har- 
monical means between two given numbers ; it being only 
necessary to find the same number of arithmetical means 
between their reciprocals, and then take the recipitocals of 
thei results. ^ 

Examples. 
Ex. 1. Find the harmomcal meiin between 16 and 35. 

Here the reciprocals ai^ Ye ^'^^^^ 

Their half sum being ^ the required mean is 21. 

Or. (78) «-__»._^21. .. 

Ex. 2. Insert three harmonic means between 86 and 315. 

Here the reciprocals are -- and jr--, or =-r? ind:r7^, 
ti5 315 315 315 

the three arithmetip means are, consequently, 

7 5^ A ^ ^^ ^ r^ ^ 

315*315 -315 ~45' 63^"^ 1^' 

and the harmonic means are ^ ; " 

.45, 63 and 105. • 

Ex. 8. What is the harmonic mean between 119 and 170? 

^ Jim. 140. 

Ex^.4. What is the harmonic mean between ,75 and 93? 

. Jlns. 83yV- 
Ex. 5. Insert two harmonic^ means between 15 and 81. 

•^n^. 20|}, atid32||. 

Ex. 6. Two consdcutire terms of a harmonic prdgression 
are 5 and 9. Continue the series. Jlns* 45.' 

and going backwards,, ST A, S|f , 21, If, &c., 
'45 being the largest number ot the series. 

Ex. 7.^ Continue .the harmonic series, two consecutive terms 
being 21 and 60. i^ns. 60, 21, i^^, 9^, 7^. *c. 



6* 
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SECTION V. 
Permutation and Combination. 

75. It is evident -^ that two quantities, as a and b, may be 
arranged in two ways, viz., ab and ba. If there are three, 
a, b and r, they admit of bein^ placed in six different nian- 
ners, viz., cibc^ aeb^ baci bca^ cab and c6a. 

These different arrtmgementa are called Petmutatians, 
The determinatioii of their number is the object of the pre- 
sent section. 

76. We have seen that two quantities, a and ^, may be 
arranged in two orders, eiiher. being placed first. If we 
have three, a, b, c, either of these itiay be written flrst, and 
the remaining two arranged in two orders, so that we shall 
have 2.3 for the number of permutations ol three quantities. 
Thus we have , - 

0. 6c, b ac^ c ab 
a cb b ca c ba. 

If we have four quantities ; either being written first, the 
number of permutations of the remaining three is 2.3. 
Hence the whole number of permutations of the four quan- 
tkies is 2. 3. 4 s= 94r 



Thus, ft bed 


b acd 


c abd. 


d abc ' 


- « bdc 


b adc 


c adb 


d aeb 


a cbd 


b cad 


c bad 


' dbac 


a cdb 


b cda 


c bda 


d bca 


a dbc 


b doc 


c dab 


d cab 


a deb 


b dca 


c dba 


d eba 


In like mgihner we shall find the 


• nuipber 


of permutations 


of five numbers to be 2. 3. 4. 6.= 


120, 




and so on, as in the following table 


f 


_- 


Number of permuktions 


of 2 quantities' =s 


= 2 




8 


« a 


= 2.8 




4 


« s;: 


= 2.3.4 




5 


(( Q 


= 2.3.4.5 



n «• « 2^.4.5 n. 
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Examples. 

Ex. 1. Required the number of orders in which five per- 
sons can arrange themselves at table ? Ans. 120. 

Ex. 2. How long will it require ten persons to. arrange 
themselves in all possible orders, provided it requires five 
minutes to make every change, reckoning twelve hours per 
day ? Snn. 69 yearS) and 15 days. 

Ex. 3. How many numbers, each containing nine figures, 

all difi!erent, can be written with the nine digits 1 9? 

- Jfwl 362880. 

^77. In the precedingf article, we have determined the 
number of permutations of h quantities, using the whole 
nomber.each time. In the present we will show how we 
may obtain the number when taken p at' a time. 

Let a, 6, Ci i^ . . . . . . be the' quantities. If they are 

taken singly, the whol6 number of permutations is evi- 
dently «; 

Now, since each of the n quantities may be placed before 
every one of the remaining n — 1 quantities, we have for 
the number of permutations of n quantities taken two at a 
time, . 

n.(n--l). . ..^• 

Again, each of these n. (n — 1) arrangements of two at a 
time may be placed before every one of the iremaining n j— 2 
quantities r so that we shall have 

«..(n-l).(n — 2) . 

permutations of n quantities taken 3 at a time. 

Proceeding in this mannef we shall find that Mc number 
of permutation^ of n quantities taken 

2atatimeis tt . (n— 1) , 

3 " ." n' (n-^l).(n— 2) 

4 « «^ n. (n — J).(n.— 2).(n— 3) 



p « « n . (n— }).(«— 2)i(n— 3) ." (jv^+l) 

n " . ^ " n . (n— i).(n--:.2).\n~3) ....2.1 
which last result evidently agrees with last article. 
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78. In article 79 we havj6 supposed the qaahtities to be 
all different. If, however, a be repeated twice, every ar- 
rangement will be found twice. Thus, if a and b be equal, 
the arrangement - 

' . . a € b d, &c. 
19 the same as b ca (/» &c. . 

hence the number of different permutations is 
n.{n — i) ......2. I 

If one^of the quantities be* repeated B times, the number 

will be ' n..(n~l), 2.1 

^'^^® 2.3. ~' . 

In like manner, if one quantity be repeated a times, ano- 
ther b times, and a third c times. The number of penaata* 
tions will be 

. n . (tt— r):(n>—2). . . •> . 2.1 



1.2. .. .a. 1.2 b. 1.2 



Examples.. 



Ex. I. How many permutations of 5 quantities may 
be made from 10 different onest 

^ns. 10 X 9 X 8 x 7 X 6 3±= 3P240. 

Ex. 2. How many different numbers, 6ach containing four 
figures, may be formed of the nine significant digits t 

Jins. 3024. 

Ex^ 3. Jn how many different manners may five letters 
be selected from the alphabet ? .^n^. 789^600. 

Ex. 4, In how many ways piay the figures of the ntimbct 
36376 be arranged ? Ana. 30. 

Ex. 5. How many ways may the letters in the word 
Philadelphia be arranged ? -" Jins. 14968800. 

Ex. 6. How many numbers, each of six figures, iiiay be 
formed of the digits in 363136? . Jlns. 60. 



Digitized by VjOOQIC 



FEBMUTATION AND COMBINATION. 69 

79. The combinations^ of any number of quantities taken 
p at a time, are the number of selections that can be made 
from these quantities, irrespective of the ordor in which they 
are placejd. 

Thus abc,achf bac, bcc^^ab and c6a form six permuta- 
tions, but oiily one combination. 

80. Now, sinoe the number of permutations of n quanti- 
ties, taken jo at a time, is (Art. 77) 

n.. (n — 1) ...... (n—j»+l),^ , 

and the number of permutations of p quantities amongst 
themselves is^ ^ Art. 77) 

the number of combifiations of n quantities, t^enp at" a time, 
~^is ■ , • ■ 

n.(n-i).....(n~;? + l) 

P ' {P — 1) .... ,1 

Examples. 

Ex. 1. In how many different ways may a flock of ten 
sheep be selected from a drbye of 601 , - 

^ 50.49.48.47.46.45.44.43.42.41. .r^^^^^^l, 
1.2.3.4.5.6.7.9.9.10 

Ex. 2. In how; many ways can five steers bo' selected 
from a ((rove of thirty ? ^ Ans. 142506. 

Ex. 3. How many different combinations of seven letters 
may be made from the alphabet X Ana. 657800^ 
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CHAPTER IV. 

INVOLUTION AND Ey^LUTION. . 

81. Involution is the process by tvtich we determiBe the 
power of any humbet. As the power consist^ of the product 
of a number of iactors, each equal to the root, it is plain that 
its value may be determined by multiplication; but as the pro- 
cess becomes tedious when the index of the power js large, it 
is more convenient to employ the following formula for the 
purpose. I'his formula, which is called the binomial theo- 
rem, was discovered. by Sir ls£iac~ Newton,- who clears to 
have arrived at it by induction, as h,^ has left no demonstra- 
tion of its truth. 

Let a? + a be any binomial. Then 

• n '^ 1 n. t 

{x + aY^oT + n^r-Ka + n.-—^ af^^tfi + n r— ^ 
. — ^^^ a;'*"'*a', &c. 

■' o > ■ J: ■ 

To investigate this formula, we shaH consider the product 
of the factors ■ - , 

(a? + a).(a? + b).{x + t).{x + d), &c. 

First, (a: + a).(a?ejr5) == a?»+a |a? + a5. 



(a? + a).{x + b).{x +0}^ a^ tf a 

b 



{x + a).{x + b).{x + c).i(a?4- d) \ 



;r« + «6 
ac 

' be 



x* + a 


a? -f ab 


xi'+abc 


b 


ac 


abd 


c 


ad 


bed 


. d 


be 


aed 


hd 






cd 





X + ate. 



x + ffbed. 



In which the coefficient of the second term is the sum of 
the quantities a, b, c, dj &c. The coefficient of the third 
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n 



term is the sum of the products c^ the sapue quantities tisken 
two at a time ; that of th^ fourth is the ^um^f the products 
of the same quantities taken three at a tirae^ and'so on 

83. We .might frpm' analogy conclude that this would 
always he the case ; hult that there may hfe nothing arhitra- 
rily assumed, suppose the fact has been proven for n factors, 
we shtdl pro;p'e that k must likewise he true for n+l 
factors. 

Thus, let 
(ar + c) {x + b) {x + e]\ 



iX^ + a 
b 
c 



x^ 



cm 
ad 



an 
&c» 



^ix + n) 



x"""^ -f-abc 
cibd 



abn 
&c. 



«:''""'+ ,..abcd,,, n. 



If we multiply this hy another factor, we shall have 
(x + a) {x + b) ... . . {x + 7k) {x+p)=i 



b 

c 

/ d 

4 

n 



ar + ab 
ad 
ad 



an 
&c. 



abd 



+p3if' + ap 
bp 
Pi 



np 



x»- 



edm 
&c. 

' + abp 
aqi 
adp 



anp 
&c. 



af- 



/abcd,.,nx. 



Jk'-i 



» + abcd.^,np» 



NoFW the second coefficiestt is evidently the sum of the 
n+l quantities a^ b, Cf • • * p; and if we. examine the 
third we shall perceive that it is formed of, 1st, the sum of 
the products of the n quantities, taken- 2 at a time ; and, 2d, 
of all those comhinations, 2 at a time^ in which the new 
quantity p. can enter. , 
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The fourth coef&cient consists, 1st,of dl the combinations 
of the n quantities, 3 at a time ; and, 2d, of all their combi- 
nations, 2 at a time, united with the new quantity p. Con- 
sequently, it is composed of the sum of the products of the p 
quantities taken three at a time, and so for the efubsequent 
coefficiepts. Hence the law holda good. 

8a^ This being, admitted, it is eyident (Art. T7) that the 
number of terms 
in the second coefficient is n, 

m the third " . — ^5 — ^, 

in the fourth « . » • (»- 1) (n-2)^ 

2 .o 

in the fifth « • >t.Cn-l)(«-8)(«-~3)^ ^ 

' ^ • o • 4* 

84. If we suppose the quantities a, b, c, rf, &c.,4o be n)! 
equal, ab^ ac^ &c., is each equal to a', 

abc, adc,&c.j " o^, 

and we shall have - , 

\x + a)" = ar» + nc^e^-^ + n . —^ cfiaf"-^ +* 

n.(n-l)(n-2)^ . 
2.3 . ' 

The above demonstration is evidently confined to the case 
in which n is an integer. This being as much as was re- 
quired in this part d" algebra, it was thought proper to leave 
the more general demonstration to be given in a subsequent 
part of the work. See Art. 1^5 et seq. 

85. From the formula of last article we obtain the follow- 
ing rule for involving a binomial. ~ 

. Uie first term of thepotoer is the first term of the root 
involved to the gi^en power, . 

77ie liter cd parts of the succeeding terms consist of the 
successive powers of the first term of the root^ regularly 
descending^ joined to the successive powers of the second 
term, regularly ascending. 

The coefficient of the second term is the index of the 
given power. That of the third terra is obtained by mul- 
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iiplyiftjg the co^dent of the, second term by the index of 
that power of the first term of the root contained in said 
term, and dividing by 2. 

And iri general, the co^cient of any term is found by 
multiplying the coefficient and indent in the preceding term^ 
and dividing by thenurnber of terms to that place. 



Examples. ^ 

Ex. 1. Raise d^-fx to the 5th power. ' 

Here (a + i)* «» a* + 5a*a? + 10fl»^ + 10fl»aj^+ 5 oar* + «». 

-1 J ^ 

%)^ 3)36 4)^ • „ 

10 10 6 

Ex.2. 
(a~a;)« = a8--6a*x+.15a*a^— 20fl^a!»+15a»a:*--6aB»+a?«. 

2)30 3)60 
15 20 * 

Ex.3.(6— 2x)5^=5y— T6«(2«)+2l6*(2a?)«— 356«(2a?)» 
+ 35 6« {2 ar)*— 21 6« (2 «)'» + 7 6 (2 a:)«— (2 »)y 
«^67 _i4 68x + 84 &*a*— 280 i^a?» + 560 6»a?* — 672 Wx» 
+ 4486a?«— 128a?7. . 

Ex. 4. Baise a^^xto th^ 4th power. 
Ex. 5. iWse a — b to the 9th power. 
Ex. .6." Raise 2 — a: tp the 5th power., 
Ex. 7. Raise 2a + 3a?to'the4thpower. * 
Ex. 8. Raise 3 a; +y to the 5th power. 

86. The principle contained in last article ra^y readily he 
extended to a trinomial. Thus, ^ 

Liet it he required to find the 4th power of a + 6 — c. 

Considering 6— ^c as a single quantity, we Have 
{a+b —c)* = Ca-hip — c) )* — a*4-4 €^{b---c) +6 (f (6— c)" 
+ 4'a {b — cy + {b — c)S and 
• 7 
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+ 4a(6— cT 



+4a6»— 12a6«c+13a6«"— 4«* i 



fixAMFLBS. 

Ex. 1. Raise a— ^ + c to-the 3d power. • 

•^'**- ^ + 8iic» + 3 6«c-8 6c«-f c». 

Ex. 2. RaiBe 2a-**7 + y to the^d fo^et. 
Ex. 3. Raise :r — y — 2:: to the 4lh power. 
Ex. 4. Raise 2a-r.36 + c to the 3d power. 
Ex. 5. What is the cube of x — "ftj^ + zt 
Ex. 6. What is the 4th power of 4 a + 2^5 — c T 
Ex. 7. What is the 3d power of 2a*— 3ar + 4^? 
Ex. 8. What is the 4tb Jwwer of 1 — 2a + x ? 

Ex. 9. What is the 8d power of a«— 6 091+ 9 as" ? 

For a complete ((emoDstratioii of the Maltinomial Theorem, see 
Note, on page 316. 



SECTION n* 
Etohtion, 

87. Evolution is the extraction of roots, or the determining 
of a number which, muhiplted b}i[ itself a given number ot 
times, will produce the proposed number. 

The square root of a number; is a number which, being 
squared, will produce the proposed number. 

The cube root of a n timber, is .one which, being cubed, 
will produce the proposed. number. . 

As evolution is the converse of involution, the rules for 
peiforming it will readily be derived from those of the lat- 
ter rule. 
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In raising a number to a given ppwer, we multiply its in- 
dex by that of the poi^er to which it is to be raised.^ Thus 

(a*)* s= a« * * s= tf**/ Consequently, cthe fifth root of 

Again, the third power of Ba^x^ is 125 a"ar^ conse- 
quently, the ciibe root of 126 a**^ is 5 a^x^ s^ 5 a'a?. 

nence, to obtain any root of a-momuifiial, we first extract 
the root of the numeral part, and multiply it by that of the 
literal portion, deterriiined by diWtiing the indices of the dif- 
ferent quantities by the proper number. 

88. Def. To indicate a root <jf a number, we prefix the 
sign v/ with ihe index of the root upon it. Thus : 

y/^ ot\/x is the square root of x, 
'^x is the cube root of ar. 
' s/jx is the fourth root pf a:* ^ , 
When the root of a j^lynomial ia to be expressed, the quan- 
tity must have a vinculum ( ^) placed over it, Or be 

enclosed within brackets ( )•• / 

T^us >/<jf-^r ^ or \/(fl^ + ar?^) represents the square 
root of a* -J- a:?; while ^e^-\--x^ srgnifies that the square 
root of a? is to be added to a?* ; and is therefore exactly equiv- 
alent to a^ + ;/c^. . 

89. It has been shown above that the index of the root is 
obtained by dividing thfetof the power by the number which 
expresses the root to be extracted* Thus ^ 

V'ar* is ar* =5 a?" 

^ . u ■ • ' - ' 

This leads us, to a notation for roots, of great use in algebra, 

for we see' that o^ i& the square root of the fourth power of x. 
' ,\$ ■' ' ■ - • ^ • 

• ** x'^ is the cube roof of tfee fifteenth power of ar. 
^ the denominator of the fractiphal index expressing the root^ 
and the nuntera(or the power. 

This x/a and a* are convertible expressions, both indi- 
cating the square root of a. In the same manner ^(f is the 

same a» a^, i/d^ is the same as a^ and in general v'it* a xm> 



Digitized by VjOOQIC 



78 nnroLUTiow and evolution. 

What is the square root of 49^ a«ft* ? 

Here \/A^ a»x* « i 7 a^a?^ « i 7 a^9^.* 

Examples. 

Ex, I. What is the square root of 81 af'^x^ ! 

' ^ Am. ±9aW* 

Ex, 2. What is the foarth root of 16 dhf^ ? 

Ex, 8. What is the fifth root of 1024 ar^y^ ? 

' Am. 4 a?y«* 

Ex. 4. What is th^ cube root of —^729 a?»y" ? 

Am._ — 9 ay. 

8 iP*!/' 

Ex. 5. What is this QUbe' root of — ^ \ !t 

27 a<* 

' 2ay 

Ex. 6. What v^ the square root of 9 a^x ? 

■ ■ An$. . zfc 3 a«ar^* 

Eix. 7. What is the cube root of 343 a?x^ ? ,.tfn«. 7 a*a?». 
Ex. 8. What is the fifth root of 243 «*ar«> T . 
Ex. 9. What is the fourth root of 625 cd'afiX 
Ex. 10. What is the cube root Of 216 a^h^ ? 
Ex. 11. What is the square root of 81 a^x^ ? 



Ex. 12. Multiply \/l6a«a?»by ^S^'ar".- 

Ex. 13. Divide ^32 a!'x'^ by v< 64 ar«. 

a* 4 

Am. ±-;-rr or i4'a?~*. 
4«* * ", 

* The square,' or any even root of a number, may bave either the 
plafl^r minus sign ; but any odd root is affected by the sign of the power. 
The even root of a NE^ikriTE number is tjii0o««iUe.*'-TSee Imagmani 
QuantitieM,) ' ' 
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Ex. 14. Extract the cube root of — 27 fl^Jr-*. 

Ex. 15^ What is, the value of ^81 a^x-^b^t 
Ex. 16. Multiply ^^~ 27 «»«-• by 4/^256 a"' a?^. 
Ex. 17. What is the mth root of a« 6» ? 
Ex. 18. What is the nth root of a"* ft'c' ? 

SQUASK ROOT OF POLVNOMIALS^ 

90. If we examine the square of the binontial a^- x, or 
a* + 2ax -^ x^, we find it to odnsist of the square of the first 
term, twice the product of the two, and thje ^uare of the last 
term. If; then, we deduct the square of the first term of 
the root, the remainder^ ^x + a?* or (2 a -f 3c) x is com- 
posed of the product of the second term, and (wice the first 
term plus the second. 

To find the firsts term of the root, therefore, we must take 
the root of the fintt term of the power* The remainder 
being. divided by tunce thejirst term phis tht second^ will 
give for quotient the second term of the root^ 

The whole process may be arranged as follows, viz.: 

o« + 2to + a?»(a + ar - 



2ii + x )2ax + x^ 
2gx + 3!i» 

The rul6 may be expressed thus : 

Having arranged the terms_ tommencing with the high' 
est power of one of the quantities^ 

Take the square root of the first term for the first term 
of the root. Subtract its square from the given quantity^ 
Mnd set down the remainder^ for adividuui. 

Divide the first term of tfds dividual by twice the ascei- 
tained root for the next term, which place inifke root and 
alio in the divisor. 

7* • 
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Mulliphf the divisor thus completed^ by the icut found 
term of the root^ and subtract the product from the divi- 
dual^ and 94) proceed. 

The student cannot fail to notiee the coincidence of this 
rule with the one ordinarily given in arithmetic ; which rule 
is in fact derived fram the algebraic formula. . 

Examples. 
E^. 1, What is the square root of . 

x*— 4 a?^ + 6 ar«y" — 4 ay* + y*.' 
aj*_4 »^ + 6 a:«y»- 4 3f3/»-f J/* (a?»— 2 ajy + y« 

->^4ag»y-H4a?^y* 
3aj« — 4a?y+y* ) ^ 2ary -^4a:y» + y* 

Ex. 2. Extract the square root pf 4 a« + 20 or + 25 a*. 

Ex. 3. Extract the 'square root of 4 o* — 20 a»a? + 37 a«a?« 
~30ai» + 9a:*. 

Ex. 4. Extract the a'juare root of 9 oj*— 12x»-.2x" 

+ 4a? + I. ' 

Ex. 5. Extract the square root of 9 o* — 36 a'a? + 72 oa?" 
+ 36 or*. 

Ex. 6. Extract the square root of • ^ 

a^ — 6 aa:* + 15 a«»* — 20 a»a?> + 15 ii*a^ --. 6 a^x + a\ 

Ex. 7. Extract the square root of 
9 a:« — 12 a?« + 10 a:* — 28 a* + 17a?»— 8 x + 16. 

Ex. 8. Extract the square root of 

16a» + 8^ — 8flc + 6^-^26c + c'. ; 

■■ ' /~ • , • ' - ' 

Ex. 9. Extract the square root of 1 + ar. 
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Ex. 10. Extract the sqoarfe root of a" + 2 b. 

'b b» , bf 56* , . 

Ex. 11. What is the square root of ' 

'Ex. 12. What is the squarie rdot of . 

Ex. -13; What is the square root of 2 or 1 + 1 ? 



Extraction of the- Cube Root, 

91. The cube of a +.x, heitrg a'.+ 3 a«a? + 3 aa?» + ofi ; 
if w^ omit the first t^rm a\ th^ remainder, 3 a^x+S ax'^+af^^ 
may be Avritten (3 a'* + 3 aa? 4- x^) x a?. Now, x beiiig the 
second tern[i of the root, the divisc^r must be 3 o^ + 3 aa? + a:*, 
which consists of three times the square of the first term 
of the joot, plus three times the product of the first and se- 
cond terms, plus the square of the s^ecpnd term. 

The fdlowing rule evidently includes iha various steps 
to, arrive at, the root required, viz.: -- .j- 



Rule. 

Jlrrange the terms as in ther square root, and take the 
tube ro4>t rf the first/ term for the fir^ term of the root. 
Subtract the cube of this term from the giyenpower, and 
the remainder unit be the dividutd, c 

Take three times the, square of the ascertained root for a 
trial divisor 9 by which divide the first term of the dividual 
for the next term of the root, . 

Complete the divisor, by adding thereto three times the 
product of the two terms of the root, and the square of the 
Utstterm* 

Multiply and subtract, and so proceed until the opera-^ 
turn is complied. 
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Examples* 
Ex. 1. Extract the cube root of 

arM-^a:*— 40a*+96x— 64 (a:«+2a:— 4 

tx^ ^ 

3arf+6aj»+4a:« )^+6ar*— 40a» 

6a«+8ar* ^ .+6ar»4-lgg»+8g' 
8a?*+12a<»+12a:« )— 12r*— 48x«+96a?— 64 

_ 12a?»-.24ar+ 16 -~I2ar*— 48 a;»+ 96x^64 

The second trial dinsor, 3 ar*4. 12 a5'+12x»i is equal to 
3 (^•+2 xY ; and is completed by adding 3x--4 (ar»+2jr) 
+ (—4)*. The complete divisor is therefore 3(^ar" + 2a?)« + 
3x— 4(a:" + 2a?) + (— 4)«, and conseauently is formed pre- 
cisely as the preceding one, ar« + 2af oeing considered the 
first term o( the root. 

The trial divisors subsequent to the first may {)e found 
without the trouble of squaritig. the ascertained root, by 
adding to the laist complete divisor, the pioduct and twice the 
SQuare which were employed in. completing said divisor. 
Thus in the above example 3 a:* + 12 ar» + 12 a?« = 3 ar^ 
+ 6ar3 + 4ar« + 6a^ + 8x». ' 

The above rule is identical with that employed in arith- 
metic, except that 30 times the product of the last figure, 
and those found before, is used in completing the divisor. 
This change is rendered necessary by the decimal notation 
employed in arithmetic. . ' 

Ex. 2. What ii3 the cub© root of 

a?+3 a«ft+3a6«+6»+3 a«c+6a6c+3 ac»+36c«+.3i«c+e'? 

The second trial divisor (see form, on opposite pasfe) 
3 a« + 6<i6 + 3 6« is eq^ual to 3 (a -|- b)\ but may be found 
by the directions contamed in the observations appended to 
last example. The Quantity added to complete it, viz : 
3 ac + 3 6c -Jr c« = 3 (a + 6) c + c«. 
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Ex. 4. Extract the cube root of , 

4n8.2a + b. 
Ex. 6. Extract the cube root c^ 

37 a» — 54.a«x + ae a*a?«— 8 a'a*. 

Jim. 3 ^-^2 ax. 
Ex. 6. Extract the cube rfiot of ^ 

8 ic«— 36 a?* + 114 a?*~2DT ar» + 285 a?« - 226 ar +125. 

. w2»*. 2x« — 3x + 5. 

Ex. 7. Ext^ract the cube root of 
8a»-- 36a*\+ 12a«c + 54 a&»— 27 6»— 36 a6c 4- 27 6*te 
+ bac«— 9*c« + c«. ^n*i 2a-^3d + c. 

Ex. 8. Extract the cube root of 

1 . * , . 41^ 43^ . 411, 1 ■ 1 
8« -2^+48^-54^ + 96^-S« + 64- 

Ex. 9. Extract the cube root of 

92. General, Bsde for Exlractirig R&ots of a complete 
power. * ■ 

It has been shown (Art. 84) 

. (a + ar)»«a* + na'— 'ar + dfcc. ^ (A) 
And, thi^refbn?,, , 

5/ (^a" Hr wo""' a; + &c.^;a* a + ar. 

From this formula, the rule is readily deriv«d. For, the 
first term of the root is the mh rdot of the fijfst term of the 
power; and the second term of the root. is ^ual to the 
second term of the^ power, divided' hy na^~ *. 
' Also, by tke-sanie article, (84), we have 

(a + ar + y)«c=.((a + a?)+y>V 

« (a + 0?)" + n (a + a?)*-*y + &c. 
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Whence 
i/ {(a + xy + n{a + xfT-'y + &c.} ^a+x+y. 

Having, then, determined; the first two terms of the root, 
if the nth, power of these terms 1^ taken from tha given 
power, ihe remainder is 

n (a + a?)"~*y i}- &c, 

of which the first term consists *of the remaining term y 
multiplied by n ( a + a>)"*" *. 

In order, then, to determine y it will only be. necessary to 
divide the leading term of the remainder by 
n (a + a:)*^"*; 

but as in determining the quotient, the fij^t term only of the 
divisor is employed^) it will be sufficient to divide the first 
term of the remainder by 

Having thus determined y, if 

be .subtracted irom the given power, and the first term of the 
remainder be divided by 

the next term of the joot will be determined ; and thus we 
may proceed until the operation is C(tonpleted. These dif- 
ferent processes are contained in tke following 



ftULE TOR EXTRACTING TtOOTS. 

■* ' . ... 

Arrange the terms as directed in division, extract the 
root of, the first term of f/^e^power, and subtract its power 
from the given quantity, 

FoKa divisor to be used in all' the subsequent parts of 
the operation, raise the roottdready determined to a power 
whose index is one less than the number of the root to be 
extracted, and muttifiy by sixid number. 

Divide the first term of the remainder by the divisor, 
the quotient will beJhe second term of the root. 

liaise the root thus determined to the.givti^ power, and 
subtract from the given quantity. 

Divide the first term of the remainder by the divisor for 
ihe third term of the root,^nd so proceed. 
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Ex. 2. Whatis the fifth root of 32 a* — 80 a*a: + 80 cfix* 

— 46a«aj* + 10ar*--a:». ^ns.2a^x. 

Ex. 3.' Extract the fourth root of 81 a« — 216fl^a? + 
824 a^s^^ 312 <i^x^ + 214 a*a:* — 104 fl»ar» + 86 efis* 

— Saopy + aH*. Jini. 8tf» — 2aa? + a*. 

Ex. 4. Extract the cube root of 8 x* -^ 96 x^ -^ 66 x* 

— 63a:» + 83aj«— 9a?+l. ^n». 2aj«— 3a:+ 1. 

The preceding rule may be applied to the extraction of 
roots of numbers. The operation, however, \>e\hg very 
laborious, the rale given by Mr. Homer in the Philosophical 
Transactions for 1819, which is developed in the second part 
of this treatise, will be fpund much more convenient^ 



CHAPTER v. 

BiftlDS AND IMAGINARY QUANTITIES. 
SECTION L 

Surds. 

93. Ant expression indicating a root which, cannot be 
expressed accurately is called a «/>(/, or irra,tionaI quantity. 
Such are i^/S, ^9, v'a, ya\&>c. 

The operations upon surds are of great importance ;* we 
. shall therefore treat of them pretty fully ih the following 
pages. 

It is generally most convenient to express the root by the 
fractional index ; since then, as Will be shown, the multipli- 
cation and division of su^h quantities are perfotmed as 
though they were rational. 

94. To reduce surds to others having a common index. 
Let -^x*. and i/cfi be two surd quantities; expressing 

them by a fractional index, they are writtetr 

2 3 

. a:^ and a*, 



* A surd having the sign of the square root is called a quadrttk surd, 
ind^iUi the mgn of the cub^ root, a cubic surd, &c. 
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86 SUBOS AND IMAGINARY QUANTITIES. 

xeducing the indices to a common: denominator, they become 

a-Ti « 15/a* and aT^ « \/^ 

From the mode of operation etnployed here,^ the general 
rule may be derived. 

Ex. 2. Let ^5 and v^3 be the sards. ' They become as 
above 

Ex. 3. Reduce ^6 and l/B and ^6 to Surds .having a 
common index. 

Ex. 4. Reduce ^a« and ^6 to surds having a common 
index. v 

Ex. 6. Reduce v^5 and v^3 to surd^ having a common 
index. . - 

Ex. 6.' Reduce ^a* and ^6' to surds having a common 
index. 

Ex. 7* Reduce 5^ and 3^ to stirds having a common in- 
dex. 

Ex. 8. Reduce 7^ and 4^ to surds having a dommou index. 

95. A rational quantity may be reduced to the form of a 
surd by rafeing it to the proper power^. and indicating the 
root required. 

Thus 3 = V'S =«^f ^ = \^81. *G- 

a = v'a^ =B ^cfi = i{/cr*, &c. 

Ex. 1. Reduce 7 to a quadratic surd. w^n«. ^49» 

Ex. 2. Reduce a* to a cubic surd. 

Ex; 3k Reduce &a'a; to ai)iquadratic surd. ^Sns. i/* 

Ex. 4. Express — 7 a in the form of the fifth loot. 

Ex. 5. Reduce 3 a + 2 to a quadratic surd. 

Ex. 6. Reduce 6 a? -^ y to a cubic surd.' . 

Ex. 7. Express — 3 o^ ia the form of the fifth loot. 
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96. It is of importance in operating with surds to be able 
to reduce them to their most sin^ple form. 

To do this, the fractional- index must be reduced to its 
lowest terms, and the rational factors then separated ifrpm the 
others. . . . . ' 

Thus, let \^bi* be the surd. The fractional index | » ^ 
.-. 4^64*"s= ^64. Now, 54 = 27 xj^f and 27 being a cube 
itfi^ root can be taken, while that of 2 is a surd. The restih, 
therefore, will be 3 ^2i 

The operation may be expressed as follows, viz. : 

J/54« = ^64= ^7x^2 « 3^2. 

Ex. 2. Reduce ^Id ir*6'e* to its simplest form. 

Here 8 a^^(f is the greatest cube factor, hence" 

Ex. 3^ Reduce ^45 and ^500 to their simplest forms* 

Ex. 4. Reduce.^192, 3 v^245, 4 ^^6 and v^96 to their 
simplest forms. 

Ex. 5. Reduce x \^4a^--S,ax and ^2a*~6a*a? to 
their simplest forms. 

Ex. 6. Reduce \^c^ (a* — ax) to its simplest form. 

•I I." ' • 

To reduce a fractional surd to' its most simple form, its 
denominator must be made rational, which can always be 
done T)y the introduction of a Suitable factor. Thus ■ 

1 5 + 2 V6. 

Ex. 4. Reduce >/g t v'o » -^g* wd V^ to their sim- 
plest forms. 
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Ex. 5. I 

pleat forma 



Ex. 5. Redufcfe ^^ + ^^ and ^^=r^ to their tdm- 



3 d' 3 

Ex. 6. Reduce 6%/^» 7^=-, and ^%/jt *^ ^^®i' simplest 

fonpa. 

5 7 ^3 5 

Ex. 7. Reduce — —, ^;-. ,and ;^ , — r^ to their sim- 

plest forms. 

Ex. 8. Reduce ^y, -^^, and ^^2-?/3 *^ *^^^^ ®^°*" 
plest forms. 

a—v^S 7 + v^3 



Ex. 9. Reduce ^ ^ and ^ ■ . ,,^ to their most sini- 



ple forms. 

07. To add or subtract surds, they should be reduced to 
their simplest forms, and the operations then performed as 
with rational quantities. Thus, 

Ex. 1. Let the sum of ^/20 an4>/136 be recpiired. The 
operation is as follows, viz. : ., 

v^ aO=V (4x5) =2^/5 

>/125 « V(25 X 6) g» 6 yrS 

.*. t|;ie sum is . Y^/5. 

Ex. 3. Add 3 v^45, 7 V^O, 8 ^125 and 2 V80 together. 

2 ' 8 

Ex. 3. What is the sum of 2^/^ and 5 v'g-? 

Ex^. Add7 v'5 + 3^/27,dV2b-5 ^75and 2\/l25 
— V'12. ' 

2 5 

Ex. 5. From 3 ^Z- subtract 2^gg. 

Exr. 6.' iFromV ^189 subtract a ^yiM. 
Ex. 7. Add ^^27, 9 -v/192 and 7 ^/76. 

Ux* 8. From 3 v'o + * "•k* subtract --73 — 6 v^l35. 

0*0 - v^O 
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68. Multiplication and Diyision. 

Let it be required to multiply v^a" by -^a. 

These quantities exptessed with fractional indices, are 

d^ and a^, or' aT^ and a^. 
The product of these evidently is - . 
IJ/a*^ora^^. 

Hence, to, multiply jdifieirent roots of the same quantity, we 
add th^ fractioiia] indices, add, of course, to divide difierent 
roots of the same, quantity, we subtract the indices. 

To make this matter, if possible, clearer, we must recol- 
lect, that the involution of monomials is performed by in- 
volving separately each of the simjple quantitiea of which. the 
monomial consists. Thus ' \ 

{S,ab^y = 3* X a* X {b^Y == 343 a'b^\ 

This being the case, the evolution of similar quantities 
must be permrmed by taking the root of each factor sepa- 
rately. Therefore, 

and !t^a'« !i/axV«X'4/o+V«xlJ/fl. 

These, multipliied, evidently give !v/a**, as above. 

99. In regard to the multiplication and division of roots 
of different quantities^ the sards must first be reduced, so as 
to have a common index. The operation is then perfoivned 
on the general principles of multiphcation or division. 

Examples. . , x. 

Ex; 1. Multiply 7 ^5 by 4 x/2. 

Here 7 ^0 = 7 4/5' '-^y 35 

and - 4 v^2 =^ 4 -e/58» = 4^ 8 

.-.th^ product is 28^200. 

Ex- 2. Divide'^ ^g- by — ^-. 



8* 
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Here, by the general principle of the diyisioQ. of fractions, 
we hare . 

which is the quotient in its simplest form. - 
Ex. 8. Multiply 8 ^IT by 5y8, 

Ex. 4. Multiply 5 v'l by 7 s^^' 
Ex. 5. biviie' 8 V15 by 4 V6. 
Ex.^, Divide I^J by|v/J. 
Ex. 7. Multiply 8 s/B and 9 i^7. ' 
Ex: 8. Multiply 6 ^| by 3 v^|. 

Ex.9. Divide i%^| by I ^i. 

Ex. 10. Muhiply 3 + ^5 by 2 — VS- 

^ns. 1 — v^S. 

. Ex. 11. Multiply 4 + 8v^7 hy 11^2 a/7. 

^ ^ns. — 34~2v/7. 

fix. 12, Multiply i+lv'6l>y|+J^/5. 

Jim. 1+1^5. 

Ex. 13. Multiply v^ + 3v'2 1qrv/2 + 2 s/B. 

^ .ans. 12 + 7^/6. 

Ex. 14. Multiply 8 v^— -2 >/6 by 2 ^ + 3 v'S. 

Jina. b^S5+l2. 

Ex. 15. Multiply 8 v^ + 7 v'S — 8 ^2 by v'20 
— 2v^l2 + ^8. 

-^ns. 2 ^/15+ 26 v'O — 66. 
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Ex. 16. Divide 41 by 9^+2 -• 10. 

jin9. 9 — 2v'10. 

Tkis is most readily done^y expressing the quotient aa a 
fraction, and reducing to the simplest form, as in Art. 96. 

Ex. 17. Divide 84 + 7 v'lO by 3 ^5 — v^2. 

- ^ns. 2^/6 + 3 v'2. 

100. To extract the root' of a monomial surd, we have 
only to apply the principles already expj^ined, (Art. 87.) 

Examples. 
Ex. 1. The cube root of 125 ^x is^ required. 

Here ^(125 ^/x) ^ ^(125 x^) = 6 x*"^' :*= 5 »* 
= 5^ic. ' ' ■''•.'■. 

Ex. 2. What is the square root of 81 a^b^ ? . 

Ex. 3. What is the cube root of "2i6 v^ofta ? 

Ex. 4. What is the fifth root of 32 Vc^t . ' 

101. When the surd consists of two terms, one of which 
is rational and the other a quadratic surd^ its root may some- 
times be obtained by the following formula, viz. : 

which may be demonstrated as follows : 

Let Va -f y/b sas ^x + y/y\ Squaring both members 
of the eqiiajtioh, it becqmes ■ ." 

a + V'ft =r d? + y -H 2 v^ay. 
And as a surd cannot be equal to a rational <|uantity, we 
must have a? + y = a (1) 

and ^y/xy^= y/h^_ 

whence ^xy^b. (2) 

If from th^ sqdare of (1} we subtract (2), we will hav6 
««-^2try + y« ate (««— .6, 
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whence extracting the square root of both members 

X — y = \/a« — 6, 
but a? -f y a=5 a 

and . 2yaa — \/a« — 6, 

11 ^^ — 

or a:«^a + ~v^tf»— 6, 



1 1 



... ./(«+>/&) =%/(ia+^V^I5) +%^(^-^>/5^r^) 

Again, sincea =■ x 4-y, and y/b = $^ -^/ary, we have 

a — v/6 = x+ y — 2 -v/a:y. 
Now the 2d member of this is evidently the square of 
Vx — ^y. 

In order that the result should appear in a simple form, 
it is evidently necessary that a« — & should be a square. 

Examples. 
Ex. 1. Exirnct. the square root of 7 + 4 v^S. 
Here a'= 7, arid ^b = 4 ^3, ... 6 = 48. 
Hence • . 

Ex. 2. What is the square root of 6 + \/24 ? 

Ex. 3; What is the square root of 7— ^13 ! 

^n». i ^^2^ — i v^2 
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Ex. 4. What is the square root of 10 — v^51 ? 

w^fW. i v'34— i^/6. 

Ex. 6. What is the square rdot of 7 + 2 v^lO? 

Ex. 6. What is the square root of 12 — 4 v'S ? 

^8. ^/10 — v'2. 

Ex. 7. What is the square root' of 37 + 12 ^/7? 

Jin8. 3 + 2V7. 

Ex. 8. What is the square root of 23 + 6 ^/ 10 ? 

4n*. 3 ^2 + v^5. 



SECTtON il. 
Inutginary QuanUHe*. 

102. Every eyen power of a negative quantity being posi- 
tive ; it follows that such e^rpressions as v'— aS \/»— ^, &c., 
can have no real value. They are, therefore, called Imagi- 
nary Qvantities. ^ 

Though imaginary quefiatities have no real value, yet as 
they are of much use in analysis, the principles on which 
the operatiotis^upon them are founded are of great im- 
portance. 

^ 103. In the algebraic solution of arithmetical questions, 
we never arrive at such results^ unless the conditions of the 
problem are inconsistent. They therefore serve to point out 
such inconsistencies.^' For example, let the following ques- 
tion be proposed, viz. ; . 

To divide a line, 8 yards in length, into two such parts 
that their rectangle may be 25. - . 

If we represent the parts by x and y, the equations will be 

a? + y = 8, 
and arjr=25< 

From die 1st a^ + 2ay -t- y»«M.. 
But 4 ay = 100. 
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••• subtracting this from the preceding, we hare * 

a:«— 2ay + y» =— 36. 
And extracting the square root , 

a?— y « V'— 36 « 6 ^A-1. 
Adding thi» equation to the first» and dividing by 2, 
wehave i»4 + 3\/— I, 

and y«4^3-v/— 1. 

Since these values are imaginary, we conclude that thie 
problem wi^ absurd. This we .know to be the cas^, since 
the greatest rectangle w6uld be formed when the parts were 
equal. In this instance it is 16. 

104. The addition and subtraclion of imaginary quantities 
being performed on the same principles as the addition >and 
subtraction of surds, present no difficulties ; we shall, there- 
fore, proceed to multiplication and division; 

It is in the first place evident that 

-v/— a X %/•;- a =s — a ; . 
so that in this c^e ' ^a" =,— r a. 

Now in general we may assert , 

that v'a" = + a, or— a, 

which is written db a. 

It might from this be contended, that, +,a s= *^ o. The 
reasoning, however, would be incorrect ; for ic is not eqnal 
to a and — a,.but to either (i or — a. In other words, there 
are two values to v^a*. These values are numerically equal, 
but of different signs. The syinbol =s expresses, however, 
more tnan mere numerical equE^lity, it implies perfect iden- 
tity. We shall hereafter see. many cases in Which the 
required quantity admits of several values ; but we cannot 
from thence conclude that these values are equal. 

In the following problem, for example, we shall find ihat 
there are two numbers which satisfy the cbnditions; and 
consequently the letter which represents the unknown must 
have two values,- vii. : 

What number is that which, being subtracted from 10, 
and the remainder multiplied by the number itself, the pro- 
duct shall be 21 ? « ^ 
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Here, if :p represent th^ number required, we shall have 
0? a 7 or 3, as may be proven by trial. Thus, 

(10-7) x7 = 3><7=21,andClQ-.3)x3W7x3-21. 

It were folly thence to conclude that 7 = 3. 

So, although V'a' = a or — a, it is not true that a = — a. 

When, from the circumstances of the case, ho Iheans are 
afforded pf determining the sign with yirhich the root should 
be affected, the result is ambiguous. . This produces no iu- 
convenience when mere analytic operations are concerned. 
In fact, it is of advantage'; for the formulaB would otherwise 
fail to present a full solution of the problem under considera- 
tion. In' the application to arithmetical ai\d geometrical 
problems, however, it sometimes happens Jhat one of the 
results, though ' analytically correct, is excluded by ihe con- 
ditiotis of the puoblem. We shall see niimerous examples 
o[ this in Qiiadratiif Equations. . - 

105. If the quantities be unequal, as ^/ — a and x/ —b,we 
may not be able at first to discover what should be the sign 
of their product %^ab. Whe^n, howev^T, we put. them in 
the forpa \/a .v' *— 1 a^ ^^6 . \/ — 1, we readily perceive 

that their product is 's/^ab x '— 1 = — %/«&• 

From this, and the general principle of multiplication, we 
may form the following table, which includes the different 
cases of the multiplication of imaginiairy quantities. 

v^ -^ g X \/ — g =^ — a 

— ^ — a X — v^ — a = — a 
^ —y/^ax \/ — a^ + a 

^ -^a X V -^ i = — \/ab_^ 

— -v/— -ax — \/^«s^ — >^a6 . 

— ^ ^ g xV — h ^^ ab 

ExAMFLEd. 

Ex, .1. Multiply 3 ^Z— 2 by 4 V^I^I. _ 

Ann. — 12 v^6. 

Ex. 2. Multiply ^v^-- 6 by -- 3 v^— 5. Atu. 90. 
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Ex. 8. Muluply — Tv'-.S by -4 v'— 3. 

: 4n«. — 84. 

Ex. 4. Multiply-^8 V— 7 by 2 y/~2. 

Jins. 16v/14. 

Ex. 5. Square 3\/— 6. ^fw. — 45. 

JSx. 6. Cube — 2 v^— 3. 4n«. + 24V— 3. 

Ex. 7. Multiply 3 + 2^/— .3 by 4 — 3 v^— 3. 
34.2-v/— 3 
^ 4^3y^^3 

13 + 8v^— 3. 

^9V^3-f 18 
30— v^— 3. 

Ex. 8. Multiply 4—8 v"— 2 by — 2 + 6 V— 2. 

^ : wfn». 28-f-30v/--.2. 

Ex. 9. Square 3 v"— 2 + 2. w^n«- — 14+ 12 v^— 2. 

Ex. 10, Cube 2 — v/-^ 3. - w2fW- — -10 — 9 •— a. 

Ex. 11. <2ubea — 6-v/— 1. , ^ 

^ns. a» — 3 a6» + (6» — 8 cPb)^— 1. 

. Ex. 12* Cube a + 6 V— 1- . 

w^n«. a«— 3 a6« + (3 rf*— 68)^/— 1. 

Ex. 13^ Multiply 3 v'— 2 + 6 ^Z — 3 by 2 ^/ — • 2 
_3^_3. w*i*. 33 — -v/S. 

Ex. 14. Multiply 4 v^^ 6 — 3^/— 5 by :2v^ 6 
+ 3v/— 5. . w«»«. — 3 — eV'SO. 

Ex. 15. Multiply 4 v'2 — 3 v'-, 3 by 2 v/3 + 5 v^— 2. 

w^fw. 23v'ft + 22v/— 1. 

100. Division of imaginary quantities is performed tm the 
same principles as the division of surdia. We shafi there- 
fore merely append a few exaniples for exercise. 

Ex. 1. Divide v^--6 by 2 ^/— 3. 

5V-6 5 
2;?=3-3'^2- 
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Ex. % Divide 2 + ^—3 by 2— v'— 8, 
2 -4- / 3 

2_ y^3 * (multiplying the tenns by 2 + V— 8) 

7 •- ^ ■ - • .^ 

Ex. S, Divide —3 ^— 16 by 4 i/— 3. 

Ex. 4. Divide —7 ^/— 6 by — 3 v^— 4. 

5x. 5. Divide 3— v^— 3 by 3 + v^— 3 . 

^^.l-.lv^-.3 
Ex. 6. Divide 1+ ^-^ 1 by 1-^ v'-lt w^iw. v^ITT; 
Ex. 7. Divide 5 -f V— 2 by 5 — V-- 2. 
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. CHAPTER^ VI. 

ECilTATIONSi ' . 

lOT. An equation (as defined Art. 6) is an expression of 
equality between two quantities ; the quantities considered 
as equal, being fe members or sides of the equktion.^ 

108. A simple equation is one in whi^k the unknown 
quantity does not rise above the first degree. 

Thus, 2x + 3^6a? + 7; aa: + to^»»» 

are simple equations; ' 

109*^ A quadratic^ or lequation of the second degree^ is 
one in which the square- of 'the utiknown appeals; as in. 

' . 4af«— 5a? = 20. 

lit). A Qubie^ or equation of the third degree, contains 
the cube of the-, unknown; as 

3 a* — 5a?« + 2ir:fe80. 

111. A biquadratic^ or equation of thfe fourth degree, con- 
tains the fourth, power of the unknown ; as 

112. Those which contain higher powers than the fourth 
are called equations of the fifth, sixth, 4ui., degrees, according 
as tte highest power of the unknown is the fifth, sixth, &c. 

113. A pure eg^uation is one which contains but a single 
power of the unknown quantity. Thus, 

oa:* as 6, and &af =» 80 

are pure equati6ns of the third and fourth degrees respec- 
tively. 

114. Those equations which contain more than one 
power of the unknown, quantity, are called adfected equations. 

116. A complete equation -contains all the powers of the 



Digitized byVjOOQlC 



SIMPLE EQUATX0N9. 99 

unknown, from the highest down, and dso a known tenn ; 
thus, 

ar* — 6aj« + aar» + 3;r + 20=* 

is a complete equation, of the fourth degree. 



SECTION I. 

-BiTT^k EquaiioM. 

•Becapiitdation of Rvles.^iArt. S and 9.) 

116. 1st. An equation may he cleared of iractions by 
multiplying liy the least common multiple of the denomi- 
nators. 

2d. Any quantity may be transpoi^ed from one member of 
an, equation to the other by changing its sign. 

On these two rules depend all the methods of solving 
such simple equations as do not involve the roots of the 
unknown quantity. The artifices to be- employed vary so 
much with the nature of the equation under consideration, 
that much must depend upon the ihgenuity of the stu- 
dent. An equation should, however,, generally be cleared 
of fractions ; after Which the terms containing the unknown 
quantity should be collected, by transposition, in the left 
member, and all the others in the right, then dividing by the 
coefficient of the unknown quantity, we arrive at the value 
desired. - 

Examples. 

Ex. 1. Given -^ -^^ ^ ^ - ' —=■ to find x. 

, 1 • b 3 6 , 

Multipljring by 106, we have 

16ar + 45-^84 ^70x— 70.— 189. 

Transposing, 15 a: — 70 ar = — 70 — 189 — 46 + 84, 

or, —66a? = —220, 

whence / a?=3 4. 

Ex. 2. Given ^^^ti_?^ri^ « 16— 2 ar, to find the 
value of X. 



Digitized by VjOOQIC 



100 SDCPLE i;qitatiov& 

Clearing of finctions, we hkre 

3ar + 4 — 22 + a? = 80 — lOar, 
whence 14a?s=98, 

and . arafcT. . 

Ex. 3. Give^ {ae + bd)* + 6»a? ^ 2abcd + {a* + 6»)c". 

Squaring oc + 6i and multiplying the factoid in' the last 
term, we luive 

i^p» + 2abcd + b^^ + b»x:^2abcd + a^<^ + b»c^ 

or omitting the tertns found in loth members 

b*d» + b'ip^bHi^ 

whence- 6«ar=s6^c* — W", 

and xss c« — <;?•. 

Ex.4/Given^ii^^|- = 6a?«^2^ + T, to find 
7 4 8 

the value of a?. 

Clearing of .fractional we have ^ 

8ar + 40- 266 = 280ar — 21 a? + 14 + 3&2, 

or, — 251aritB682 

■ 130 
a? :^— 2' — . ' 
251 

Ex. 5. Giyen7ar + 6—- 8x-=56 + 2ar,tofindtheyalu6 
of a?. ^n8. X as 25. 

Ex. 6. Given « + 5- + s^ = -t- + 7, to find the value 
of a:. 4tw. a: = 185. 

_ ^ ^. 3a? + 6,. 17— 3ar 2ar— 31 

Ex. 7. Given ; — ^ |-2a? = — 27—^ -^-^—= » to 

find the value of a?.- ^ns. a^ » 3^ 

Ex. 8. Given ^^~^ — ^^ 16^^^, to find the 
ar + 3 4 4 44 

value of a?. ^ns. a? a> *^ 3 -£-• 

47 
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Ex.9. Given |(;rV8) — |(a« + 7)=ii(3ar—5),to 

fiod the value of ar. J9ni. xs^lrr^. 

So 

Ex! 10. Given 12^ + 7-^£±M|=D__,^ 

to find the value of x. An8% jp « 4. 

Ex. 11. Given r- H « rf, .»to find the value of x. 

, ^ ^ \ ac + 6« 

•ans* X 8=s — - — - — . 
bed 

Ex. 13. Given {a + x) (a — ar) -^ 3 oa: « ^'~ ^ , to 
find the value of ar. ^ 2a 

MHS. Xss — . 

117. It very frequently happens that the unkiiown, either 
simply or in connection with known quantities, is afieeted 
with a radical sign. - ' One of the first steps in such cases is 
to clear, the equation of surds. This may be-done readily^ if 
there is but one such quantity in^ the eouationl For if we 
transpose- So as fo leave the radical stana by ftself, and then 
involve the equation to a power indicated by the index of 
the surd, we shall evidently obtain a new equation clear of 
surds. ^ ; 

Thus, if the equation is 

V^a:«— oa? + ar aa a + 2 ar, . 
we have ^/a:* — ax ass.a + x. 

Whence hy squaring both numbers, we obtain 

a:" -r- aa: = a» + 2 (la? + ar». 
From this we fitid a ' 

118. If. there are more than one siird m an equation, no 
general rules can he given as to the arrangement of the 
tern» previously to involving., It depends in each case upon 
the nature of the surds ; the method of proceeding must 
therefore be^left to the ingenuity of the student. 

In many instances, the question will admit of various 
modes of solution. 

9* 
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Ex. 1. Given v^a + :r = \/api: + v<a -^ a?. 



Squaring we have a + x =» aa: + ? "^o*^— «^ + ^ — ^» 

wlien^e ^ a: — «kp =» 2{ v^a»a? — ax*. 

Squaring 4a?»— 4aaJ» + a«ar»«4a»a?— 4aaj«. ' 

Cancelling —4 a^ar, and dividing by a?t 

4 a? + «"aj «= 4 ii^ - 
4a» 
when(se a? « 

\^io$her soltdion. 

Tjransposing we have ^/a+.ar — 's/fl— a? =a/ «^, 
Whence by aqttaring a + a: -^iJV^i**— a?« +« — x^axy 

and transposing— 2v^5^"—^=sjaa? — 2 a, 

wKence . 4 a?— 4^±^a?a?a-T4fl^a? + 4a*, 

transposing aiid dividing by a? ^ * . 

4-a; H- a^a:^= 4 fl* 
\ 4a» 

Ex. 2. Gftven ^a: + \^6 + x =5 ^ -^^i , to find the 

'^5 + a? 
value of a:. ^ • 

Here clearing of fractions, we have 

\/5x+ a?^ + 5 + a: « 10. 

vfS ar + ar» a? 5 — ar. 
And 5a? + a?«=?26— lOar+a?*^ 

whence 15 a? 1?? 25 ^ .. / 

and , ^^z' 

Ex. 3. Given v<9 + » ^ B ea 7, to find.thp value of a?. 
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Ex. 4. Given %^a»+ »* c= 6 + a?, to find the value oi a?. 

•aflSr a? ^ — jr-T — • 

Ex. 6. Given yd + x+ \/x = . » ■ , to find tho 
value of X. •/tfn«. a? = 5. 

Ex. 6. Given v^a + a? = v^4 a* + a:*, to find the value 

^ . tans,^ X ^— ^, 

Ex. 7. Given a-\-x^ ^/{a« + « ^/(fr' + ^)\ to find 
the value of ar. - A— 4 a* 

■ 4a 



Ex. 6. GiVen ar + a + ^'^mx + o^ =r= 6, to' find the 

value of a?. . . /. , f^ — «)* ' 

•an*. a).== ^ ^ ,^ . 

, ' ; .^ 2 6 

Ex; 9. Given ^""t? == ^^f !^ , to find the value 
\/ar + 4 \/a? + 6 . " 

of a?. i-^n*. a? t= 4. ^ 

Ei/10. Given ^^^^^I^^^J^.tt find the 

value of ar. .^n*. a? == — —. 

J •■ . ■ '. ■ a 



Ex. .11. Given >/{! + a; \/a:« + 12} = 1 + a?, to find the 
value of ar. , . Atm^ arW2. 

Ex. 12. Given v<2a?rr-4 + 12 =± 14; to find the value 
ofi». ' Ans. a? = 4. 



Ex. 13. Giiren ^a + a: + ^a ^ a? = &, lo find the value 
ofa?. - •* . r ^ : r: /68— 2a\8 



Ex. 14. Given ^'^6 rf x +. ^§— ar =«=: 2, to find the ya- 

lueofa?. -/ ' a 14 .4^ 

/ '. Am. a?saB-g-v^l5. 
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2rt» 



Ex. 15. Given \/a« + ar + \/a? =» ^,^ ; — ;,to find the 

-v/(aP + X) 

n. S 

value of X. Jihs. ar = 5- • 

3- 

Ex. 16. Given 8ar + (J^ 5 a? + 3 : : 5 : 3, to find the va- 
lue of or. See Art. 43. ^na. a; ss 8. 

Ex. 17. Given Hi-^^ 4^^9 :: 2 : B,to find theva- 

6 ■ • • - 

lueofa?. jins.'X^^. 

T* 1Q i-.i 17 — 4aJ 15 + 2 a? ^ ^ ^ 
Ex. 18. Given ■ . : — -^-^ 2x :: 5:4, to 

find the value of ar. . jina. a? = 3. 

Ex.l«.Given^^ + ^.^^-^..^ + ^^^^-'^^ 



6 ' 7 *• 2 • 4 

to find the value of ar. ^1 ,283 

^ns.x^^^/^ 



Ex. 20. Given x/{4 + \/a^ — x«} = ar--2» to find the 
value of^ic. . /, ^ 1 



Ex. 21. Given Va +ViP + ^a -r \/a? a=.\/a?; to find 
the value of ar. , .&i*. ara=B4,(a.— 1). 

Ex. 22. Giveh^(^ + b) — ^(^^1 — b^ = y'cio find 

the value of ^. ~ ^. 4 a^c 

ians, a? = -n 



46« + c"' 



Ex.23. Given \/a + arr--^— ; — =V2a+ JC,to^nd 

the value of ar. ^ ' /I — 2s/a — a\ . 

•^"»''^-='( 8 + ^a y ^^- 

119. In all pases where there are two or more niiknowp 
quantities, there must be as many independent eqtiatious> 
otherwise the number of results is unlimited. ' . ' 

If, for example, the equation 

5ar + 6t/==ll 
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were given, to determine the talUes of xnni y, we would 

have X:ss- — "^ % 

in whicb we might give to y any Value whatever, and thence 
determine a correspondii;ig value of x, (Beejrideterminate 
•Analysis.) ' \ _ . v ' . 

But, if to this, we t^dd thexondition expressed in the fol- 
lowing equation, viz. : ,; 

the problem becomes entirely b'mited; for from jthis we 
denve a? at — ■ . • ^ s, - 

and as thejse two values must be equal, we have 
n-ey p + 2y 

from which we readily d^.termine. the value of y, viz. : 

, ' 11 -6y 13 . 6 + 2y 13 , 

whence . x =- . ^ = — , or a? = — -g-^ == — -, as be- 

foret 

Moreover, these are the only vsJues which will answer 
th« required conditions. 

120. Tke above solution leads to ' ' ^ 

Method 1, 

Of determining the values of the unknown quantities in 
two equations. 

It consists, in finding the values of one 'of the. unknown 
quantities in each eqliation, and equating the results. We 
thus obtain an equation which contains but one unknown 
quantity. ' This liaay be determined by the meithods already 
explained. ^ " - . 

This process, by which we arrive at an equation indepeur 
dent of one of the unknown quantitiesj is called elimination^ 
and the quantity which is thus made ' to disappear is said 
to be elirniHoted. 
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Method 2. ^ 

Multiply (me or both of the equations by such number or 
numbers as will make the coefficients of one of the unknown 
quantities the same in both ; then addbdr subtract* according 
as these terms have different or like signs. By this process 
one of the unknown quantities will be eliminatied ; and the 
value of the other may be dejtermined as before. 

As an example of this method, which is generally the 
best, as it admits of more compactness, we jshsdl solre the 
same equati(ms as before, viz. : , 

6a?-f 6y«ll 

aar — 2y» 6. 

Multiplying the last by 3, we have 
9a;_6y«15, 
adding to the first 14^ = 26; 

, 13 

whence . x^-^ 

. . 7 

and . y = — r-g — «— as before. 

We may also eliminate by 

• ^ Method 3, 

Find the valiie of one of the unknown quantities in either 
of the equations, and substitute the value thus determined 
m the other equation. We will thus arrive at an equation 
containing only the other unknown quantity, which may be 
found as before. - 

Let the equations be ./ 

5a? + 6y = ll 

3ar— 2y«5.. , 

From the last equation, we. have ' ^ 

''~ ^ 8 • 

This, substituted ia the first equation, gives 
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Clearing of fiactiana 25 + lOy -f 18y 
whence "^ 38y 

and 

Consequently ' a?« 

121. Whichever of these above methods we desire to 
apply, it will generally be best to clear, the equation of frac- 
tions, and collect the tepas' which 'coiitaii) the unknown 
quantities. If miethod 2 is employed, they should be upon 
the left side of the equation. • ,, . n 

Though the second is generaHy the best method, yet it is 
not universally so, as in some cases particular artifices may 
be employed which will shorten the- process. ^ 

If, for example, the values of x and y ,were required from 
the equations ' - 

4 5 9 

X y y 

x^y a?^2' 
and we were to clear them of fractions^ we wpuld obtain 
4 y + 5 a? = 9 a? — xy 
10y + 8i = i4y + 3ary, 
which, by U'fensposition, become 
4a:-^4y say 
' : . 8a:^4y s»3.^y, 

whence, by subtraction, 

4afi=2a:y, 
or y sfc'2. . . , ' - ■ 

From this we refec^ly 4erive . . 

a? 1=4." . *- 

4^ 4 
Otherwise. Transposing, we have — ;; — = — 1, 

A ■ 2 4 3 

2 1 

whence, by sabtraddon, . ' -5=^, 

and ' a? = 4, 

y as 2, as before. 
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SIMPLE KQUATIONA. 
EXAHFLES. 



Ex. 1. Given :^5^i2M = ^^*^ detcnnine the in^ 
lues of X and y, Ahi. x^%y ^5. 

Ex. 2. Given J|j;;j: Jj.^ jJJ|^ Wfind the values of 
a:andy. ' Am. x^l%y^2. 



ri2a?4-3y«5y + 36 

Ex. 3. Given^ 4 a? 2 y — 3 •;^ . 8 x + 15 ^ 
1 ^ — «4y ^ 36 



L 6 

to find th^- values of x and y 



} 



^n«. 07 » 6, y a 12. 



Ex. 4. Given 



f^+7a?«51 



andy 

Ex 

andy. 



>to find the values of x 
Am. « Bs 7, 2? a 14. 



Ex. 5. Given <| j J 

14^ + 2^ = *- 



>to find the values of x 



Am. a^as:12,y=s8. 

{ar + 1 : y : : 6 ^3 . ") 

2« 5— y 41 ; 2ar—l Uofindthe 
3 "2~"""i2 4 J 

values of 0? and y.' Ans. x^az^tty s^Z. 



Ex. 7. Given 






5w— T . 4«j-3 
6 



^to find 
:18r-5arJ 



the values of :fc. andy, Ans. a;ss3, ys2. 

ra? + y •'.4 a? + y : : 4 : 7 
Ex. 8. Given< 



to find the values of x and y. 



--ar + y : 4 a? + y : : 4 : 7 -\ 

6 ^^ 21-3y -^10 I r 
5 "^ 4 ""3 6J 



.^n« ars=B3,y = d. 
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Ex. 9. Givfen ^^ + Jy Z Z'l t.^ fi«^ *^« ^'^^^ of X 
and y. . - Am. x = — r- — --.iWaa-*— Ii:: 

These results will serve' to solve ail equations that can he 
reduced to forms sin^lar to those of ihiar example ; we have 
merely to substitute for (r, a', d,.6', m and w', the numbers 
to whijch they fire equal, and then reduce. 

{a, b -^^ - r 
^ ^ W find the values of :r 

^ y J 

J • /»«,..:« ^c-'Od bc-^ad 

and !/• .an*; a? s=s — =; -, « sa . 

^ nb-^rm^. mc'-^a 

Ex. 11. Given , 
p + 2a;:y^$Ja::: 12x + 6j(--3^.6y--lga?~l^ 

1 5a? + 3y . ^^ + 7 _ i2a?-3y ^ . ,15^ f 

14 5" 7 "*^ "^ 28 . J 

to iSnd the values of a? and y. . ^f|i»r a: &s 1, y s 4. 

r « -_L_i 

Ex. 12, Given -i FXv'"aia'4-a?itofind the values of 



H i^+y aia'+ap|to; 
^ La;^ + 2 6y = f: J 



or and V- Ans, x=^^ — . 

: - y- 36 • 

Ex. 13. Givea ^ 

C 3a? + 5a :.3ar — 5a ::.4;p + 2'a-— y : 4a? — ^^2a-fy? 
^7aar — 3y : 7ay — 5af :: 7aa: + 3y : 7 ay + 6^1: 3 
to find the values of 07 and y. 

•Aw. JF aa — --^ ^16. 

14a 

• . ^^- ■ \ _ ' -y;"-^' - 

• See example wrought, page 107. 
10 
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Ex. 14. ai^en5^1J.|^jNfinda?i«dy. 

a ff + b a« — 6 



Ex. 15. 



rtx 



Given < 



2a 

8y + 6 8g-^2 
6 10 



"Sa 



8 



.5^ 



16 



Say 2v *5 a? V 1 1 1 

L2 ^ 3^2*2 8+6'*^- ^6 J 



lo find the T^laesnof x and y. 



Ex. 16. Gken< 
to ^nd the vialues of x and y 



a^^+^y—^^' 



•tfn«. a; as 4. 



»v^» + |3^10-^i/a? + iy+72 



•5ni. ar»64,ys:14. 



Ex.17. Giyen I ^* ^^T« ^ i, *, 

to find the vaTaes of x and y. ' . •^2n«. XibT, y^iSr 
Ex. 18. Given 

J 9_x+2y___jJ_^ ^-2x 4x^y I 
I ^ 3 - ""^ 10 . "T~ f 

Ly+2x;.y— 8x::lSi+6y— 8:6y— 12x— ij 



to find the values of x and y 
Ex./19. GiTCnx— ^^^"^ 
and y 



^ao 



78 



23— i; 

^ «— 18 _. 
the Tames of x aid.y.. . . ;Sns. x 



Am. «sliyi«4. 
68— «x- 

find 



*8y>to 



i,y*-9e. 
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Ex. 20. Given 

to find the values of x and y. 

Ans, :c 93 3, y i 

3ar + 6.v + l = 
Ex. 21. Given < 



'o . « it 6a-+130— 24i/S 

^ 161 -^16 a? 9a?y-^110 f 

^^''~4y-l "" 3y^4 J 
to find the values.of x and y. 

w^tU. ar99,y»2. 

122. .Equationa containing three ot more unknown 
quantities. , ^ . . r. 

The methods employ'ed in solving, equations containing 
thiee or nu»e unknown quantities, being only an extension of 
those explained in the last article, require no farther elucida- 
tion. We shall therefore merely apply them to a few ex- 
amples, and affix others for the exercise oT the student. 

Examples. 

X^.+ y +« «=15") 
Ex. 1. Given ^ a; 4- 2.y -f 3 2: » 23 }* to find the values 

ix+By + ^z^^sy - 

of d?, y, and zis 

Subtracting the Jst from the 2d, and the.2d froin the dd, 
we have . y + 2ar^8 

- y+ g — 5 , : •' • ' 

whence . ' ;? «= 3 

and a?s=5l5 — y — ;? = 10. 

Ex. 2. Given . 2x + dy + ^z ^40- 
Ax + 6y+,6z^90 
'5ar— .3y + 4 2r SSS.75, to dSnd the va- 
lues of or, y, and ^. 

Subtracting the 1st from the third, we have 
3a; — dye 35^ 
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112 SIMPLE EQUATIONS. 

Multiply the l«t by 3, and the 2d by % and subtract the 
former result from the latter^ and 

2x + y=:60. 



-Whence 


- 


12a?+6y«r360, 




but 




3 or— 62^ » 35, 




.*. 




15:r»395, 


; 


and 




ar =»: «S{. 




Also 




3a? — 35 ^, 




and , 


i — 


40-.3y^2a? 




-4 . ^ ^• 




Ex.8. 


Given 


i 1 ' ' 

' + 2^ + 8^-**. 




^ • 


' 


|«+jy+f*-»5 








i^^+jy+l^-***" 


find the va 



lues of x, y, and z. 

Jlns. X = 12, y = 20, and «•= 30. 

Ex. 4. Given 7a? + 5y + 2af s=79 ^ 

8ar + 7y + 9« = 122.' 
a? + 4 y + 6 z s= 55, to find the values 
of ar, y ,' and z« 

•i^n^. ar s 4, y s 9, and 2r «3 3. 

This example is n^ost conveniently solved by adding the 
equations together, and dividing the result by 16; also, 
tfdcing the difierence between the 1st and 2d, the two re 
suits and the third will form three eqUatipns, in each of 
which the coefficient of a? will be 1. 

Ex.6. Given 4ar—3y4.2ir=* 10 

5ar + 6y.— 8zs=— 1 
— a: + 8 y + 3 z = 44, to find the values 
of ar, y, and z. 

^ns. ar c= 3» y sa 4, and z ss 5. 
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Ex.6. Qir^n x-^y + z^a 

x + y + umMb ■ ^ ■ 

x+z+u^ c 

y + z + u^d, to find the valdes of 
Xiy,Buiz. 



y 



a + 'b+d—^c 
■ 8 

z . g_^ 

h + c+d—'Ha 

U 9X ■■ • , . 

Ex. 7. Given ' ' \ . 

4a?+3y4-8 . 2a?-f 2g—y+l a?— z—5 

10 15 * 5 

13 ' 4 ,^ 11 T 6 

—4 — ^n2 — +2^*y-i+ — § — . 

to find the yaiues of x<, y, and ;r. ^ 

.^n«, a? » 9^ y 8 7, and 2 « 3. 



Er.8. Given .^i+i=:l 
X z .9 



td«find the.vala^ d x, 
y, and z* 



•Aw. a?-*14^y« 47^,andz=:a3gj. 



Ex. 9. Qiv^n- < 



'xy'z « 24" 

vxy msQOlto find the values of t), j?, 

'— — ^'^ '^ y, and 2r. 



vxz = 40 
^i;yar«69, 

./^n«. V as 5, a; » 2, y and, and 2: mi 4. 
10* 



Digitized by VjOOQIC 



114 SIMPLE EQUATIONS. 

Ex. 10. Given 






find the valaes 
Xi^, and z, 

dna,_x ss 6t y ss 7> and z = 9. 



123. The foUowing method /is sometimed preferable, 
especially where the coefficients are literal. 

Multiply the 2d, 3d, &c., equations by some indeterminate 
quantities, and add the results to the 1st. Assume the cp- 
efficients^of dll the unknown quantities except one in the 
sum, equal to.Q, we will, thus be furnished with a number 
of new equations equal to the indetermioate quantities in- 
troduced, from which equations these may be found. Their 
values substituted into the sum of the equations will eli- 
minate all the unknown quantities except one, whence this 
may be determined. • ; 

Examples. 

Ex. 1. Given 2 ar + 5y -f 7 2: = 45 
3ar + JJy-r3z=s— 3 

5^27 -f 3^-— 2 ' =s 10, to find the values 

of ar, y, and z. " - ' 

Multiply the 2d by m, and the third by n, and vfe have 

2af+5y +72r =45 . 
3 ma? + 2 my — ^3 mar ip= — 3 w 
5na? + 3ny-— rtz = lOn. 

Assume now 2mrf3n4'5 = 0, 

and -^3m-*-irt + 7=*0, 
or , ^ ^m-f-3n=— 5, 

and ,.3in;+'n=7r 

whence- .m8s.3rr and na«— 4^-; 

. 7.* - ' . 7 

consequently 2 a? +B mar +5 ni? = 45— 3 m -f ID n 

• ^ , 78 145 .^ 78 290 

becomes 2^-^-^ar— -=-a?9=45-^-z- —^ 

or 14a? + 78 ar- 146 ar=ip 816 — 78 — 290, 

whence 63 ar s«s 53^ 

and a^rs^l. 
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In like manner 


y = 3 




i^ = 4. 


Ex. 2. Qiven 


ax +by =c 




a'x + b'y^c'. 



Makiplying the latter by mr and adding to the formfir, 
w^ have ' . 

(a + maf) X + (^ + m*') y =» <? + «>«'• . 

If-now we assume 6 +m6' »? 6, or m = — rrf we have 

c-^tnc' h'e — he' 
* • a+T?Mi' ab'-^^a'i' 

and - y == -r; -= . < 

Ta>p +6'y +c'3r = m' 
Ex. 3, Given < a"x4-b''y +c"'z =.m" \ to find the 



ra^;c +h'y +e'z =«»'•) 

^ a"x + 6"y +c":r =.m" i to find ll 

ia'!'x+b"'y+ c'"z == m'" J 



values of Xi y, and i, 

Multiplying the second by p, and the third by q^ the equa- 
tions become 

- a[x + b'y +c'z ' = m' 1 
jf^a"x +pb'.'y ^ptf'z ^pm' \ (A) 

qa!"x + g^d^'y + g^c'"5r *- qm"'. J 

Assume now jt?6" + qb'" = — 6'? rT%\ 

and |}<;" + jc'">s~cS5 '^^^ 

apd we will have fpr the sum of the equations (A), 

a'x+pd"x+ qaf'*x = m'+pm"+ qm"\ 

whencb - ^^ ra'+pm"-\^qm'^' 

in which the only difierence between the pumeratot and 
denominator is, that the former contains the absolute quan- 
tities m\ fn'*y and m"\ in place of the coefficients of a?, viz., 
c', a", and a'". 
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From equatimis (6) we fe«43y find, as in last eza^m^le, 
wUch, i^dlfitituted in (O)-, give 



fl' 4- If" 4- tf"' ° 



In a similar manner «ire may find 

and 

^"■c'«"ft'" — c'a"'^" +c:'a"'6' -^c^'afly" +e"'M'* -^e^c^^f/ ' 

If we examine the denominators of these values we will 
readily see that they a^ identical, and consist ofall the com- 
binations of the coefficients of a^, ^, and z^ that can be made 
by taking a, coefficient (rf a?, one of p, and one of ar, from the 
successive equiCtidns ; the signs being alternately pltts and 
minu8» 

The numerators are evidently the same as the, denomina- 
tors, except, that instead of the coefficients of that unknown 
quantity to which the resillt belongs; the absolute number in 
Uie same €!quation is substituted. 

Now, if we ammge the coefficients as in th« following 
table, and td^e aae from each column, proceeding diagonally 
downwards and to the right, and then repeat the process 
dkigoBltlly upwards, we shall form afl the con^binatijoos of 
the kind desired /or the denominator. 

The denominator will be equal, to the sum .of the combi- 
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nations taken, downwards, diminished by the sum of those 
proceeding upw;ards. Thus, 

a! 6' 0' , 

a' h* c' 

The combinations downwards and to the right, are 

a'ft"c'", a"&"V, a^"h'c'*. 

Those taken upwards and to the right, axp 

a^*h'd'\ a'b"'c", a"'b"c'. 

And the denominator, is 

a'b"&"+a"b"'c''\-a"'h'c" — a"b'e'" — a'd'"c"-r— a'"ft"c', 

as will be seen by comparing witif the yalues before ob- 
tained. 

To qbtaiti the numerators — that of y for 4nstance— write 
the numbers w', w", and w'", instead of &', 6", and 6'", in 
the table, and take the products in the same manner. Thus, 

^ ■ tf"'m"V" 

a'm'c' ' ■ ' 

a"m"e[. ; ^ 

The numerator will be • 
a'm"c"'^a!'m"'c'+a"'m:c"'r- ^//^yM_ aWc'*—a:*'m"c'. 

The above -process will be found veryjnuch to jihorten 
the process of solution, in equations containing three un- 
known quanlitiea; 



Examples. 



Ex. 1. Given <2x + hy—z = 14 V 
t3a?^2y + 4z«20j 



to find the va- 
lues of x, y« 
and ir. 
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Firstt f(»r thd deBOnunatorf . ^. . 

5, 3, a, 

3,-8, 4, 
5, 8, a, 

Positive products, 6 x6 x4 +;2 x — 2 x 2 + 8 x 3 x — 1 

Negative " 2 x3x4 + 6x— 2 x — 1 + 3 xB x2 

= 24 + 10 + 3p«:e4, 
and the denominatoor is 

63 — 64 = 19. 

2d. For aumeiatbr of ^, 

^29, 8, 2, 
14, 6,-.l, 
20,-2, 4, 
29, 3, 2; 
14, 6,--l. 
Positive products, 29 x 5 x 4+ 14 X —2x2+20x3 x — 1 
«680— 56— 60 = 464. 

Negative « 14 x3^K.4+29x— 2x — 1+20x6+2 
=i^ 168 +.68 + 200 = 426. 

The numerator, therefore, is 464 — 426 == 38. 

38 

Consequently a? ;^ ^^ = 2. 

Sinularly the nuiiKeratQir for y is 

(6xl4x4+2x20x2+g[x29x-*-l) 
-^(2x29x4+6x20x— 1+3x14x2) =273— ?16=: 67, 

57 -. 

and y«^a»s8. 

Also, for z, the numerator i^ - - 

(6x5x20+2x— 2x29+3x3x14) 
— (2x3x20+6x— 2xl4+3x5x29)=:510-416=95, 
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and ^ arsasWaaS. 



rSx— 6y+ ze-^ddl 
-i^x + Sy = 16 L to 



Ex. 2, Given -{ 2a?4-8y = 16 }- to find the 

is 

values of x, y, and z. 

First, The denominator 

==(3x8x— 2+2x7xl+5><— 6x0) 
-^(5x8xr+2x—6x— 2+3x7x0) 
= — 34— 64«:^r— 98. 

The numerator pf X =3~ - 

(— 32xax~2+16x7i<l+&X— 6x(^ 
—(5x8xl+|6x—6x—2+— 32x7x0) 
» 624 — 232:^392^ 

The numerator of y sa» » < 

(3xl6x— 2+2x6xl4^6x— 32X0) 
—(5x«xa+2>^—32x— 2+3x5x0) 
«:._e6 — 2Q8«— 294. 

The-immerator of 2? ^ 1 

(3x8x5+2x7X— 32+5X— exl6) 
. _(6x8x—32+2x— 6x5+3x7x16) 
1-^808 + 1004=* 196. 

Th^rrfc«e, v 

892 . ' —294 ^ - 196 ' 
^--QS— ^^•y*"Ii:98-**^*^-398 ^ 

{.3jp— 9y+«z = 41 ") 
— 5x + 4y + 2i2r=»— 20l.tofindthe 
lla._7y— 6;!r«87 J 
t^ueoiXfifr^ndz. . 

•5n^, a? = 2, y = — 3, and z ssa 1, 
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Ex. 4. Oiren ^ 



ofa?9yi«nd;2r. 






2 



-Sa?': 






Bx + y — z 



2 



38 



tofiudtheiralues 



jint* a;aB24,ya9, andirastS. 



r2 .1 -8 ■ 



Ex, 5. QTven << 
vdues rf or, y, anc 



2« 

2^ + 3^"^^' 
Bw—^y+z ^ 



•18 



^ lo find ^e 



An8, a; ssi 6, y a 12, and :r a 8. 



SJJCTION n. . 

QfiuHom producing Shnpk Equatiotu, 

In solving such questions, it is impossible to give any 
rules that will guide in^all, or even in a majority of cases. 
Almost every thing depends u^on thein^nuity of the stu- 
dentf upon ms ha^ts^pf analysis, imd a judicious selection 
of the (Quantity to be repnesented by the unknpwn.^ 

We should, after deliberately 8tud3ang the question, fix 
upon something as the quantity to be determined, and then 
operate upon the letter by which it is represented, as though 
it were known, and we wished to prove the resuk. We 
will thus arrive at an equation which, when solved, will 
deteimitie the viEdue of the required quantity. 

Example. I. ^ 

To find two numbers in the ratio of 8 to 5 ; such that their 
sum shalll)e equal to one-fourth the difl^rence pf 0ieir 
squares,. . ' ' ^ ', 

This may be solved in yaripus ways. 
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1st. Let X represent the smaller number 
and y the iaiger ; 

then we have ir : t^ : : 3 : 5|^ or y = ^x 
and '' ~y«_ja:« c=.x + y, 

dividing by t^ + 2 ^» ^^ ^.^ve 

y-^x.=i^4: . -. 

or» substituting the value of y, above determined, 





.-' ' 6 2 -: 


whence 


. « = 6 


and ' 


y=|«-»iO; 



or, more simply, thus, . ' 

Let .5 X and 3 ;r represjent the numbers, 

then we have 5a? + 3»==j-(25a?* — 9a:»), 



or. 


.8x = 4a-, 


whence 


• . x^2 


and 


Sarfsi 10« 




32r==6. 



as before. 

The ilbpve sohifions lead to^hfe important remark, that in. 
selecting the unknowns we should endeavo.ur to embody as 
many of the conditions as possible in the numbers assumed. 

The following example affords a further illustration of this 
rule. . 

Ex. 2. To divide the number IW into.four parts, such that 
if the first be increased by 5, the second diminished by 4, the 
third multiplied by 3, and the /ourth divided by 2, the results 
shall be equal. ■ 

• X ' 

Let ar— 5, a?+4, ^ and 2 a? represent the parts. It is 

evident that all the conditions, except the first, viz., that the 

11 
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parts make 1 16, are fulfilled by these numbers, whatever 
yalue x ma^ have ; the result in each case being x. It only 
remains to fiilfil the other condition, which leads to the equa- 
tion ' 

ar— 6 + ar + 4+-^ + 2 a; i^i 116; 

or 13x»351, 

whence x » 27 

and the parts are ^ 31, 9 and 54. 

Ex. 3. Divide the nutnber 49 into two such parts, that 
the greater, increased by; 6» inay be to the less diminished 
by 11 as 9 to 2. 

Let , 9a:— 6 =s the g;reater 

and 2 rr + 11 as the less. 

These fulfil the last condition, since the first +6 » 9 or and 
the second - — 11 » 2 a;, which results are as 9 to 2. 

The firai condition gives \ 

9a? — 6 + 2a: + 11 or 11a? + 5 «49, 
whence x ss4 

9a^— 6 =30 
and 2a;4.11s>19. 

4noihet iSloltUion. 

Let X ass the greater, mi 49 — a; » the less, then we 
have ( ^. ■ 

ar + 6 J 38 — ar : : 9 -^ 2,^ 

whence (Art. 4T) a? + 6 : 44 : : 9 : U 

and (Art. 45) ar + 6:4:: 9: 1, . ; 

whence x + 6 « 36 

and a? OB 30 ^ V 

Ex. 5/ A courier having been gone 6 days, travels 60 
miles per day. A second is then s^nt to overtake him, and 
travels 80 miles per day. In what tiniO wiU he overtake 
the former, and how far will they have travelled ? 
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Let X S3 the number of days the second trayds ; 

then a? + 6 s= the number the first travels ; 

^ 80 0? = the. number of miles the second travels ; 
and 60 (:r + 6) = 60 a? -f 360 = the numbey the first travels 
Hence 80 a? ==: 60 ar + 360 . 

and 20 a? = 360i* 

or a? = 18,'the liumberofdays, 

80 a: SB 1440, the distance. ^ 

Ex. 6. Says A to B, give me K) dgllars^of youjr money, 
and 1 shall have three time$ as much ais you. What was 
the amount each hadj supposing the whole amount is f 110. 
Let a:.= the number of dollars A had, 

then 110 — i? = the number B had, 
Then, after B had given 10 to A, they would have x + 10 
and 100 — a?, respectively. ^ " ' 

.*. by the question 

a? + 10 = 3 (100— a:) « 300^3 ar, 
or 4:^ = 290 

aiid arB72^ the number of dollars A had, . 

110 — op = 3ri the number B had. 

Ex. 7. A gentleman whose property is all invented in se- 
curities bearing 6 per cent, interest, spends .} of his income 
in his household expenses ; i of ft in clothing. The balance, 
which is $820, is laid out for charitable ' purposes* What is 
the value of his estate .^^ ^. 

Let X be the value of his estate in dollars, 

then TT^^^T^ is his yearly income, 

100 .20 • 

B X Sx 

.-. r-,of 5;r =8 -jTrj: = the sum spent for household purposes^ 
5 20 100 

1 - a? a? 

—^ of ^TTT :« -zT ea the ^um laid out in clothing. 

o 20 ■ 60 

.ConsequenUjr g « j^ +^ + 880. 

Mi^ltiplying by 300, to clear of fractions, we have 
' 15a:«Oa? + 5ar + 246000, 
whence x ^ 246000, the value of the estate. 
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Ex. 8* A can perform a piece of work in 20 days, B and 
C can together do it in 12 days. Now, if they all work for 
6 dayis, O can finish it in 3 days. In what time would B 
or G hayd done it alone ? . 

Let X as the number of days which B would require, 
and y Bss the number C would re(|uire, , 

11 

then — and — arQ-the parts of the work whiqh each will 

*^ y : 

perform in 1 day. 

The three will therefore, in the 6 days, do ^ 
6 6 6 
20^.ar*y* ... 

^ ,6 6 6--$ 6 6 9 , .„ 

Consequently, —+—4. -^+ ^^^^^ _+ ^ will te- 
^ •'30 X y y 20- \a? y _ 

present the whole worjc. 

12 12 

also, — \ will represent the whole Work, ,since. A and B 

can do it in 12 days. We have then the equations 
? 12 12 

^ y 

. , -40 X _ y 
Multiplying this last by 2, and transposing, it be<^mes 
12 18_7 

' « y "s; '\ ^ 

6 2 

whence, by subtraction, — =a -- 

■ y ^ . ^ 

And y «:^ f$, the number of d»ys C requires ; 

also, it = 60, the number R requires. 

2d Soluticfli. Since fe and C cantio, thewiole work in 
12 days, it is evident they will do th^ half of it iU'O days ; 

also, A in 6 days does ^= j^ of the work ; hence the three 
will perform ^+ —-« — of it in the 6 days ; 
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8 

and since C in three days does Um — th part we will hare 

y 



wL 



lence 



3 1 

and ; y =i= 16, as bisfore ; 

13 12 - * ^ ^ 

aldo< since -^ + — = 1 we have, by Bubstituting the vdue 

of y, and clearing of fractions, ^ 

Ex-. ^. Tbe specific gravitjr «f tin being 7'4, and that of 
lead 11*5. Required the number of. pounds of each metal 
\ti a mass of solder \^eighing 120 lbs., of the specific gra- 
vity 8f. ^ , - 

NoT^. The specific gravity of a body is its weight com- 
pared with that of an equal bulk of distilled water, at the 
temperature of 40** of Fahrenheit. 

The specific gravity is obtained l^ determining the weight 
of the body in the air; and then weighing it in water, the 
loss being the weight. x)f an equal bulk of water. Having 
thus found. the weight of the body, and also that of the same 
volume ;of water, t;he former of these is divided by the latter 
for the specific gravity. , \ . 

Thus, suppose a mass t>f a certain ^mineral weighs 14 oz. 
in the air, and 12 oz. in water ; the loss, 2 oz., is the weight 

14 

of an equal bulk of. water. Hence — =3,Tis the specific 

gravity. ^ 

In the combinations of different metals, the specific gravity 
of the compound is not generally the mean between those pf 
its constituents, as the present question supposes, but it 
is rather greater in .most cases. Th6 amount of con/ien- 
satioh in ei^ch instance can bq determined only hy ex- 
periment. 

Let 27 be tbe number of pounds of tin, 
and y of lead.. 

11* 
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Hies the weight of the water, displaced by x poun4s of 
tin and y pounds of lead, will be respectively 

.4 

Also, 120 lbs. of the solder^of the specific gravity 8;r-9 

will displace 120 -s^ 8 ;y » 14 lbs. of water. 

We therefore have the equations . 
ar + y = 130 

7-4 ^11-6 

Clearing the last of fractions, it becomes . 

. 115 ar-f.T4y = 11914, 
but . ^ 74a? + 74y^8880, / .. . 

whence 41 ar = 3034, 

and , X 88= 74 = number of pounds of tin, 

.% y =120^xa=46, number of ppundsof lead. 

Ex. 10. A person has $10000 invested in the stock of 
two banks, A and B. The first year the institution A, in 
which the smaller sum is iny:ested, divided 2 per cent, more 
than the other. The second year the dividends made by A 
were decreased, ani those .made by B were intredsed 1 per 
cent.; the receipts from both together being thus increased 
by ith of their fb^rmer value. ^ The third year B divided the 
same as the. second year, and A the. same as, it did the first* 
the whole being byrthis means increased by Id of its original 
value. What- wks the sum invested in each baajk^ and the 
rate per cent. ? 

Let^ a? «e the legs sum, - . ' . 

••. 1000D-^a?«= the greater. . / 

Let y + 1 «SB the rate of dividend on the Ws, 

y — 1 B=s the rate on tho greater. ' ; • 

•— 100 » the whole ainount of dividend the first year, 
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and j^ + ^ iftfT =100^ = the amount of diYi- 

dend the second year. 

+ lOay— 100 + 1(^+ lOOy— 106) = lOOy, 

whence* 'jr^ + ^y=^^^ ^ 

and a?+1000y = 6000. (A) 

Again; the* whole dividend th<e third year is 

100 +—100 loo + ^^y- 

And this being equal to the 1st year's di^iclend, increased 
hy id, we have . • 

^ + 100 j,- 100 ^: |(g+ioo.y-i(K)) = ;^ -t looy. 

or ^ + lW)y = 400. 

Subtracting 10 times this fr(Mn\equatio^ (A), Ive obtain 

~J=:i00D, 

whence or » ^000 es the sum in the bank A, 

and. ICOOO-^o; = 8000 = the sum in the bank B. 

Substituting the yalue of x thus obtalined in equation A, 
we obtain - - 

. y = . 3, 
whence . y + 1 - 4^ ^j^^ rates ^f ^terest. 



^+1=p4? 



Ex» n. A miller bad some wheat, which cost kim $^1.10 
per bushel, and some oats, which cost 75 cents per bushel. 
He ground them together, and. made 19 barrels of flour, 
which he sells for $5,997 per barrel, thus clearing 14 per 
cent, on the- cost ; the value of the bran being considered 
equal to the cost of grinding, packing, &c. Now, supposing 
5 bushels of grain make a barrel of Sour, how many bushels 
of each kind- did he grind ? 
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Let X 8 the nxunber of bushels of wheat, 
and y =s'the number of rye, 

then j;+y ctsl0x5»:95. (A) 

Also llO X ezs the cost of the wheat, 
and 75 y =« the cost of ths rye. 

. •. 110a? + T5y + ^(110.x + 75y> 

1254 171 
«= --J-- x^ -s-y ■* the ^rice for which the 

flour must be sold. 

1254 171 

-^a? + — y = 599.7 X 19 = 11B94.8, 

or 1254 a: + 855 y = 113943. , 

But (A) 855 ar + 855y =, 81225, . 

hence 399 a? = 82718, 

and - 07 as 82 SB the number ,of bushels of wHeat, 

.'. y asff 95: — a? =b 13 = tie number, of tye. 

Ex. 12. Required to find {oar numbers in Arithmetical 
progression, which, being increased respectively tjy 2, 4, 8, 
and 15, shall be in geometrical ptioigression ? 

Let X — 2, ajy— 4, ay* — 6, and anf — 16, be. the num- 
bers. It is evident these fulfil (he last condition, since in- 
creasing them by 2, 4, 8, and, 15, makes them 

a^i ay, a:y«, atid a!y», 

which are in gebmetricid progression. It only remains, then, 

to determine x and y, so that the numbers shall ;be in arith^ 

metical precession. 
We shali» therefore, have (Art. 58), 

ay«-fa:. — .10=52ay — 8 
xj/» + xy — 19 =3 2 ay —16.. 

Multiplying the first by y, it becomes - 

ary» + ay— 10y±=:2a5[» — 8y, 

whence 10 y — 19 «=. 8 y — 16, 

or 2y = 3, 

and y«-. 
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Snbstituting this m one of the original equatiotis, we obtain 

Whence the numbers are. readily found to be 
6, 8, 10, and 12. 

Ex. 13. Divide the ntimber 25 into two such parts that 
one may elce^ the other Iqr 5* , IVhat are the parts ! 

^ns. JO and 15. 

Ex. 14.^^ The sum d i5500 is to be divided between 
A and B, in such proportion that A will receive an eagle as 
often as B.does a dollar. What will eacn man's share be ? 
^j^. A's»f50pO. B's»«500. 

Ex. 15. The number 76 is xlivided 'into two parts, such 
that three times the greater exceeds seven times the less by 
, 15. What are the parts ? . . 

^ ." ■ . Jiruf. 21 and 54. 

Ex. 16. 1200 dollars is to be divided between A and B, 
'"^ so that A's share shall be to'B's as 2 is to 7. ' How much 
Jf » should each receive ? 

. *^n5. A, $2661, and B $933^4 

,. Ex. 17.' A vintner wishes to fill. a cask containing 125 

' gallons with Wine, oil which he will be . ablq to clear 16 per 

cent, by selling it at 92 cts. per gallon. He has two parcels 

which' cost 70 cts. and f 1.50 per \gaUon respectively ; hbw 

V much ^ each kind -must he take? r . .^ 

'^ An9. i5f galls, at $1.50, and 109| galJs. at 70 cts. 



Ex. 18. Required to. find four numbers, such that i the 
1st, f-the .2d, twice, the 3d, and^ the 4lh, may be 21 i ; 
twice the Ist, i the 2d, \ the 3d, and i the 4th, may be 15 ; 
the first, twice the 2d, three times the dd, and | thB 4th, may 
be 40 ; and the sum of the ntimbers may be 26. 

j^iw. 4, 6,7, and 9. 

Ex. 19. A and B desiring to purdiase a house jointly, 
have just sufficient money in bank to pay for it. A says to 
B, If I had twice as much as I have, and J of yours, I could 
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purchase it alone. B says,. If I had half yours, and tlOOO 
in addition to what I have, I could pay for it. What had 
each? r ' 

w^n«. A #2000, and B tSOOO. 

Ex. 20. Purchased 25 Ihs. of sjigar, and 36 of coffee, for 
$Si.04, but the price of each having fallen 1 cent pes pound, 
I afterwards bought 2 Ib^. more of the first, and. 3 lbs. more, 
of the second, for the same money. Vfliat Was the price of 
each? a»^ C Sugar 12 cts. 

'^^- ^Coffee 14 cts. 

Ex. 21.' A and B agjee to reap a field' in 12 days, B be- 
ing able to work. only | as fast as A. Finding they would 
be unable to finish it, at the end of 6 days they call in C, by 
whose aid it is performed in the stipult^ted time. Now had 
C wrought from the beginning, they would have reaped it 
in 9 days. In what time would each have done it alone ? 
^ns. 4^ in 31 i days, B in 42 days, and C in 18 da3rs. 

Ex. 22. A can perfoVm a piece of work, ia a days, B in 6 
days, C in c days, and D in d days. In how many days 
will they finish it working together? 

*aris abed 

' abe + ubd -f- acd -^^hcd ^ ' 

Ex. 23. A and B engage to^nish a piece of vork in 15 
days, but after 7 days,. finding they would be unable to ac- 
complish it, they call in C, by whdse aid it is completed in 

14 days. Had C wotked with them from the beginning, the 
three would have done it in 10s days. , In what iime would 
C alone have done it. 

Ans. 21 days. 

Ex. 24. Bought UneQ a:t 60 cts. per yard, and muslin at 

15 cts. per yard* amounting in all to $11.40. I afterwards 
sold i of the linen and i oit the muslin for $3.89, having 
cleared 29 cents by the bargaip. How many yards of each 
did I purchase ? 

,^m, 15 linen, 16 musHn. 

Ex. 25. 'Bought lO. cows and 15 sheep fcr $215. I after- 
wards purchased 5 cows and 7 sheep for $107.50, the cows 



Digitized by VjOOQIC 



SIMPLE EQUATIONS. 131 

costing tl a head more, and the sheep 50 cts. a head less than 
before. What were" the prices of the first lot ? 

•/!^n«. Sheep $3, cows tl7. 

Ex. 26. Thjere are two' numbers in the ratio of 5 : 4, but 
if each he increased by 20, (be rearu^ts are as 9-: 8. What 
are the liumb^rs ? Am. 25 and ^. 

Ex. 27^ Wl^at fraction is that to the numerator of which, 
if Tbtf added, the fraction will equal f, but if 4 be added tb 
the denominator, the fraction becomes J ? Aim, -^-^, 

Ex. 28. A and B can do. a piece of work' in ),5 days. 
When it was^i done, they called inC, with whose aid the 
work was finished in 12 days. L^what time cojild C alone 
have done it? Jlns. 15 days. 

Ex. 29. A can do a piece of work in 20 days, and 6 ^nd 
C can together perform 1%- in 12 days. Now, if all three 
work for 6 days, C can finish it in 3 days. In what time 
would B or C have performed it? 

Arts. B 60 days, C 15 days. 

Ex. 30. A, B ahd C can perform a piece of work in 12 days. 
But afler' A and B had Worked together 7'days,C finished 
it in 21 days. . In what time would each have doiie it sepa- 
rately, supposing A can do as much in 4 days as B<:an in 5? 
Ana. A. in 33^," B in 42, and C in 33|. 

Ex. 31. 'Two men, A. and B, agree to finish a piece of 
work in 12 days. But after they have worked together 6 
days, finding they will be imable to accomplish it, they call 
in.C, and the three finish tlie work in 12 days. Now, ifO 
had worked with A from the beginning, the two would have 
accomplished the Work in 14 days, and B and C would have 
done it in 11 Says. In what time would each have done it 
alone ? - . Ans. A in SS^^, B in 28/j, and C in 18^f . 

^ Ex. 32. A sets out on a journey, and tiavels at the rate 
of 25 miles pe'r day. When he has been gone 10 days, B 
starts in pursuit, and travelling each day 10 miles further than 
he did the day prieceding, overtakes A in 10 days. How 
far did B go the first day ? Ans. 5 miles. 
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Ex. 33. Four numbeis in aAthmetical progression, whose 
sum is 32, and the sum of their squares 336. What are the 
numbers ?. Ana. 2, 6, 10, 14. 

Ex. 34. The sum of four numbers in arithmetical progres- 
sion is 160, and the sum of the square roots of the extremes 
is 12. What are the numbers ? Ans. 16, 32, 48, 64. 

Ex. 35. The sum of the square roots of the means of four 
numbers in arithmetical^pro^ession is 19, and the difierence 
of the extremes ITl. What are the numbers f 

^/w. r, 64, 121, 178. 

Ex. 36. There are four numbers in arithmetical psogres- 
slon, such that the djfierence of thie extremes is' to the sum 
of the means as' 3 to 1 K The sum of the first and third is 
30. What are the numbers ? Ana. 12, 15, 18, 21. 

Ex. 37. There are J five numbers in arithmetical progres- 
sion; whose sum is 40, and the sum of the ^uare roots of the 
firat and last 12. What is the qo^lmon difference 1 

Ana. 6\/— 28'. 
The .question is therefc»re impossible. 

Ex! 38. There are six numbers fn arithm^ical prc^res- 
sion. The sum of the second &td £fth is 148, and the dif- 
ference of the square roofeof the extremes. is 10.. What 
are the numbei® ? Am. 4, 32, 60, 88, 116, 144.^ 

Ex. 39. There are ^ibur numbers in arithmetical progres- 
sion, which, being increased by 2, 3, 9^ and 25, respectively 
become in geometrical progression: What are the numbers ? 

^rw. 3.7,11, 15. 

Ex. 40. There are two numbers in the ratio of 2 to 3, 
and their sum is tp the sum of their squares as 5 to 78. 
What are they? \ .tfns. 12 and 18. 

Ex. 41. A certain number is equal to 4 times the sum of 
its digits, and if 18 be added to it, its digits will be inverted. 
What is the number ? Ana. ^. 

. Ex. 42. A traveller states that he has, during the last 
week, travelled 1326 miles ; and tkit he has gone 2^ times 
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^ as far in steamboats as in stages, and -J- as far in railroad oars 
I as in steamboats. How many miles has he travelled in each 
<rf the three way's ? , ; 

^ns. In stages 306 miles, in steamboats 
■ - .: 765 miles,. and in cars 256 tniles. 

Ex.43. A butcher slaughtered -J^ of his sheep^ and then 
bought 4 more ; he then killed ^ of what he had, and bought 
d ; after this he killed ^ of what he then had ; after which 
he has but 20 left. . Hovt many had he at first ? 

. ^H8. 30. 

Ex. 44. A and B can finish a -piece of work in 15 days, 
but after workipg 6 days, B was taken sick, and A finished 
it in. 30 days. In whaf time would either have done it 
alone t ' ^n*. A in 50 days,, and Bin 2 If day s^. 

Ex. 45i A farmer has taixed a certain number of bushels 
of corn and oats. Had he had 6 bushels more of leach, 
there would have been 7 bushels of corn to ev^ry 6 of oafs ; 
hut if there had been 6 bushels less of each, then he would 
have had 6 bushels of com for jevery 5 of oats. How many 
, were there of each ? ^ns, 78 of com and 6Q of oats. 

Ex. 46. Divide 198 into five such parts, that the first in- 
creased by 1, the second by 2, the third diminished by 3, 
the foutth Jmultiplied by 4, and the fifth divided hy 5, may 
all be equaL ^ns. 2S,^2, i7^ 6, and 120.- 

Ex. 47. A certain nuipber consists of two digits, and is 
e^ual to the difierence of the squares of its digits. If 36 be 
added to it, the sum will be expressed by the same digits in 
an inverted order. What is the number^ t^ns^ 48. 

Ex. 48. There are four numbers snch^ that the product 
of the 1st, 2d, and sum of the otheir two is'60; that of the 
1st 3d, and sum of the others is 72; of the 2d, 3d, and i^um 
of the others, 96 ; and of the 3d, 4tli,'and;sum of the othisrs, 
120. What are thfe numbers? -. 

w^n5. 4, 3, 4, ^n4 6. 

E?..49. A grocer mixed tea which cost 75 cents, per 
pound with some which cost 55 cents per pound, and sold 

12 
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the whole for fTT.QSj, gaining thereby 12§ xier cent. How 
many pounds were there of each sort, then whole number 
being. 100 lbs? Arts. 70 lbs. at 75, and 90 at 56 ct». 

£lx. 50. A certain number, Consisting of two places of 
figures, is equal to seven times the sum of its digits, and if 
18 be subtmcted from it, the digits will be inrerted. What 
is the number? \An8,k% 

Ex. 61^ There are jfour numbers in arithmetical progres- 
sion such, that th^ product of the extremes is 30, and that 
of the means 54. What are the numbers ? 

vi^n*. 3, 6, 9, ,12. 

Ex. 52. There are four numbers in arithmetical progres- 
sion, whose common difference is three times the first num- 
ber, and whose sum is 44. What ari^ the numbers J 

. \ Arts. 2,8, 14,20. 

Ex. 53. A and B commenced trade with equal capital. 
A gained, 25 per c^iit, of his stock, and B loiSt a sum which 
was 2500. dollars more than A had gained, when it was 
found that A's money ' was double B's. ' What was their 
capital?, w^/w. $20,000. 

Ex.' 64, There are 4 numbers, such that if the first be 
increcksed by 1, and the last diminished by 2, they will be in 
arithmetical progression: their sum is 29: Required the 
numbers. ''-'■"."' .d^. 3» 6, 8, 12. 

Ex. 55. The sum of the first and third of four numbers in 
geometrical progression is 60, and that of the second and 
fourth 180. Requi^^ed the num^bers. 

: w?M«. 6, 18, 54, 162. 

Ex. 56. Some smugglers found a cave that would exactly 
hold theif carffo, consisting of 13 bales and 33 casks; while 
they were unloading, a revenue cutter appeared, on which 
they sailed away with 9 casks and 5 bales, havingr- filled | 
of the cave. How many bales, or how many casks, would 
the cave contain ? Ana. 24 bales, or 72 casks. 



Digitized by VjOOQIC 



PURE EQUATIOKS. 135 

Ex. 57. Hiero, King of Syracuse, haying ordered his 
jeweller to make him a crown of gold, und suspecting that 
he had put in some silver, directed Archimedes to examine 
it. When weighed in water, it was found to lose t\ lbs. 
Required the number of pounds of silver it contained, the 
specific gravity of gold being 19'64, and of silver 10*5, and 
the weight of the. crown 20 Ibd^ .JStns, 5*22 lbs. 

Ex. 68. Wishing tp obtipiin^the specific gravity of a mine- 
ral lighter than water, I first found its weight to be 15 oz. 
Then, having attached it to a mass of lead weighing 20 oz., 
the whole was found to lose 21 ounces wh^n weighed in 
water: Required the specific gravity of the mineral, that of 
lead being. 11 '5. . ^ns, '779 nearly. 

Ex. 69. A piece of alloy weighing C pounds, of the specific 
gravity of c* i? composed of two metal^, A and iB, whose spe- 
cific gravities are a and 6, respectively. . How many pounds 
of each does it contain ? 

dns, — \ ~" ( C pounds of A, 
c (6 — fl) , /^ 

ind, — 7T — r-4 C pounds of B. 
c ib — a) '^ 

Ex. 60. A aqd B engage in trade. A gains tl560 and 
B loses. $500, when A's money is to B's as 3 to 2; but, 
had A lost $500, and !@^ained $1000, then A's wpuld have 
been to B^s asf 5 to 9. What was the stock of each ? 

Jlhs. A's $3000 and B's $3600. 



83ECTION III. 

Pure Equations and otken ivkieh eon be tbhed witkouieompkHng 
the iSquare. 

126. The only difficnlty in solving equations of thie) class 
consii^ts in reducing them so that the power may stand by 
itself. . This being often difficult, we have appended a num- 
ber of examples, the solution of which will bring before the 
student most of the methods which are employed in such 
cases. As he #iU probably require very frequent assistance 
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from his teacher on fiist passing over the sal^ect, he should 
he required to review his work until the methods haye be- 
come thonmghly fiuniiiar. He will thus have acquired a 
knowledge of aoailysis nvhich wiU be of great service, not 
only in pursuinc^ the remainder of the work, but also in the 
study of thehi^er hranehes of pure mathematics.' 

Ex. 1. Given a*+2 i«?+i^=s&*, to find the value of ar. 
Here the ^rst' member being a square, we^extxact the 
square root, and obtain 

whence - .a:==±ft — «. 

to find tl^e value (^ x. 

Multiplying'by %^x . (ar + «) to clear of fractions, we have 
a? + a + 2 V' aF= i*ar. 
Extract the roo^, and y/x+^a=szkb^Xf 

whence . ^x x= • 



-1±6' 



and a: ats : — : — . 

Ex. 3. Giveti xl^ + xy^^slSOlto find the values a[x 
and s^ + y^ =»18di andy. 

Adding three times the first to the second, we have 
' xl' + Sx'y + Sxy^ + y^^729, 
whence, extracting the cube root, 

ar + y = 9. 
This divided into the first, gives 

But, x^ + 2xy + jf*^Sh 

and 4 gy = 80, 

whence a*— 3 a^ + y» =» 1, 

and a: — y=Bitl. 

But ; a: + y = 9, 

2ar=al0or8, 
and 2ys=8orl0. 

Hence xs5or4^ 

nd y SB 4 or 5« 
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« Ex. 4. Qiven x r- y fc= 6 

' d ?!J_^=.21 ^to find the valaei^ of a: and y. 



y A? J 



Clearing the last of fractions, we have 
^ >.— i^«21ary, 

whence, by diyiding by the first, ' .\ 

ir» + a:y.+y»xF^aiy, 

But a?»-2a2^-f y««*6i ^ 

7 
3a3^=-^a:y-^36, 



and 


■ •'■ ;. _ xy 


t-78, ... 


also, 


«» + ay + y»=^-^a?y 


= 255?, 


a5?+2ajy+y« 
and . . a? + y 
from this, and s^ — y 
we obtain x 
and y 


= 834, 

^ 18, ■ ■ 

= 6 ., 

^\% 

«;6. 


Ex. 6. 

and 


'"'^''it^f^^^l^^^^^^^-f^ 



of xandy. 

Dividing the. first into the second, 

ar«^ay+y««37, • 

whence 2 a?y ±= @5 

and ay =29, 

.aj« + 2a:y4.y»=121 

iB» — 2a:y+y«9, 

Consequently ^ + y - IQ^Wioe 5^=''' 

and - a?— y= 3 S '^'^^'^ ty == 4, . 

Ex. 6. Given ^^c y)^ ' J = ;r— ;» to find the va- 
s/ X -^, y \x '-^ a) a: — a 

lue of a?. 

If we muhipty the numerator and<lenominatpr of the first 

member of the equation, by V x + Vx^dj we will have 

( Vx+^{x— a)y_ n*a 

a ""x— a' 

12* 
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nW 



whence {x/x+ v^x«-a)'ag ^,^^ t 

,. . ._ ' ^ 

Extracting the square root, ^x + s/ x-^a :*± ^/^ ^y 

Clearing of fractions \/ai'^ax + x-^a^r:^na 

.v^j:*— aa? B^ a ± na — X es (1 ± n) a — a:, 
and «• — aa? « (1 zb n)«a« — 2(1 ± n)ax + a^ 

whence (1 zfc 2 n)x = (1 ± nya 

(Izir n)«a 
"" l:t2n. 

Ex.7. Given ^( 4 ) - ^ \— T")'" ^T' 
If we multiply each member of the equaXion by 
s/ ( — 2 — J + y/ ( — J — \ remembering that the ditfer- 

ence rauhiplied by the sunj giyes the difference of the 
squares, we will have 

whence •(-l— ) + <— T" )= 8i ^5' 

Adding the first equation, we have n 

squaring jf + 3 6» = |^ + 3 6« + ^. 

Whence, canceling 8 ft>, and clearing oif fractions, we have 

and ;^ = ^^*!^=£*!f^-A_\ 

i(c-A) . 4 Vc— 6/' ^ 

whence arx.^_£^j|__J. 
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Ex. 8. Given ay = 320. > . ^. v^ 

and ' a^-y»:>-y)« :: 61 ; l^ *^^'^^ ^^^ 

values of a? and y. 

Diyiding the 1st and 2d t€jms of the proportion by 
X — y, it fecomes 

whence ai'.+ xy + y';* 6 1 a^ »— 132 ay + 6 1 y», 

or j50a!^ + 60y«=aJ23.ay==B9360, 

a^ + y"tt:656, 

but, . ,-, 2 ay ==640, . 

whenc? a:* +/2 ay + y« = 1296, 

and a;* — 2ay+y«=16. 

Consequently x + y^= 36 > ^ • C a? = 20 

and a:— y== 45 ^"*^"^^ ^yai^l6. 

Ex> 9. Given (ai^—y) x (a? -r-y ) =» 3 ay ?\ ^ , 

the values of a? and ^. 

Dividing the 2d by the Ist^ we have 

. . (a:«+yOx(a:+y)=* 15 a:y, 
or «5+ar2y+ay^+y«=: 15 ay, > 

but from 1st ir®— - a?^— ay®+y'= 3 ay, ( A) 

whence 2 a?^ + 2 xy'^ss 12 ay , 

or a?+y=:<5. 

Dividing this into (A), we'have' 

*. 1 

:a«4e2ay+y«=-ary, (B) 

but as»+2;Ky+y««t36, 

4ay=36— -ay, 

and iBy ■?= 8, / 

whence (By a?*— 2ay+y*=:4, 

and a?— y»2. 
But a?+y=6, 

consequently xa4andy=*2. 
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of a; ttidy. 

Assume x ^vy. This substituted in the equations they 
oecome v*y^+vy^^v'a=t^%- 

and y?+ y'^t;«a=1053. 

Dividing the latter into the former, we have 

— I — z-^ or ^ '> ^ : or -iS^f^sss — ^, - 

whence v«-. =^^ and a?=fe^y, 

This substituted in the 1st equation, gives \ 

64 1'6 • 208 

.y«=:729andy=±27, 

' ^ 8 

consequently a: =ss^y=«±8. 

2d Solution.. The equations may be written 

^a:*(^a?» + ^f) «=.208, - ^ . 

and -^y^C^ar* + ^y") ^ 1063, 

whence by division ^~ = j^ =^ gf ' 

iP' 8 
and ,-==-- as before. 

y 27 ^ 

Ex. 11. Given a:-y = 4^j^^g^^^j^^^^,^^^^^^^^y^ 

^ni. or BE 9, y x=s 5. 
Ex. la. Giyen a^ + y = 10^ ^ find the values of* and y. 

j:x. 13. Given 5i+ 3y ==^V ^^ ^^ ,alacs of « 
and y. An9. a? «»9, y » 7. 
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Ex. 14. Given 7x + ly-23 j^^^^^^ ^^^^^ ^^ ^ 

\ xy « 42 3 
andy. . , 4n5. a?a=8,y=14- 

E?. 15. GiVen ax + by^ c ? ^^ find the' val^jes of x 



2a 

c— v^<i* — 4o6c? 



Ex. la. Given a? + y : a? - y : : a : 6 K^ ^^^^ ^he values 
ary=a:c» J 

.»'"-'!'-^«...±.y(2±|).,-±«>(?^) 

Ex, 17. Given ^/^^y^^'lV^ ^^ find the values of x 
and a:y--y*=125 

and y. . ■ .tfn«. flJFfT, y«=»4. 

Ex. 18. Givea ara+y'.: ar«-y» :: o : 6? ^ find the va- 
aty^sscs J ^ 

luesof .andj,. ^^; , ^ , ^(«_±|), ^ =.., 4.(?=|). 

E£. 19. Given \/^±^+V^=? = *.t°fi«<i '•!« ^- 

lue of a;; ... ' ; j^:^ ^ ^ ^ "Vi^::!?: 

Ex. 30. Given ^ , 

25 



thevalueofa;. '■ Ar^. ^-^ 



&.' 21. Given ^■» + o + ^a^-« ^6^ to find the value 
vaf-fa-;- va? — a 
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Ex.82. Giren -t= ^ ^^to 

find the value of x. 1 

Ans^.-a *= ±2^ v 4 «♦ — 6. 

f ft \ ft, X 

Ex.23. Given ^ ~==r»flftofindthe vahieof a:. 

Ex. 24. Given 4ar + l + y ^ = 9, to find the value 
v4x + l — v^4ar 
ofar. ii 4 

Ex.25. Qi.eni+l-v'J^+/(^ + ^)J 
to find the value of ar. , -ff»w. ari«2a. 

Ex. a^. Given ^+^;|0 J to find th. values of 
a: and y. .^n*. a; ««s 5, y « 7. 

Ex. 27. Given v'(^ + i») — v^(^— ^) = ^ 5 ^^ ^^^ 

the value of ar. ^ ^ 2 a 

•«n5. ar== d= 



Ex. 28. Given ^f^-fH to findthe .values of 

a: and y. ' •/>;/» '48 

^ wxn«.a;sl0or — -g-. 

" 12 

. y«:4 or — . 

Ex. 29. Given >/^ + 2 ^--J- .« ¥ vZ-T^, to 
find the value of ic. /» < « 

Ex.30. Given ^-j.y^g=9^^ ti find the value, of 
a?andy. -> ^n«. a: = ± 1, y =» ::{= 4. 
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Ex. ai. Given (a^4^y»)(ar+w)«2a8e> ,^ ^ ,,, 

lues of 07 and y. :\ . «in». a; » 11 or 5 

y == 6 or 11. 

Ex. 32. Given a;? + «■ : as"— y» : : 5W : 1277 .n^. ,, 

values of x and y. ^n*. a?^=i 7, y = 6. 

Ex. S3. Given ^ + r + ^{^ + y)^^l to find the 

values of x and y. wf/wc a: = 4 or 2 

y as 2 or 4. 

Ex. 34. Given ^—-M. + ___^ ^ _ 

7 -^3?— y 7 -^3? — y _ 1 

4 y . 4 a? "~ 9^ 

values of 0? and y. . " 9 .7 

/ . "^^w. a?:±=^,yi=^. 

127. Problems producing Pure Equations, 

r 
ExAMPLtid. 

Ex. L It" is required to divide the number 24 into two 
parts, whose s<fuares shall be as. 25 to 9. 

Let .a;:=' the greater part, . 

then 24 — a? =■ the less part, . - 

and «»: (24— .a?)»::25:9, 

whence x : 24 — x :: 5 : 8. - 
Or 3a?=12()— 5 a:, ^ 

iid -a4-x^^J^^^^p'^^^^^^^^^^^ .. 

Ex* 2s The number of square feet in jbi right-angled tri- 
angle is eqjial to tne number of feet ift its tluee ^ides, and 
the square <rf the number of feet in the hypotheuuse is less 
than the square of the sum of the other two. sides, by half . 
the product of the number pf square feet in the area, by Ihe 
number of feet in the base. Required the three sides. . 
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Note. — ^The square upon the hypothenuse is equal to the 
sum of the squares on, the other sides, tiud the area is equal 
to half the product of those ^sides. 

Let ar tts the numher of feet in the base, 

and ' y s=^ the number in the altitude, 

then ^/^ + y? *=*- the f^umber in the hypothenuse, 

and ^ ss the number of square feet in the area. 

and a?«+JK» = ar« + 2ay + y«.:^^, ; - 

by. transposition. -—^=,2 ay, 

and a? «s8. 

Hence, from the first equation 4 y = 8 +y.+' v^64 + y», 
vherefore - ' 3 y -- 8 =f V64 + y«, . 

dnd squaring 9y»-^48y +'64=«64+'yV ' 

8ye=48, 
and y =i6- " 

Consequently the hypothenuse « 10. 
.*. the sides are i6> 8, arid 10 fe.et respeptively. 

Ex. B. A farmer has two cubical stacks 6f hay, of which 
one contains 4.17 cubic yards more than the pther> Required 
the dimensions of each, the side of (he Larger being 3 yards 
longer than that of the other. 

Let xssz the- number of yards in the side of the other; 
and y SB the number in the side of the i^aller, 

then ' . a? — y a= 3 . 

and a?' — y»==117, 

dividing the second by the first, a:* + acy + y» =» 30, 
. and squaripg the first a?*— 2ay+ygg 9 , 

^•. by subtraction . 3a?yssd0, 

and ^ aiysslOt 
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now x^+ xy + y*sss 39, 

. . by addition .- a?" + 2 ay + a?" = 49, 

whence a? + ya= 7, 

but . .; X — ys= 3 , 

.•. ' » == 6 and y =» 2*. 

Ex. 4. There are four" numbers m geometrical progr 
Bion, such that the sum of the extremes ijs 56 and the si 
of the n^ans 24. What are the numbeia.? 

Here let x and y represent the means, " 

then the extremes will be — and—, 
y X 
a: + y = 24 

y X 

Clearing the last of fractions,, 

3fi + y^^56xy, 
cubing the first a*,+ 3^^ 4- Say* + 1^ = 1^824 , 
.-. by subtraction"" ~, 3 x^' + 3. ary^ = 14^24 — 66 ay, 

dividing this l)y the first equation 3 atfy =s-5T6f — ^-on/j 

clearing of fractions ? ay =» 1728 — 7 ay, 

whence ay =* 108. 

But from the first x* + 2 ay + y» sb 576 

and ' ,, : 4ay±= 432, 

.*. by subtracjtibn " - a?" ~ 2 ay -f y« == 144, 

and /' X'^y^ 12. 

But ' ^ a: + y=s 24, 

ar = 18, y =» 6, 

y a? 

•*. 54, 18, 6 and 2 aire the numbers required. 

Ex. 5. A person has two pieces^f knd, one in the form 
of a right-angled triangle, and the other in that of a rectangle, 
the longer sid&of which is equal to the hypothenusevof the 
triangle, and the other to half the greater side ; but wi§hmg 

13 
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to have liis Ian4 in one piece, he exchanged for a squfiire 
piece of equal area, whose tide was. twice as long as the 
shorter side. of the rectangk. By this exchange be has 
saved 25 poles of fencing; What are the areas of the tri- 
angle and reetanglerand'what is the length of each of th^ir 
sides! 

Ijet^ X a length of the created side of ifa^ triangle, and 
y =« that of the less ; 

then \/4a5» + y»=^ that of the^hypothenuse^ 
.*. xy as t he area of t he triangle, 
and X \/4a?' + y*=.the area of the rectangle; 
also 2 a: = the side of the square, 

4x*^xy + x\^4a^ + y^ 

or. 4a;*» y + \/4a?» + y*. (A) 

Again 8 a? ». the perimeter df the sqtiarei 

8 «-+ «6ii! 2a?+y+V^4a?»+y«+2»+2y^4a;*+y", 
or 4a? + 25=ry J^avT^+y», 

but (A) 12a? ?faay + 3V4a:« + y«, 

8a?^25t«2y, 
and by transposition 8 ar — ^^ 2 y =s 25, . 
but from (A). , 8 ar^2y = 2/4 ar» +,y«, 

2^V4a:»+y^25 , , 
and 16a:« + 4.y« = 625; 

and substituting th^ value of 2 y, obtained above, 
16 a:> + 64 a;« — 400 a: + 625 =* «25, 
whence 80 a; » 400 

and x.assS, 

••• the sides of the triangle ate 10, 7i and 12i iOds; the 
sides of the rectangle 121 and 5 rods ; and tne areas of the 
triangle and rectangle, 87^ and 62} square locb respiectivriy. 

Ex. 6. It is reouired to divide the humber'14 into two 
such parte that the quotient of the glister divided ty the 
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lessty vfLBLj be to^e quotieat of the less by the greater as 16 
to 9. . ^ ' ^m. 8 and 6 

Ex. 7. Bought a number of oxen for 1406*25 dollars, the 
number of dolkrs per head being tq the nuipaber of oxen as 
9 to 4. How many did he buy, and what did he give for each ? 
^ •^n>9. 25 oxen, at 45Q'25 per head. 

E;k. S. Th^re are two numbers whose sriih is to the .less 
as 904s to the greater, and whose sum is to the greater as 
40 is to the less. What are the numbers ? 

.^«.3eand24. 

Ex. 9. The side? of a rectangle are to each other as 5 to 
7, and its are;a is 20 A. 1 r. 35 p. How many rods are 
there t)n each side! ' ^ ^ns, 55 and 77 rods. 

Ex. 101 A has a rectangular tracj of land, thelfout sides of 
which measure 836 rods, from which he isells a rectangular 
portion contaming 2 A. 3 r. 85 p. Required the dimen- 
sions of the smaller piece, its length being ^ and its breadth 
^ of that of the whole tract ; and what is the conteirt of the 
whole? • ^ ^ 

' 4^8* Length "^31 and t>readth^ 15 rods ; contents of 
whole tract 43 A, 2 ir. 15 p. 

Ex. 11. A merchant purchased two pieces of cloth, ono 
of which cost ^ and the other ^ as many dollars per yard ai^ 
there were yards in. its lenjg^h. jSlow,liadi the whole been 
bought at the price of the first, the cost would have been 
$315. 'But had he only paid as much per yard for the first 
as he did for the second, they would' have cost $270. What 
npmber of y€urds was there in each ? 

Ana, 21 yards ia the first, and 24 yards in second. 

Ex. 12. 'there are two numbers whose majL is 40, and 
the difference of whose squares is equal to 4 times the square 
of their difference. Whatv ar« the numbers ? ' 

. ' ' dns. 25 and 15. 

Ex. 13, A and B engaged to work for a certain number 
of days.. At the. end of the tinie. A, who had been absent 
4 days, zeceived $18*75, while B^who had been absent 7 
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da3rs, received only fl2. Now, had R been absent 4, and 

A 7 days, each would have been entitled to the same sum. 

For how many days were they engaged, and at what rate ? 

An8, The V were engaged to work 19 days, and A 

!3BCeived frl-25 and B $1'00 per day. 

Ex. 14. A and B have two rectangular tracts of land, their 
lengths bein^ as 7 to 6; and difference between their areas 
150 A.\ B's being th^e greater. Now, had A's been ad broad 
as B's, it would have been 072 rods. long. But had B's 
been as broad as A^s, it wouM have been 900 rods long. 
How many acYes were there in each ? 

Am. A's 2100 acres, and B's ^250 acres. 

Ex. 15. A person.has a cask of wine' containing 25(3 gal- 
lons ; from which he draws a certain quantity, and then fills 
the vessel With water. He again draws oiTthejsamc quantity 
as before, and sp oa for 4 times, filling the cask with water 
fifter ^very draught, when there were only 81 gallons of 
pure Fine left. How much wine did he draw each time ? 
^ .^n*. 64, 48, 36 and. 27 gallons. 

Ex. 16. There are two nurabprs, whose dffierence multi- 
plied by the less produces 42 ; but when multiplied by the 
sum, the product is 133. What are the numbers ? 

' . .\ 4ns. 13 and 6. 

Ex. 17. Requifpd.two numbers, such that the sum of their 
cubes may be to the, cube of their sum aS- 7 to 25, and Xhe 
sum of their? squares multiplied by the greater may be equal 
to 1053'. <' '■ 4m. 9 and 6. 

Ex. 18. What two numbers are those whose difference 
multiplied by the greater makes 60, but when multiplied by 
the less makes 44 ? ' Am. 16 and 11. 

■ ■ ■ ' • • ■ ■ . ' ' <'^ 

Ex. 19. A pei^ottjaid oiit^^ certain s^m of money upon 
a speculation, upon which* he found he had gained J669 the 
first year. 'This he added to his stock, and at the end of 
the next year heJfound h& had gained as nvuch per cent, as 
in the year precedirfg. Proceeding in th'e same manner 
for four years, he found that at the 'end of the time His 
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Stock waft to the sum first invested as ^S to 48. What 
was the sum laid out, and the gain pec cent. T 

^ns. Stock, £138; gain per cisnt., 50. 

, Ex. 20. The sum of three numbers in geoqietrical pro- 
gression is ^, aiid thesum of their squares 364.. What are 
die numbers?- .^ni. 2, 6, and 18. 

Ex. 21. There are four numbers in geometric&l progres- 
sion, such that the, sum of the extremeaiis 140, and the sum 
of the^ means 60. What are ..the numbers? 

Ans. 5, 16, 46, and 135. 

Ex. 22. Required four numbers in geometrical progres- 
sion, such that the diflference of the extremes may be to the 
difierence of th)B means fts 19 to 6, and the sum of the means 
may be 30. / Am. 8, 12, 18, and 2T. 

Ex. 23. The sum of two nimibers multiplied by Xhe sum 
of their squares, is equal to 13? times their product-: aqd 
the sum of the squares multiplied by the difference of their 
fourth powers, to 88 1 times the square of the piodiicti What 
are the numbers? At^a, 3 and 1. 

Ex. 24. The' difference of. the extremes of four numbers 
in geometricalprogression is 15i, and the difference of the 
means 5. What are the numbers ? 

^ . Ana. 16, 20, 25, and 3U. 



8BCTIOT IV. 

Mfected Qutuki^ics,., - 

128. Adfected qua4ri^tics are ^uch as contain t^e square 
and first power of the unknown, with an arbitrary quantity. 
Of this class are 

& a?» + 3a: 1^ 10,.7> -i-« = 10 X, &c. , 

In order to findtbe unknown quantities in such equations 
we ratistsoarranigethe left £rand member that it may be a 

13* 
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8()uare ; then, extracting the root, thd equation is reiduded to 
a simple equation, which may be solved by the rules already 
laid down. 

129. The square on the l^ft member may b6 completed 
ill various ways ; there are, however, three' principal me- 
thods, either of \vhich will apply to any case that can pre- 
sent itself. ThesQ rules are founded on the formulas 

1. (x+6)^H«a^+2to+6Vor(3P+'|A)?:^*a* 

If then we have an expression similar to aoi^ -f ^^t J* may 
be rendered a complete square by eitheir'of ;the fbllowing 
methods, viz./ ' ^ 

1st. Divide, by the caeffidmt of a?", mnd. then add the 

square of half (He ta^ffident of x in tkeqvptimU This> rule 

evidently changes 

J , . bx b^ / b\ 

ax<' + bx,mtox' + ~ + ^^^{fr + -Y 

Sd. Multiply by the coefficiertt of a?*, anft to the product 
add the square of half the CQ^cient of x in the, original 
expression^ This evidently ehange^ - ' 

ax^ + bgc into ijM^ + e^bx + j =s (ax + -V. 

8d. Multiply by 4 times the co^cient ofx\ and add the 
square of the original co^dent of x. , Tnis changes 
ax^ + bx into 4 a«x« + 4.a^x + b*^{2ax + b)'. 

Either of these ruks^ as has been remarked, will apply to 
every case. The one which it wiH be. most convenient to 
empldy will depend upoa the coefficients of the different 
termis. 

'EXAMPLES.' 

Ex. 1. Given o^— .6 a; b^40« In this case we shall 
use method 1; adding 3> s 9 to eadh meml^r, the equati<Ni 
becomes x^ — 6 a; + 9 a 49. 

Extracting the square root, a?— 3 « i 7, 
whence ar»10or— 4, 
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Ex. 2. Given 3 a?» — 2 a? = 406, to find the Talae of or. 

Here, by method 2, we have • 

9a?»_6a? + 1 = 1225, 
whence 3 a; ^ l=ss ± 35, 

and a; = 12 or — 11 J. ; 

Ex, a Givei: 5 a?«— 27 a? + 70 = 36, to fiid the va- 
lue of i. , ' > 
Transposing . 5 a:* — 27 a? =. — 34v , 
Whence^ by method 3, we have . ^ 
1000^—540^ + 729 = 49, 
i0ar---27 = =t7 
10 a: =34 or 20, 
- • ' 2 
and a? ±=3^or% : ^ 

o , ' ■ • 

. Ex. 4. Given aa:^ — ^2i'x ^ c, toiind the value rf ar. 
Here, by method 2, we have . ] _ 

whence aa? — 6 = db v^ac + ^, 

and axsszb±z v^flc,+ &^ 

.•. .a? = -dr — v^oc4-6«. 

1-8— IE a? -^ &. 

Ex. 5. Given 5 a? + ^= ==* 59 + -4-^, to find' the 

a? ^ ? 

value of :». 
Clearing of fractions and transposing, wc have 
6:^_61a?= — 12. 
Completing the square, (Method 3,) 
and lOOara— 1220 a? + 3721 «» 8481,' 

whence ' 10 x — 61 = db 69» ' , 

■ --v'. *•. 1 • - ". ^ •" 

and ar. = 12 or — . 

o ^ • - 

Ex. 6. Given .5 a:«— 27 ='20 a? + 83, to find the values 
of X. '^ns. 6 or -^2/ 
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Ex. T. Given 6 a; '^ =? 23, to find the values 

of a?. . Arts. 5 or — 1. 

EX..8; Given J^+I|:=|^t=-*18^,toffodthev^^ 
l«««^f^- ^«*.7and-^- 

27 64 33 

Ex. 10. Give» I4 + 4 x— .^i^ =- »ar + .^ . ^ *<» 
find the values of X. ' ' 4n*.,9and28. 

Ex. 11. Given . ' ^ =" 0^ r ^^o findth^ vahies of ar. 

^rw. Hand — 10. 

Ex. 12. GiveQ V'af*— -'— =3 a:, tp find thci values of a?. 

.yirw. 4or (— 5)^. 

Ex. 13, Oiven a? + 5— /a: + 5 « 6, to find the values 

of a?. __; ^ . , 

Assume v^a^ + 5 = y\^xA we have ^ ' ' 

Whence 

y = 8 6r— a, 

and ' :r + 6«:y» = 9fir4, . . ^ 

x=«4or — 1. 

The last value, if substituted in the equation, gives 

4—^/4 la, 

which at first may appeiEBP incorrect. In this cjbse, however, 



Digitized by VjOOQIC 



QUADEATIC EQUATIONS. 153 

the minus sign being given to it iii accordance with the va- 
lue of* y» ' ' ^ 

190. We not utifrequexitly have oases similar* to the 
above, in which one of the values requires to be taken with 
some limitation, and sometimes there are new values intro- 
duced in the course of the operatipn, which, though they 
satisfy the equation from which th^y are immediately de- 
rived, will not satisfy the original equation. It is therefore 
necessary, when the solution has been a complex one, to 
test the results by substitution. 



Ex. 14. .Given a?-t-16 — 7v^a? + 16=«10— 4v^ar+16, 
to find the values of ic. 
By transpo^itrbn we have 

a?+16 — 3\/a:-f-16 = 10. 

If we consider \^a? + 16 as the unknown, we will have, 
by completing the square, 

4 (a?+16)— 12V'^FTl6 + 9==49, 
whence 2 ^/{x +, 16)— 3 = d= 7, 
and . ap»9.or — 12. , 

Ex. 16. Given X^ + SV' a?»— 16 x » 16 a; -f 300, to find 
the values of x. Am. 25, — 9 and 8 ± 4 v/29. 



Ex. 16. Given 3 a?«— 2 a: + 5 \/6 a?* -^ 4 a?*+ 1 =■ 6 x» 

— 4 a? + 5, to find the values of a?. . 

a -la ,^ 

Am. 4, ss -^o^ aad 0. 

Ex. 17* Gfiven <a? + 6)'+ 2 x^ (ar + 6) « 138 + x^, to 
find the values of a;. 

a A €, A -33±%/=r67 
•an«. 4, 9and ^ 

Note. In this example, consider x +6 the.unknown, and 
complete- the squf^o without transposition. 

Ex. l6. Given a:* — 2 a!» + a? « 132, to find tjie values 
-^f ar. ^ 
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Jn this case if we en^eaYoux to extract tiie square root, 
we shall find said root to be o^— ar, with, a remainder 
— r aj* + a?. The original expression is therefore equivalent to 

(af — x)»— (a*— a:)'a= 182. 
Compktih^ the sqoaie . . - 

. i[x»—xy 7^ 4 (a*— a;) + 1 « 629, ^ 
whence ^2 {«i~a:) — I » :^23, 

and ' a?« — a: =a.l2,or — 11, . 

4 3fir- 4 a? +1 = 49 or — 4a, 

and afBk4,^^8or ^ --. 

1& 
Ex. 19. Given, a?*— 6 ma* + 2Tin«a? «* -j mS to find the 

values of a;. 

>tfiM. J(S±v'47) or |.(8db\/7). 

Ex. 2a. Given «■— 2a?;f +2ar~-v/a?r»6, to find the 

values of ar. 

ii >. t -g±V-ll 

^ MS. 4, 1 or -; ^^r^ T-. 

8 7 

Ex. 21. Given ^/x = —7 -r^jtofindthevaluesof a?. 

X \rx — » 

\An8. lOorl. 

Ext- 22. Giv^ii ^12,—^+ Jx^ — ^ = a^, to find the 
values of a:. ^ JStns. ± 2 or ± v^ — 3. 

13 ' - " 

Ex. 23. Given ^ +-^ ai" — 89 « « 81, to find the vatues 

/, ^o -13*v^=n[55 

of a?. •4fw. ± 8 or 5 . 

&.24.Givenlt^ + i«+5^^ to find Ae 

values of a?.^ a r^ ^ 

Ana. 9 or -37;. 
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. x+ ^x „ 5 
whence, r-r- » 2 or — r-. 



H<^, if w« Multiply both ihfimbers of the equlatKm I7 

— s/x^ ^ 

Clearing of fractions, we have ' 

3 
whence v'a? = 3, or -=-, 

... . a:«9,or ^. ^ 

Ex. 25. Given =r — =— ^ ^^Ti— "^25 — , \ , to find 
2 a: — -v/^ 15 2a? + v^a? 

■ ' ' . '^■' • 49 

the values of a?. .*^n*. 4 or :r— . 

- ■ - 18 

Ex. 26. Given tAx r— - + Ji — . ^.s ar to find- the va- 

. ^ X ^ tic 

lues of ar. - Am. 3- ± 5- ^^5. 

Ex. 27. Given ^5T« + ^80— a? « 5, to find the va- 
lues of 2?. ^ w^n«. 8or22. 

Ex. 28. Given AJa?*— ^ + Ja« — ~= -, to find the 
N aj« • ^ a^ ,: a 

.values of a?. -Jin*. ±ii^— ~— ' 

values of a:. Am. 3 and 1, 

Ex. 80. G.ven ^^^^ ^—J-^ _— .tofind 
the:,ah«»f X. -.^^ 4««d tS- 



Digitized byVjOOQlC 



166 QUADBATIC EQUATIONS. 

Ex. 81. Given ar-*--9j?-»+20» 0,io find the yalues 
*^^^' JlnB. ±iv'6ahd±i. 

Ex. 3^. Let X 4- ^/x : a: — y/x : : 3 Va? + 6:2 x/a?. 
What are the values otx\ Atu; 9 and 4. 

Ex. 33. Let x*^lt x + v^a:* — 7a: + 18 « 24» to find 

the values of 0?. 

■ a n o 7± 4/173 
•tfiw. a?fi=9or — 2 or 5— -• 

r 

Ex. 34; Given a:«(a*— 4)-« + ^^^=» ^ , to find 
the values of a?. 

Ann. ±3 ^d ± j^ V^^^oT 

' Ex. 3 5. Giv ^n ar »VT+T+ 4 a?« + 16 a: = 21 a?v<«+"4 
+ 84 v^a? + 4, to find the values of ar. ^ 

/»^ >! lo Q 49±V3185 

warn*, — 4, 12 or — 3 or ^-- — — . 

2 

Ex. 36. GSven J « ^ £. + Jar^^»=, a?, to find the 
ralues of a;. _ 

Ex. 37. Given «ra:'-g^ + -g- = |^-8^+5,to,find 

the values of a;. 

Am. 2or — -^ or— —4:^-^—266. 

Ex. 88, Let ^(?1^) + JV^lT^ ^:| to find the 
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Ex. 89. Given 

8— ^^^a? ^ 4 + v'ar "*" (8^3v^ar] (4+4/ar>' 
to find the values of a:. Ans. 93 or 7. 

Ex.40. Given2;r^(a? + fl?)J *=2 a:*(ar + 2«)+fl*(a?— a), 

to find the values of x: /. « 

wQfiw. — or — a. 



131. The most general form in which a quadratic con- 
taining two unknown quantities can be presented, is one 
which contains the squares of the unknowns, their products, 
and first powers, besides an absolute quantity. Such an 
equation is 

oa^ + h^ ^of^^dx + ey +/.« 0. 

132b If between two such equations we eliminate one of 
the unknowns, the resulting equation will be of the fourth 
degree. We cannot, therefore, in general, solve equations 
of this nature. There are,' however, manf cases in whiph 
such reductions or combinations may be made as shall re- 
duce the result to a quadratic form. The methods of. per- 
forming this must depend on thie ingenuity of the student. 
If, however, he has thoroughly mastered. the preceding sec- 
tion, and that on pure equations, hie will find comparatively 
little difficulty* ^He will also see, in the examples which 
follow, most of the more important artifices employed. He 
should study the examplies that ^re solved, carefully, until 
he has made these artifices his own : his own ingenuity must 
then do much of the rest for him. "* 

In all cases where one of^he equations is of the first 
degree, th&> equation resultin^g- fro'm the eUnjination cannot 
exceed the second degree* Such equation^ are, therefore, 
readily solved. 

Examples.' 
Ex. I. GivenJ«^^| = 18| ^^^^^^^^j^^^f^^^^ 

Here, from the first equation 1/ es 18-^3 ir, 
whence y» «» 324 — 108a: + 9a*- 

14 
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Substituting this in the second ^uation, 

we have a:«+64&— 216 i + 18 «■ «43, 

whence 19 ^ — 216 a? a — 605» 

••. cempIetin^.thQ aquai^ 861 a:*— 4104 a; + 11664 ^ 169« 

and 19a?— 108a=±ia, . 

whence 19 a? :^ 95 or 121, 

. .\ 121 

and « SB 6 or -777-. 

19 

Ex. 2. Given ix + yt^W^io fifid the values 

2a:«— a?y + 3y«ste545 of a: and y. 
Prom the ^first equation y =» 10 —• 2 ;cj 
whence y« = 100 — 40 a? + 4aj». 

Substituting this in the second equation, it becomes 
2a^--10a?rf2ar« + 300^120a: + 12a»»^64. 
Whence 16 i» — 130 a? « — 246/ 

•*« completing the square 

256 a?« — 2080 a? + 4225 = 289, 
and extracting the root 16 2^ — 65 a -b 17, 
whence . , 16 a: =» 82 or 48, 

••• . X =8-5- or 8, 

and ^BlQ~2ara-7^or4. 

Ex.8. Let a?y«15 

and — + 2- 4B= 10^=^^ to find the values of x and v» 

y a: ' 15 . 

Multiplying the twot equations, we ha^e 
. ^ a:»+y» =-152, 

whence ai^ + xl^^sa 152 «", , 

but ay — 8375, 

.•. by subtraction . a?* a 162 «■— 58875 
and «•— 152 aj«=^— 3375. 

consequently a;>8Bs27or'15S5^ 

and ' a? iead dr5^ 

y p"^ or 8, 
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^Ex.4.Let ^+y-l^^tofindtheTaluesofzandy. 

Put Ik a=Ba + 2r andy saa— jK, 

then a? + y =t 2 a «= 10, « 

Also (Art. 85,) ac* =^ + 4 (it»2r + O'a'a;' + 4aa^ + z*, 
and y*ssaa* — 4a?z + 6-a^— 4 «;»» + ;?:*, . 

/ a?* + y*«2a*4:-iaa«2r« + 22:*=:2482, 
and by transposition, &c;, z* + 6 a'2* =a 1241 r— «*» 
or substituting the Value of a 

;?*+150z*«616r 
Completing the square and extracting the root 

whence .^ z :?» d= v^^54 ot zfc 2, 

and x^s^a + z ^^dcz^/ — IMorTor^, ' 

y am a — jr ss= 6 lip V— 164 or 3 or 7. 

Second Solution. From the 1st we ha^e 

(a?+y)* = i» + 4ar«iy + 6aj^« + 4a?y« + y*« 10000 
but a?* ^Ty*«2482 

.•. by subtraction 4i»y + 6a:^« + 4ay »7518. 

Multiply the square? of the first- equation by 4 ay, and We 
have 4'a?«y + 8^« + 4 ay^ y±, 400 xy.. 

Subtracting this from the preceding, and transposing, 
and 2 x^«--400 xy « -^7518, 

whence a?y — 200 gfy « —3769, ^ 

ay =179 or 21. 
But fitan the Ist a5» + «y = 10a?, 

a?«— ,10 ar = — 179 or ^21, j 

and . X =; 6 ± V^^154, or 7 or 3, 

y ss 6 =p \/ — 154, (Mr 3 or 7, 

^Ex.6. Given or +| - j^^ ^^ ^^ ^^^ ^^^ ^f ^ ^ ^.^ 
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but 2 ay =2/?. 

.-. h^ subtraction aJ* + y« ^ «■ — 2 p. (A) 

buttbepxpductof> a:««_Laj«t ^ av 
the Ist and 2d is 5 ^Hl^T ^_2! 

.'. by subtraction s^ + j/^ ==*»— 3 *p. (B) 

.-. by subtraction - af* + y* =»*-^4«^+2;»«.{C) 

.-. by subtracting .a?* + y* «=«*— 5«!^+5sp«.(D) 

The general fohnula is 

« » . n— 8 ^ . . n — 4 

a:» + y« = «»— n»"-> + n . — g-*^"^— »_• — g"" 

Ex./6. Given a? + y i= o^ 

aj'-i- y'= ^» to find the values of a? and y. 

Put Xt/Bsp. 

Then(B)Ex.4. a^' + y' ^^a^— Sep, 

a' — & 

08—6 

But from the first a^ + ary =r aa?, 

.•. by subtraction x'ssox- o-^"# ^ 

and by transposition or — ax^ — ^ — ". 
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/ 

, 46— a« . 
CJompletipg the square 41c'— 4 ca: + a* « ^^ t 

and 2a?--^fl?«^\/v, 8 a /* 

o . a ^/4& — a»\ 

a a " /4 6— d"\ 
and y = «— »=-^=F.2 A Sa ' > ^ 

Ex. 7. CKven a? — y = 2 a 

or*— y?s= 6«, to find the values of x and y. 

Put . « a? sa5r + oandy = ar — a, 
then a:5 = z?+6az*+10fl?«*+10a«2?+5«*ar+aS 

attd y? « z*-5 a;r*+10y;?r«— IP «^^+^ a*ar-a*, 

... x*— y5=al0a;j*+2arf»z»+2^a» = 6*. . 

Transposing and completing the square, we have 

and . ^«^^^[--^"M-lm^)S^ 

Cpnsequendy a? == a it v' ^(if *^\ lOa ) 5 * 
and y^—a:^s^Y'f^;^^\—;^^)y 

Second Solution. Divide the second equation hy the first, 
and we have 6* 

\a:* + a?»y + a:*y* + 3^ + y* = g^v 

But («-y)*==ar*—4a?'y+6a:»y*--4a?y«+Sf^«16a«, 

.•. hy suhtraction 5 ar'y— 5 a?y +5 ajy^ « — g-^^ . 

Multiply the square of the first hy 5 a?y, and we have 
5a<^_10a!?»y« + 6aiy« «2ba'xy, 
14* 
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by subtractioa 6 aY = o ' -^ ^ ^^» 

5a*y» + «0<^j?y«: — ^^ — , 
or dy + 4d»jy— — jg^^ — . 
Completiog the square a^ + 4 chy + 4 n^ «= — X , 

consequently ay = — 2 «• rfa^^ 7! . j, 

but froDi the Ist a?* — aryn 2 oa?, 

Ex. 8: Gl™. l^+p';™^ ■„ tod ,1,. ™lu« rf , 

and y. ' , ^ , 

Assume x » v^, then a:" = tiy and ary = vy\ 
Consequently we have from the 
first equation y^ + vys = tO, 

and from the second <^y* — y* «= 12. (A) 

Dividing the first by the second, 

we have * , « -s-» 

w i— I 6 

6t;» + 6v »3&t;— 35. 

Consequently 6 «*— .29 1? = — 35, 

, ■" '7 S"' ^" ^ ■ - '• 

*''* .. '^^3'''2- 

Substituting the first value in (A), it becomes 
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or 7y«— 3y»=:3©, 

whence . y =b ± 3, 

and « =s vy ^ ± 7. 

If the second yalue of v is substituted in (A), it becomes 

|y-_y«=,12, 

whence ^ 8 j^ 55=34; 

and y=a±2V2, 

These, equations might be solved by finding the value of 
X in the last equation, and substituting in the first. Thus, 

12 

From the second a:«-^+S^» 

144 

aj« + ary = -^ + 34+y»+12 + y» = 7a • 

Clearing of fractions and; transposing 
2y*— 34y. = — 144^ 
whence y » ± 3 or ± 2 v^j 

and x.^^+y 

=:i7or ±5-v/2. 

Ex. 9. Let X + y +s/{x+y)sB lil^ to find the values 
ai» + y8 =1895 ofa?andy. 

Put . x + y^,s, 

then from the first . « + V"* ^ 12, ^ 

whence 4 « + 4 v^* + 1 = 49, 

and . ^« = 8or— 4, 

a? + y s= « « 9 or 16,^ 
consequently jc" + Ba^ + 3 ay» + y" s- 729 or 4090. 
But a^ . + y8 « 189. 

By subtraction 3 ot^ + Socy^^ 540 or 3907. 

But 3a:^ + 3 aiy" s^ 3 x^{x +y) =*: 27 ay or 48ay, 
consequently ^ 27 yars 640, 

or 48ay=;=3907, 

and .^=»^o'-4Q-=»81^. 
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But " . a> + y=: 9or 16, 

W835 
3*' 

and y=.4or5or8=F-^-^ g-/ 

Ex. 10. Given x:+ xy + xi/» + xy^ = P? to find the 

values of 0? and y. 

Multiplying the equations respectively by 1— y, and 
1 — i/« &ey Income 

a: — xy* = 15X1 — y). 
and a;«-.ar«t/««85(l-y«), 

••. by dividing the second by the fost, we have ~ 

, i» + a^ = -g-(l+y)-. - 
Dividing this into the first equation, We have 

^ i+y^, 17(i+yr- 

Clearing of fractions and tiansposjng, this becomes 

28^— 34y»— a4y«-a4y + 28«.0. (A) 
Assume y^+l=fmy, 

then 28y*4'56s^ + ^ = 28my, . 

and i-a4y'-T^^.y=->347ny», 

.•. by« addition 

28^— 34y« + 5i6y»— 34y + 28 « 28 my —Miriy*. 
Subtract the equation (A) from this, 
and ^ 90y = 28^y-34-»ny», 

or ^ i4m»— 17>n«45, , 

5 9 . 

whence . m = ^r "" sr> 

:. 6 9 

coiisequenUy y" + 1 = ^y or— *;fy» 

"1 1 -9d=v'i::Ti6 

and y^?orgOr jj--— ^ 

V-1 , i. (23=t:vC116)7» . 
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Equation iA) in the above solotion belongs to a cla«9of 
equations wnich will be -treated of more fyllj hef«ifter. 
(See Remrring Equations.^ It is sufficient to remark 
here, that such equations, wnick ar? characterized by the 
coefficients recufHng in regular order, may always be re- 
duced by a substitution like the above, or by its equivalent, 

Ex. IK Qirea . dw» + « — 90> ,„ «„ . ,, 

and a^ + «jr + a/+ay-90r°fi°<'*« 

values of x and y. 

Here, if we divide the second equafion by the first, we 
have 

y» + i ~ir 

or reducing —^±^^5?.. 

Whence, clearing of fractions and" transposing, 

10y^2Iy»+10y« — «ly+10-*0; (A) 
Assume j^ ^\s^ my 

and 10y* + 20y« + 10«-l^my, 

also — 21 y"— 21 y « — 21 my^, 

.'. by addition lOy*— 21 y» + 20 y« — 21 y + 10 « lOmy 
— 21 myK 



Subtract 


(A) from this, 


and 
whence* 


10 y« = IOmy — 21my*, 
10 m« — 21 m== 10, 


.'. 


■ .5 ^ \ 


but 


y«+la:»my-.-^y,; . 


consequently . y=s2or~, 


and 


^-^-^^orm. 
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The other value g[ m leads to imagiaary results, and is 
therefore omitted. 



Ex. 12. Given ^^±^tp ^-{f-^^-^ ^^ 

and y'— ^ay=»"g"» 

to find the valaes of x and y. 



} 



Considering x as a known quantity in the gecond eqw- 
tion» we have, by completing the square, 

/ — r , a? 25 a: 
whence y — ^v'«=±gV«. 

If in the first equation we . make the first frfu^ioh eqaa) t» 
z, tre have 

1 _89 
- ^ + ?-40' 
whence 40;s«— 89« = — 40, 

A ' ^ 8 5 

and ^=^-5" 8' 

Consequently i±^t|=4or|, 

4 

Substituting in this the first Value of y, viz., -xy/ x^ we 

have 

7 . ' ■ 7: 



a? + 3%/a^ •a^+^g .5 



or-, 



• 1 -"—-T-S-'^g 
whence V* «^ 3 ojf "^"g"* 
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and a! « 9 pr -g-, 

Similarly from the second value of y, viz. t- « ^ ^» *^® 
obtained the values, 

%/a? « -gT or — 4, 

whence a:sa-^OT^o, 

14 4 

and y^^-^or-.. 

Ex. 13, Given a: + y ^ ^ ? ^^ g,^ the values of a: and y. 
•5n*. a?« ^ — ^-^andy=» ^ ^ — ^. 

Ex. 14. Given^ j^« 15^^^^^^^i^^^^^^^^^^^^ 

^f^8, a?«5or — 3, 
yassBor — 5. 

Ex. 16. Given ^-+a:y = 1260 > ^^ ^^,^^^ ^^^^^ ^ 
a? + y=? 1^5 
X and y. - 

wSnff. a: « 7 or 5-of 6 zt 6 v^, 
y««5^or7oir6=F6v^. 

Ex. 16. Gi..n.|^-|g = l|^,„fi^4e valuesof 
arandy. ^ 

Ana* a?;=idb2ordt =-v/7, 

Ex. 17. Given Jf^^y^^O^ to find the values. <rf , 
and^t -^n^* a?ss7 pr 3,ysss3 or 7, 
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Ex. 18. Oiyen * + y + ^^ + y-jg|t^fi„ia»e^. 
lues of X and y. 



^na. a?=i5or4or8=h— ^ 
y s 4 or 5 or 8 =p j . 



835 
■ 3 ' 



a 



Ex. 19, Given x + ymm 7?*^ i: j *l i r 
ar» + f^ A 1267 C *^ ™^ *"® ^^"®^ ^^ ^ 



andy. 



•^9U. a:»4or3 



or 



7i3jv/--ll 
"2 * 



ya=3 or 4 or 7 =f8V'— 11 



Ex. 20. GitenVy + \/J? : \/y -=-\/ a? : : v^ q? + 2 : 1 



to find the values of a: and y. 






a^^ + i + v' 



Vy 



} 



.¥h». a? = 1 or -^, y aas 4 or -^. 



Ex. i21. Given a? + y + ^.= 25" 



y, and z. 



^ a:y F= 6 V to find the values of a*, 
y> = 60j 



3 



30 



Jns. a?=2 or yr^.V ~3 or 22, ahd ;? = 20 or ^. 



ir 



Ex. 22. Givena^+-»«wa±= 252?/ ^^4.1. _i r 
ary —21875 ^ ^^* *® "^^^^ °^ 
a;andy. 

-itfiw. aj«=b9ar:i:9v^— lor^zh|-ordb%J-r-|v'3, 
y«:=d=i or =fciv^--l or ±27 ylor d=2r J^ 
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Ex. .23. Given y*— 432s=r 12 xy^} , a a .x. ^ 

y»« KJ+ c^xy y^^"^^^^^"^^^^^^^^ 
a?aiidy. .^n^. ar == 3, y « 6.. 

foe. 24. Given 2cy + a?^ 

* to find the values of 




r 3 7 i 

-U = -i4v^3.y = ^. 



or and y. 

Note. — In the following' examples but. one te^ult is 
given 5^ the student, however, should always obtain all the 
answers. ■ 

Ex. 25, Given ar^y' + a?y =e= 2900 ) / ^ , , 

ary + a?^8 ^ 64100005 ^^ °^^ **^® ^- 
iues of ar and y.- ^ , - . w^n«. a!? == 5, y = 2. 

Ex.26. Given a?«-f^j(«—^—y=r 249740? , /^ , ., 
^y + a: + y = 8516 ^^ ^.^ fi^<i the 
values of ar and y. .^n*. a; = 5(J0, y = 16. 

Ex.27. Given ^.^ + 86- = 85 ,^ " " , 

valued of a? and y. . ; 4nB, x^Zi4 y^% 

Ex.28. Given 7a? —3y=== 29? ,. ,,, , 

2 a;^ + 4 V* = 66 S values of 

^ and y. / - w?«^. :p *= 5, y =* 2. 

Ex. 29. Given a^y + ajy» ==; 120 ? ,. zr 5 .u i 

of X atad y. ; ^ w^n*. x^ 5, y = 3, 

Et. .30. Given a?, + y + a?y = 34 ? ; . , ,, ^ , 

. I« + y» :=62S-^ ^^* • '^^^ 
of x and y. ^rt». a? s-^O, y « 4. 

16 
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ralues of x and $• ^ni. » «« 11, y « 7. 

and (aJ«+y)»+a:-^y = 2a^(ai«+y)+506j 

to find the ralues of x and y. , AnM, a? » 6, y os 3, 

138. Qixestions producing Quadratic Equations, 

The fbUowing questions, though given unde? Quadratic 
JSqucUians^ may many of them he solved hy simple, or hy 
pure equations. The student should endeavour to work 
them out in as many difierent ways as possihie ; it hein^ far 
more important to acquire the Command of uoalysis Wnich 
such exercise will give him, than merely to solve any given 
numher of examples. . 

^ Examples. 

Ex. 1. A merchant sold ft quantity of cloth for §39, gain- 
ing thereby as much per cent, as the cloth cost him. What 
was the cost of the cloth ? 

Let 0? =s the price of the cloth, 
then X SF the gain per cent. 

sc x^ * ■ • 

•*• 100 * * "° 155 "* ^^ gain on x doiku». 

Consequently —.-^a?. a«39; 

and a;« +10pars.3000. 

Whence we readily obtain . ' 

or » 80 or ^130, 

The last value being excluded by the nature of tbe.pioh- 
Jem, the price was 30 dollars. 

Ex. 2. A bought linen and muslin for (10^60, the whole 
number of yards being 60 ; and each cost as Jnany cents 
peT yard as there were yards of the other. , How much of 
each did he pufobaaf. f ' ' . ■ 
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Let ^ X *atthe number of <yard8 of lineB, 

dien 50 — X a; the number of muslin, 
also 50 a: — a?* = the cost of Ihe linen in cents, 
and 50 x-*- aif s^ the cost of th<3 muslin, 
.-. lOOar — 2x^«l<)50, , ^ 

and a:»_50a:« — 625, 

••. ' xss 35 or 15 the number of yards of linen, 

and 50 — a? as 15 or 35 the number of muslin. 

Ex. 3. The plate of a looking»gIas9 is 35 inches by 27, 
and is framed with a -frame of "equal width all round it, tha 
area of the frame being half that of the glass. What is the 
width of the frame ? 

Let X as the widlh of the .fifame in inches. Then the 
length of the glass to Iheoulsid^ of the frame is 

36 4-2X, 
and its breadth 27 + 2 a:. 

••. (36+2«)(27+2ar)=±r972+126a:+4a^«thewholearea, 
and * 36 X 27 s= 972 » the area .oTthe glass. 

Consequently 4 ar* -f 126 x == 486 s^ airea of the frame, 
and 4 a: + 63 = =b v^5913 = ± 77 very nearly. 

Hence 4a? » 14 or-:- 140, . 

and . . rpaaSithe breadth required, the negative 

result evidently DOtaniBwering the conditions of the problem. 

Ex. 4: A and B hired a pasture, in which A pat 4 
horses, and B as many as co3t him. §4.50 pi»r week. B 
afterwards put in 2 more horses', and 'found he must pay $5 
per week. At what rate was the pasture hired ? 

Let ,x'sm the number B put in tit first, 

450 

then — = the codt per head in cents, 

x ^ 

- >. 450 1800 . . .. 

and 4 x =» = = the sum A paid. 

X X ^ - 

.'. -f 450 « the price cf the pasture. 
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X + 6 : X + 2 :i ^^^ + 450 : &00 

X 



In the second case the numher of horses is x + 6. 
::l??? + 460:500 

X 

:: 1800 + 4600?: 600 ar, 

consequently, (Art. 43,) 

600a:* + 9000x:« 450 0^ + ^002? +3600* 
Transposing 60 x* + 300 or « 3600, 

whence v a^ + 6jpa=72, 

and a? 55= 6 or •— 12i 

^ + 450 = 760. 

X 

Hence $7.50 wais the price of the pasture per week. 

EiX.. 5. Tliere are four nundbers in arithmetical progres- 
sion, the product of the extremes being 22, and that of 
the means 40. What £ire the numbers ? 

Let X — 3 y ^ X — y, x + y , . and x + 3 y represent the 
numbers, then we* witf hate 

x* — 9y^=^23 
- or^ — ys =40. 

Whence x and y are readiiy foui^d to be 6| and 1|. The 
numbers are consequently 2, 5, 8,. and II. 

Ex.. 0. A starts from Philadelphia, towards Pittsburg, 
travelling uniformly at the rate of 30 miles per day. After 
he h^d been gone 2s days, B starts in pursuit, travelling 
15 miles the first day, 20 the second, and so on in arithme- 
tical progression. In what time will he overtake A ^ 

Let X = the number of days' required, 

then X + — =B the ijuipber A travelled. 

Also 30X+76 =a the. whole number of milds A travelled, 

7* 25 X ■ 5 X* 

and, (Art. 59,) | (30 + (x - 1) 5) = -^ + -^ = the 

distance 6 trarelled. • 
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or transposing, &c., a;^ — 7 a: s±= 30, 
whence a? =* 10 or.— 3, 

The first of these answers the oonditipnd required j as for 
the other, it would, indicate that B overtook A S days before 
they set out, which is manifestly absurd. Had the question 
been stated as below, both resuhs would hare applied; 

A and B are tratelling the iteme road. A, proceeding 
uniformly 30 miles a day, arrives at Philadelphia 2^ days 
before B. The number of ^miles B travels each day forms 
an increasing arithmetical progression, the common difiler- 
ence being 5, and the number of fniles B travels the day he 
leaves Philadelphia being 15. How many days from the 
time B was at Philadelphia were they together f 

This question will give th6 same equation as the former, 
and the results, 1,0 ai^d -^ 3,- indicate that they would be 
together at two points on their route, viz., 3 days belbre and 
10 days after B left Philadelphia. 

Ex, 7. It is required to find four numbers in proportion, 
such that their siim may ba ^, the sum of their squares 
130, and the sum of their cubes 980. 

Let w^, Xf y, and z represent the numbers. Then we 
have ' \ 

ti? + a? 4- y + 2: =s 20 
tt>« + a?+y»4-«"-=130 

Assume ' x + y sb s sni xf/» p. 

Then w + z'^ 20 -^ « and wz « jpi (Art. 45.) 

Also (Ex. 5, pdge 169,) 

a?»4.y»=:»a — 2j» ^ 

ia« + ;j«=ai,(20 — »)« — 2;> = 400^4(>« + «« — 2j?, 

.-. to* + aj« + y»+ 3:* « 400 - 40 « +2 ^»;- 47) =130. (A) 
A|;ain, (Ex. 5, p, 169,) a» + y» ?= ^— 3 jrp. . : 

' fe» + 2:»=*(20 — «)«— 3(20— «)p, 

«8000— 1^00« + 6O«»— «»-.60;) + 3«p, 

.'.u^ + 3fi + l/^ + z^ = 8000 — 1200 «+60<«— 6C^« 980. 

From (A) 6000--^ *+30^->flC^«19 60, 

2000--.600* + 30«« -. — 970, 

and 9^^20«ap— 99, 

16* ' 
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consequently 


» = llor9. 


whence (A) 


/^ ^ 18, 


or ^ 


ar+y =» 11 or 9 and ay =;= 18, ' 


and 


ar=9.or6, 




y ;= 2 or 3, 


also : 


w + z^W — 8^9QrUt 




WZ ssi 18, . - J 


• • 


U;s=6or9, 


and ' 


~> = 3or2. 



Hence the numhers are 6, 9, 2, and 3. 

Ex. 8. The- sura of 'five nppibers in gedmetrical progres- 
sion is 31, and the sura of their squares 341, to determine the 
numbers. * ^ 

Let — ; a?,' y, «, -^ be the^ numbers, 

y ^ y ; . 

Then ^ + r +.v + 2: + — =31. ^ ' 

y f y . , . 

and ^ + a« + y^ + z^ +|-* =1341, 

also a:j2rss=y«,, ^ 

ftut a: + i::Fs«, " , . . 

then a?»'+a:« = «« — 2y«,,.,(%. 6,p. 159,) 

and -^ + -.=-^ ^2y, 

y y y ... 

or , aiy — «?+j^'— .«y = Q:, — „ / (A) 

■ - ic? z' - 

But, ftom the Ifirsf equation — i + i- s=:31 — « -^ y» 

.-. ^+2a.z -).^ = 96J — 92»,-.68y + «» -j- 2 43, +y», 

but J? + y* -f a:* = ■«' — r ff< 
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by addition, 



To this equation add twice (A) 

and 961 — 62*=b341v 

whence 62«==:620, 

and . ^ = 10/ ^ 

Substituting this value in (A,) we have by reduction, . 

y + 2ly±=100, : ' 

whence V *='4 or — 25. ' 

The latter value will lead' to imaginary Tre$ults. 

We have also x + z-sssYQ^ . 

and xz =s y" = 16, 

whence. " ar =s 2, and z 8?= 8, 

x^ ' z^ ' 

— ?= 1, and -^ w 16, 

y y 

and the numbers are 1,. 2,. 4, 8 and I6L 

The above solution is froni Simpson'^s Algebra, and is re- 
markable for the beauty of some of the reduction^. The 
following, on the principle' of recurring equations, though not 
shorter, is- more direct. 

Let Xy xy^ xy^^ xy^ andj::^* represent the numbers, 
then X ^ xy^-\' xy* + xy^ + Xyf ^^^\y 

and '. of + x^y^ + x'^* ■\' x^^ -f- s^^.^Ml^ 
divide the second by the first, 
and ar-^rcy + ary» — ary'-f' ^y*=» 11, 

add this to the first, . • ^. , , " " ^ 
and 2ar + 2a:y» + 2a:y*=:42, 

also 4)y subtraction ^txy + 2xy» = 20, - 

.'. , 20y^4-20y* + 20s*=42y« + 42y, 

and by transposition 20y^^^2y3+20y«— 42y+20==0, 
or . 10 y*— 21 y»+ 10y«— 21 y + 10=0(A). 

Put y»+l:=my, 

then ''''' ' lOy* +2Qy«+ 10 = lOmy. 

Sub't (A) from this, ani} 21 y» +10y» + 21y = 10i»y» 
but , 21 y« , + 21 y « 21 wy", 

.-. by subfrfjction ^ 10y« = \0m^ — 21 my\ 
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or 
whenee 


5 2 


consequently 


y'+i-ly. 


and 


y-2ari. 



This, subetituted in the first equation, will give 
a? « 1 or 16, 
whence the numbers are 1,12, 4, 8 and 16. , 
The second value . of fn will lead to imaginary results. 

Ex. 0. It is required to divide a line of Ih yards In length, 
so that the rectangle of the whole and less part may be 
equal to the square of the greater. 

^n». The parts we -^ ~- + -jr- y^G.and -jr -^ -^ \/5* 

Ex. 10. Bought some Cloth for td4, for which I paid #2 
more per yard than there were yafda in length. How many 
yards were there ? ^ Atii-. 4.. 

%ii* 11. The product of two numbers is to their sum as 
three times the less is to .5, and the difference of their 
squares is 80. What are. the numbers ? * Ana, 12 and 8. 

Ex. 12. Divide 100 into two such parts, that if each be 
divided by the other, the sum of the <|uotients may be 2r--. 
Am, The parts are 86 and 66. 

Ex. 13. The leiigth <^ a room exceeds its breadth by 8 
feet, aiid the number of yards required to cover it with matting, 
four feet wide, exceeds^ the number of feet in the breadth, 
by 20. Required the dimensions of the room. 

w^«. 28 feet by 20. 

Ex. 14. A gentleman has a rectangular yard, 100 feet by 
80 ; and wishes to make a gravel walk of equal width half 
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round it. What ^nst be its breadth in ordet that it may 
occupy I of the ground ? Ans. 1 1'8975 feet. 

Ex. 15. The product of two numbers is 156, and their 
sum added to the s\im of their squares is 338 ; what are the 
numbers? ^ . ' '■' Arts. 12 and IS. 

Ex. J6» The fore wheel of a carriage makes 6 revolutions 
more than the hind whjeel in going 120 yatds; but if the 
periphery of each wheel be increased one yardj it jsrill make 
only 4 revolutions more, than the, hind wheel in the same 
distance. Required tiie circumference of each;. , 

,' . Jtns. 4 yar^s and 5 yards'. 

Ex., 17. A certain number consisting of three digits in 
geometrical progression, i^ to the sum of its digits as 124 to 
7: and. if 594 be ^dded to it, the digitsr will be inverted. 
Required the ffumber. . Ans.i48. 

Ex. 18. A sets' out from: Philadelphia to travel east, at 
the rate of 20 miles per day. /B starts west at the same 
time, and travels 1 mile the first day, 4 the second, and 
so on in arithmetical progression. In how many days will 
they meet, ai^d how far will each hafve gone, supposing the 
parallel of latitude through Philadelphia to be 18921 miles 
in length ? "* 

Jim. 108 days^. A?s distance =:^120 m.j B's =i= 16801 m. 

Ex. 19. A sets out from New York towards Washington, 
and travels 1 mile the first hour^ 2 the secoild, 3 the third, 
and sa on. B starts 5 hours iifter, and travels uniformly 12 
miles per hour. In what time willthey be together ? 

Ans. dor JO hours. 

]Ex» 20, A and B iengage to reap a field for $18*00 ; and 
as A could reap it in 9 ^ys, they promise to complete it in 5 
days. <Findirig, however, th^y were unable to finish it, 
they called in C to assist them the last 2 days, in conse- 
quence of which B received 75 cents less than he otherwise 
would have done. In what tim^ could B or C alone haVe 
reaped the field ? ^ - ' . ', . 

^ nSns. B in 15 days; and C in IB days. 
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£x. 21 . A nmn bougitt two cubical stacks^ of iniy for #123, 
each <^ which co$t A as many dollars per solid yurd as there 
were yurds in the side of the other. Now, as the greater 
stood on 9 square yards more^than the other, what was the 
cost of eaeh ? ' Ms%. #75 and $48. 

Ex. '22. Therfe are three numbers, in geooietricai pro- 
gression whose sum is 7, and the sUm ef whose square^ is 
21 . What are the numbers ? ^ns. 1, ^ and 4. 

Ex. 28. The sum of two numbers multiplied by the 
greater is 104, and the isum of their squares 89. What are 

- - 18 ' 3 

the numbers 2. . ^ns. .8 and 5 or -^ v^2 and ^y/2. 

Ex, 24, The^ are three numbers in harimonical propor- 
tion whose sum is 19^1 ; and the product of the extremes 
4032. .What are the numbers ? ^ns^ 56, 68, and 72- 

Ex. 26. What two numbers are there whose sum, pro- 
duct, and difference of their. squares are equal T 

3 1 11 

. s 4ns. -^dz-y/^ find ^dc^y/5. 

Ex^ 2^*' There are two numbers, the sum of the squares 
of which is JB8, and the cube" of their sum is to- the sum rf 
their cubes as 100 to 37. What are the numbers ? , 

, ' - •^n««'7and3. 

Ex. 27. 'A starts npob a journey^ tfaveUiiig 7 miles the 
first da^, and increasing his day's jour^iey in arithmetical 
progression so that at the end df a certain number of days 
he has travelled 282 mil«s. Now,- bad he gone bat 3 miles 
the Srst day, and incre^ed his day's journey by a number 
of miles one greatet than in the former case, he would have 
eoae 300 miles in. the san^e tifhe.^ Required the number of 
days occupied by the journey., Jins. 12 d^ys. 

Ex. 28. Required to divide a Une of 134 yards tn length 
i^to three such parts that the sum of their squares ma^ be 
6036, and that the first, twice the second, and three, times 
the third may together make 278. 

^ns. The parts are 40, 44, and 50. 
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Ex. 29* There are foar numbers in arithmetical progpres- 
sion, saclhthat the product of the extremes is 3f250, and of 
the means 3900. What are the numbers ? 

w9n#. 60, 55, 60, and 65. 

Ex* 90. The i^um of six nuQibers ^in arithmetical progres- 
sion is 89, ^n<t the siim of squares 199. What are the 
numbera ? > Am» 9^ 4^ 5^ 6, 7, and 8^. 

Ex. 91. Bacchus caught Siienus asleep by ^e side of a 
full cask, and' seized the opportunity of drinking, which he 
continued i6x- two-tliiirds of the time Ktenus would have 
required to empty the whole cask..' After that, Siienus, a woke 
and drank what Bacchus had' left. Had they drunk both 
together it would hare been emptied two hours' sooner, and 
Bacchus would hare drunk only half what he left Siienus. 
Requited the time in which eagh would have emptied the 
cask separately. Ans. Bacchus in 6 hours, and Silequs in 9; 

Ex. 32. There are three numbers- in arithmetical pro* 
g^ession, such that the square ^ the first, added to the pnx 
duct of the other two, is. Ifl, and the square of jthe second, 
added to the product of the other twd, is 14. What are 
the numbensr? ' , . Jim, I^ 9, and 5. 

Ex. 99. A mail beihg ^sked how many years he had 
been employed where he then was, replied that, the first 
year he had occupied the post he had received $500, and 
that his salary had been increased $75 every year. Not- 
withstanding his expenses each year had iabsorbed the inte- 
rest on his mrmer earnings, and half his salary, he had laid 
by $8500. How many years had he been employed ? 

Ans, 16 years. 

Ex. S4; The arithmetic mean between' two numbers ex- 
ceeds the harmonie mean by S^» and the, geometric by IS* 
Whai are the numbers ? v?/?9. 104 and 8^^ - 

Ex< 95. The sum -of two numbers" is 8, and the sum of 
their fifth powers .is 9968. What are. the numbers \ 

. •^(^s. 9 and 5» 

^x. 96. What number is that, which being increased by 
13 and the sum divided by \ the product of the digits, 
the quotient may be equal to 2| times the difierence of the 
digits ; and if 27 be added to the number, its digits will be 
inverted? Ani. 58* 
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Ex. 37. If the , values of gold and silver are as 13 to 1, 
what is the proportion of the two tnetals.in ^ach oil two mix- 
tures, such that thd' value of an ounce of the first may he to 
that ^ an^ ounce of the second as 1 1 to 17 ; hut if the quan- 
tity of gold in each mixture "iBe doubled, then the value of 
one ounce of the fijrst would be to ' that of one ounce of the 
second as 7 toll? 

Ans, The proportion of gold to silver in the first 
mixture is 1 to 9, ^od in t^ie' second 1 to 4* 

£x. 38. The sum of four numbers iii arithmetical pro- 

■ " -25- ' 

gression ia 20, and the sum of, their reciprocals ~. What 

are the numbers ? w^as. 2, 4, 6, and 8. 

Ex. 39. There are five whole numbets, the first three of 
which are m geometrical progression, and the last three ia 
arithmetical progression, the common diierence being the 
second number. The sun| of the last fQur is 40, and the 
product of the second and fifth is 64. Required the num- 
bers. ' Ans. % 4^ 8, 12, and 16. 

Ex. 40. There are four numbers in arithmetical progres* 
sion, which, being increased by 2, 4* 8, and 15, respectively, 
the results will be in geometrical progression; Required 
the numbers. - -^w*- 6, 8, 10, and 12, 

Ex. 41., There are three numbers, the difierence of whose 
difiTerences is 3; their sum, is 21 ; and the siim of the 
squares of the greatest and least is 137. Required the 
numbers;. .^m. 4,^6, and 11. 

Exr42. Tbe sum: pf four numbers in geometrical pro- 
gression is 30, and the sum of their squares 340^ . What 
are the numbers ? Am. % 4, 8, and 16. 

Ex. 43. Thte sum' of five numbers in geometrical pro- 
gression is 242, a,nd the sum of theit sqUales 29524. Re- 
quired the numbers. Ans. 2, 6, 18, 54, and 16?. 

Ex. 44. The sum of the first and last of six numbers in 
geometrical progression is 488* and the sum of the four 
means is 240. Wha:t are the mimhers t - 

Am. 2, 6, 18, 64, 162, and 486. 
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. ^ CHAPTER yil. 

ON THE PkOPERTIES AND SOLUTION; OF EQUATIONS^ 

.SECTION I. 
On the FundarnerUal Properties of EqiiaHons. 

134. Any :7aiue of the unknown quantity that satisfies 
the conditions expressed by the equation -is called a root of 
that equation. We have all-eady seen that quadratic equa- 
tions have two roots; we shall hereafter show that every 
equation has as many roots as there are units m the number 
of its degi^e* 

135. If a be a root of the equation, 

then will the leA member of this equation be divisible i>y 
(a? — tf). IP'or if said tli vision leave a remsiioder », we will 
nave (ft representing the. quotient) 

aj**^ Aa*-*+ <fec., =:(a: — o)arf / =0. 
But rx-^a^O .•. 5 = 0, ' 

Cor. The converse of this proposition is evidently true. 
For if x — q be a factor of the equation, 

V = a;^ -f Aa?'*-* . . . . Pi + R =; 0, 
the quotient being ft, tve have 

:V=*(a:-.«)Q.= 0, ^ ' ^ - -^ • 
which may be satisfied by making x^as^O^ that is 
x^a* . X, 

136. Every equation has as many roots as there are 
units in the index of the highest power of the unknown 
quantity. 

Let a be a root of the equation 

V + Aa?"^' Px 4- H = 0. (A) 

Then by thte l^st article this expression is equal to 

{x-^a) ia^-' + A,a?»-^ ^. + N,a? + PJ.», 0. 
16 



Digitized by VjOOQIC 



182 FDinDAMENTAL PBOPEBTIES OF EQUATIONS. 

Now this equatioiL may be satisfied either by making 

a? — a«0, ora:— * + A^a5^-" N^a: + P^«0, 

the fonner of which gives x^bq, ^ 
If 6 be a ipot of the second equation, this may be written 

{x - 6) (a--" + A^-» .... N,) =- 0. 
Pursuing Uiis investigation^ the original equation will be 
decomposed into the factors x — a, a; :- 6, &c. So that we 
will have 

ir» + Aaj"-» + Bai"- " . ". . Pa: + R « (a? — a) (a? — 6) 
(x^e) .... (a:— p) =aO. 
But this last e(juati6n is satisfied by making 
a? as a, b, c ... or p. 
Consequently these are roots of the equatibn (A). 

This ^emonstratidn assumes that every equation has at 
least one toot. 

Cor. 1. It must hot be understood that these, roots are ne- 
cessarily all different. In fact any number of them, as a, 6, 
c, may be equal. . In such cases these are still considered 
separate roots. If two of the roots are equal. to a, th^ equa- 
tion will evidently be- divisible by (x'-^ay. If there be 
three roots equal to a, by (ar — a)'; and so, on for any 
number. - ^ • 

Cor. 2. Since the equation 
aj* + Aa?" ~ *> . .\ Pi» + R =s IS equivalent to 
(ar — a) (a? — ft) (ar — c) . . . . (ar — />) a=- 0, 
we must have, (Art. 81,) 

A sai the sum of ^h^ roots with their signs c'hanged. 
B =9 the sum of the products taken two and two. 
C ss the sum of the products taken three and' three. 

P « (n — l)and(n— 1). 

R aft the product of the roots*^^ 
The signs being understood as being changed in every case. 

137. No equation has more roots thaa theirs are units in 
the index of the highest power of the unknown quantity. 
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Let V^ sr + Azr-^ Par + B s= 

t)e an equation whose roots are a, ^, c ^ . . . />, we.^will have 

V =s (a: — a) (;i? — 6) (x — c) , . .>. (a: — ;)) « 0. 

Now,. if possible, let a' be a root- differing from either of 
these, then we will have, by Substituting tma value in the 
above, 

V « («^ ~ a) {a! —h) {a' - c) . . . . (a' - ;?) « 0. 

But this equation is impossible, since none of the factors of Y 
is equal to 0. 

138. If an equation has integral coefficients, that of the 
highest power 'being unity, the roots cannot be rational 
fractions. 

Let, if possible, d? ss r-t- <rand h being prime to each other, 
be a rooi of the equation, - 

V =4: a?" -f Aa?""^ ' + Ba:"-* &c., = 0. A, B, 6bc., being 
integers: then we will have, substituting r for a?, 

Multiplying both membeiB by ft"""*, the equation becomes 
^ + A(f'-' + Bdr-^b+ R*"-' = 0. 

a*' 
Now the ^t term,- T-9 is a fraction, while the remaining 

terms are integral* consequently the function cannot. equal 0, 

and, therefore, -z- is not a root. . 

' 

Cor. It follows froni the above, that the roots of an integral 
equation, of which the first coefficient is unity, are either 
integers, surds, or imaginary quantities. - 

NoTE.*-We shall; in wliat follows, consider the first co- 
efficient unity, and. the others integral.*^ The propositions 
will in this way lose none of their generality^ as we shall 
find hereafter tnat any equation, whose coefficients are frac- 
tional, may be* transformed into another of the kind Required. 
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139. If the signs of the alternate terms of an equation be 
changed, the sigfns of all the roots, will be changed. 

Let a be a root of the equation 

a-»^.Aa?"-» + Ba^-« Pa: + R = 0. (1) 

Then will — a hi^ a ro6t of the equation 

a^— Aa^-^' + Ba:''^'. . .. ±P^=FR = 0. > (3) 
or — af + Aar*-* — Ba:"-* . . . . =F Par± R «0. (3) 
These kst equations are evidently identical.' 

If now we substitute n in equation (I), and — « in (2) 
and (3), the results w:fll be 

' a» + A«"-'^+ Ba**-' .... + P« + R, in (1) 
and either a» + Aa"-: ? + Ba""^ . . . . + Pa + R, 
or -^ a" — Art"-* — B^-^* . . • . — Pa — R, in each 

of the others. But these ex{)ressions being identical with 
the first, are each equal to 2ero, and . therefore — a is a root 
of the equations (3) and (3), . > • . ; 

140. , Surds and imaginary roots enter an eqoaticm by 
pairs. So that if a + y/h be one root, a — v^6 \^ill be an- 
other. , 

Fori if (a + \/^) be substituted for x in the equation, 
V = a:^ + Aar*- ' + Ba?**"^^ , , . . Pa? + R « 0, 

it will become , 

V=(a+-v/6)»+A(a+v'6)»-'+ . . &c. =» 0. (A) 

If, now, we expand the powers of the binomial in this ^ua^ 
tion, it will evidently consist of two parts, one rational, and 
one composed of surds. So that We will, have 

T = S + Uv^& = 0. . (B) 

Now, this cannot b^ equal to zeito, unless we have separately 

/ . S = 0^andUv'6c=0, 

and consequently : . S r- U\/6 = 0. 

If we examine the structure of equation (A), we will 
readily perceive that the irrational part, U\/6, of equa- 
tion (B) arises from the odd powers 'rof y/h in the develop- 
ments of the binomials, and must therefore change its sign 
with v^6,'thi8 being, mcareover, all the change that will be 
produced by substituting -- ^/b for + y/h. 
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The substitution of a — ^l) for x in the equation 
V = 0, 
will therefore give 

S - U v'^', 
which we have shown to be equal to 2eTol 
Consequently a -^ ^/h is a root. 

The same demonstration will apply to the case of ima- 
ginary roots. These are of the form 

a±6v^ — 1. . 

141. From what has been said in last article, it is obvious 
that if a + 6 \/— 1, be one imaginary root, a — b y/ — 1 
must be another. The equation will therefore be divisible 
bya? — a — ftv' — 1, and also by a: — a + ^v^— 1. Con- 
sequently, their product ' . v 

a*— 2(3KC + a« + i^ ' . 

must be a quadratic divisor of the equation, and this factor 
is necessarily positive, whatever value we give to a?; for it is 
evidently equal to [x — • a)« + h\ the sum of two squares. 

iCof . 1 . The roots of an equation of an ev^n degree may 
be all impossible ; but if they are not all impossible, two at 
least must be real. 

Cor, 2. Since the quadratic factors containing the corres- 
ponding pairs of impossible roots are essentially positive, it 
is clear that when sdl the rbots are impossible, the product 
of the quadra:tic factors is essentially positive, and tl\erefore 
the absolute number R must be positive. (Art. 136, Cor. 2..) 

Cot, 3. Every equation of an odd degree ha^ dt least one 
real root of a contrary sign to that of the last term ; and 
every equation of an even degree, the last term of which is 
negative, has at least two real roots, with contrary signs. 

142. An equation cannot have.a greater number of posi- 
tive roots t^an there are variations of signs, in successive 
terms, nor can it have a greater number of negative roots 
than there are continuations of the same sign fr(xn one term 
to the next. 

16* 
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Let + -f h -^ + + + be the order of sigtm in any 

equation. If, then, we introduce « new positive root a, we 
must multiply the equation by a; ->- a « 0. " The sigps in 
the operation will he as follows : 

+ +—+-+.+ + -^ 

+ =±=- + - + =b±-, 
in which it is apparent that each permanency 18 changed 
into an ambiguity by the introduction of the new root, so that 
the number of continuations of the same sign cannot be in- 
creased by the introduction of a positive root, and the num- 
ber of signs being increased by oi;iity, there must be at least 
one more variation. Hence the introduction of a positive 
root increases the number of variations, by one at least. 
Now, since in the binomial equation a; -^ a «= we have on« 
variation and one positive root, it follows from what has beei^ 
said above, that the number of positive roots can never ex- 
ceed the number of variations of sign. 

If we change the signs of the alternate terms in the 
above, the. continuations will become variations, and the 
variations, pennanehcies> 3ut, by this change of sign, the 
signs of all the roots are changed. (Art. 139.) Hence, since 
tins equation cannot have a greater number of positive roots 
than there are variations of signs ; it follows that the original 
equation ccmnot have a greater number of negative roots 
than there are continuations of sign. 

Cor. 1. If all the roots are ^a], the nun;iber of positive 
roots will be equal to the number of vatialions, and that of 
negative roots equal to the number of permanendes of sign. 

Cor. 2. This rule, which is due to -Descartes, will some- 
times enable us to determine whether there are. impossible 
roots in an equation. For example, suppose it were desira- 
ble to know tne nature of the roots of the cubic equation, 

Supplying the second term so as to make the^ equation com- 
plete, it becomes ' 

Now,4f we take the upper sign^ there are three penna- 
nencies, and, consequently, there are no positive roots. 
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But, if we take the lower sign, there are two variatioos, and 
tb«refore can be but one negative root* The other two 
must then he imaginary. , 



SECTION n. 
TrasnrformaHon cf Equations^ 

143. To transform an equation into another whose roots 
shall be eapal to those of the original equation inicreased or 
diminishea by a given number., 

Let a?» + Aa?»-» + Ba?"-» + Ca?—' . . . Pa? + R = 0(1) 
be an equation. If in this we substitute y — r for x,. the 
resulting equation will evidently have its roots equal to those 
of the equation increased by r. But as this operation is very 
tedipus, especially for equations of a high degree, We shall 
point out the foUowjnjg shorter method of arriving at the 
same result, ' 

By the substitution nbove proposed we w:1ll arrive at mi 
equation 

y" + A'y--' ^^y^+OY^^ . , ; P'y + R' ^O- («) 

. If in this we put {x + r) instead of yj it becomes ^ 

[x + r)» + A'(ar + r)"-' + • . P'(aj+r) ,+ R' = 0. (3) 

Now, this equation must be identical with (1), since (2) was 
obtained by .substituting y — r for-ar in (1), and (3) jby sub- 
stituting 3i-\'T for y in (2), \vliich is nothing more tmn re- 
versing the operation. 

Since, then, (3) and (1) are identical, if each be divided 
by (a: + r), the quotients aqd remainders must be the same. 
But (3) divided by (af.-f t\ gives for quotiedt (a^-f r)"^* 
-f. Mix + r)*- * . . . . P', and for remainder R-'. If this 
quotient be again divided by j; -f r, the remainder will be 
P'. This operation may be continued,-dividing each quo- 
tient by 07 + v** And the several remainders will be the-eoeH- 
cients of the various terms, beginning with the last. 

Thus let it be required to find an equation whose roots 
^ shall exceed by 4 the roots of the equation 

aj* — 5 a?* + 12 a;« 4- 7 ar — 1 2 « 0, 
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diriding by a? + 4, the ope^tion will be as below. 
x+4)x*— 5x» + 123i» + 7jr — 13 {ai»-'9x» + 48x- 

48a:«+ 7a? 

— 185a:- 12 

— 185 a? -^740 

728, Ist remainder. 

a:4.4)«» — 9a:« + 48a?— 185{a:«— 13a: + 100 

— 13a:« + 48ar 
^ — 13g« — 62 a? 

100 a:— 186 
100 a^ + 400 



185 



a. + 4)ar»-13x+100(:r-iT 
a?* +4 a: 

— 17 a? + 100 . 
-^17a?— 68 . 



— 585, sec(»id rem. 

a; 4. 4) x^ 17(1 
^ x+ 4 



— 21,4tlirem. 



168, 3d rem. 

Hence the transformed ec[uation is 

ar* — 21 a*+ 168 a?8 — 585x 4 728 =0. 

By using 8)mthetic division, this operation will be much 
shortened. Thus: . 



-4 



1 -5+ 12 +7 - 12 
^ 4 + 36 — 192 +740 



1st quotient, I — 9 +48 — 185,. + 728, 1st rem. 

-,4+52-400 

2d quotient l -. 13 + 100,— 585, 2d remainder. 

' 1 --4 +68 
8d quotient, 1 — 17, 168, 3d remainder, 

-4 ' • ■ 

' 1,— 21, 4th remainder. 
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And the equation is as above» 

ar* — JJl a? + 168a;»— 586a? + 728 — 0. 

The operation may be still better arranged thus, placing 
the — 4 to the right, in the place occupied in ordinary divi- 
sion by the quotient, and omitting all the nuiabers in the 
left hand column except the jErst. ThuS' 



1 -5 

-4 


IS T" _ia(-4 
88 -lOar 740 


— 8 

-4 

-13 

- 4 


48 -185 728l8trem. 
53 —400 , 

100 —585, 2d remainder. 

68 , ■ > 


-17 
— 4 


168, 8d reaiaiadef. 



— 21, 4th remainder. 

, To transform the equation Bo*— 4x»+7«" + 8a:— 13«s.O 
into afiQther whose roots shall be less By 3 than those of the 
given equation; 

8 -4' 7 8 ' ^12 (3 

9 15 66 ^ 

6 22 74 210, 1st rem. 

Jl 42 192 

14 64 ^ 266, 2cl remainder. 

Jj J9 ; , 

23 133> 3d remainder. 

. • - _9 "■_'•• 

32, 4th remainder. 

and the equation is ' . 

3 a:* + 32 a« + 133 ic*+266 ic+210= a 

ExAKPUES. 

Ex. 1. Diminish the roots of the equation 
4a* -.32 a* — a: + 8-0, 
by 4.8. : 

The operation will stand thus, 
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4.8 



-82 


- 1 


+ 8 ( 


16 


-64 


— 260 


-16 


— 66 


-282 


16 
















— 66 




16 


. 




16 


-66 


-252 


8.2 


16.86 


- 89.712 


19.2 


— 49.64 


- 291.712 


8.2^ 


17.92 . 




22.4 


— 81.72 




8.2 






26.6 







Hence die tranoformed equation is 

4 «» + 25.6aj^ — 31.72 a: — 291.712 « 0, 
or sfi+ eAx^^ 7.93a?- 72.928«0. 

Ex. 2. Transform the equation 

^r*— 7lOV + 27ar— 18«0 
into one whose lOM sliall be less by 3 than those of the 
gireh equation. ^ns. a?" — a?" — 6 a:' =« 0. 

EiX. 3. Diminish the rpots of ; 

ge* _ 8 a;» + 14 ai* + 4 a: — 8 as 
by 5. Ans. 

Ex. 4. Increase the roots of 

aJ» + 5aj« + 7a? + 29«»0 
by 7.3. Jns, , 

Ex. 5. Diminish the roots of 

2a;« + 3a^^4ir— 10 = 
by 7.. -tfn*. 

Ex. 6. Diminish the roots of 

a:« — 8a:»+16a:» + 7a:— 12 = 
by2. ^;i». i*'^8a?« + 7a? + 18 = 0. 

144. The solution of the last example of the preceding 
article makes known the method of thmsforming an equation 
80 as to eliminate the second term. 
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It is only necessary in the equation 

A ' 
to increase or diminish the roots by — , according as the co- 
efficient of the second term is positive or negative. 

Examples. 
Deprive the following equations of their second terms. 

Ex. 1. aj«--6ar«+«ar — 9=:0. 

- Jln,8: 

Ex.2. a:* + I0a:9 — 4a?» + 8ar— 11±=0.- 

Ex. 3. a' — 9aj« + 26a? — M=0. 

Ex.4. a:* + 8a:*— 6a?— 17 = 0. 

Ex. 6. a:" — 5 ar»+^ a?— 12^:^0.; 

Jins. a^-^^x-^W^^O. 

145. The removal of the second term of a quadratic equa- 
tion leads at once to. the geoeral formula' for its solution. 

Let a?» + Aa? + B = 

be any quadratic equation. 

If we transform it so that the roots may become x' + r, 
the result will be 

a:'» + (A + 2 r^x' + r» + Ar + B =.0, 

and that the second term may vanish, we must have 

A + 2r = 0, orrn=--, 

whence r« + Ar + B = — 1a« + B, 

the equation therefore becomes 
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whence «'«=fc^jA«— B, 

and a?«ap' + r«^:|±JiA»-B, 

which are the Talues^ resulting from the ordinaiy mode of 
Bohition. 

146. To tninsfoim an equation into another, whose mots 
shaU he the reciprocals of those of the given equation. 

This is done hy suhstituting - for or in the given equation 

and clearing of fractions. T^e result will evidently have 
the same coefficients in an inverted order. 

Thus, if Aa* + Baf—»+Cj-— *. . . Pa* + Qjp + R=0 
be an equation, the reciprocal equation will be 

Rjr" + ar-7 '+Pa--«. . . Ca:« + Bx + A =0. 

Cor. Hence we may tran^fonn an equation into another, 
whose roots shall be greater or less than the reciprocals of 
the given equation, by applying the process pointed out in 
Art. 143, to the coemcients taken in a reverse order. 

For example, let it be required to transform the equation 
3 :c* — 1 3 a* + r a:* — 8 a: — 9 = 

fnto one, whose toots shall be equal to the reciprocals of 
those of the given equation, increased by 2. 



_9 -8 7 -18 


8 (,-2 


18 —aO 86 


-26 


• 10 — 13 Ts 


-B 


18 —66 138 




m -09 ISl 




18 -92 




49-161 


. 


18 




61 




the transfonned eq\ation is 




— 9 a- + 64 a* — 161 ar» 4- 161 


ar-aS = b. 



147. If the coefficients of the proposed equation be the 
same when taken in an inverted order, it is evident that the 
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equation, whose roots are the reciprocals of the roots of the 
given equation, will be identical with it, and will therefore 
furnish the same series of roots. The roots of the original 
equation must therefore be of the form , 

a, -; 6, r-; €,--,&€. 
a be 

If the equation be of an odd degree, and the coefficients 
taken in reverse order be of like^ magnitudes as when taken 
in direct order, hut with signs all (iifierent, then will the 
roots of the trjmsformed also be identical with those of the 
original equation, for by changing all the signs of the original, 
which of. course produces no change in the. roots, the signs 
of the corriesponding- terms will be the same, and the equa- 
tions will therefore be identicaL , ,. 

The same reasoning will hold with equations of aii even 
degree, provided the middle term be absent. 

Such, equations are called recurring equations. 

148. A recumng equation of an odd degree haa one of 
its roots equal to + 1, or — 1, according as the tSigns of the 
like coefficients are (/r^*6n^ or a/tA:e, ' ^ 

For, since every power of +,1 .is positive, if the signs of the 
like coefficients be difitrent, the substitutroh of -f 1 for a: will 
render the corresponding terms equal, arid ^f contrary signs, 
they will therefor^ destroy each other ; but if the signs of 
the equal coefficients be the same, ^hen, since? one of them 
will belong to an even power, and the other to an odd one, 
the substitution of — 1 for^ x will, pake the corresponding 
terms equal «Llid of opposite signs. - ... 

149. A recurring equation of an ' even degree, in which 
the like coefficients have different signs,. and whose middle 
term is wanting, is divisible by ar^— . 1, and has of course 
two roots, viz., + 1 and ,— 1. " / - 

For,let;r«"+A«'»-»+Ba:»"-». . ..— Ba«^ Aa?«l — 
be a recurring equation ^f the kind required. It may be 
written , - ♦ • 

ar'«__ 1 + Aar (x«»'-«— 1) 4- Ba^'V"-*- 1) +,&c., = 0, 
the* first member of which i^ ejidently divisible by x* — 1. 

It is moreover evident that the depressed equation, will be 
a recurring one_ of the (2 n — 2)th degree : 
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Yox the resulting equation is 



+1 



+c| +ct +l\ 

&c. Ac. 

which Is a lecturing equation of an even degtee* the equal 
coefficients having like sijgns.' 

1^. To transfoan. an equation into apother whose roots 
mre some multiple or submultiple of the given eqoatioii. ' 

Let af +Aa:*-^4-Ba:»-'. . . . Vx+Ql^O be an equation. 
Put V =« mx or X =.?-, and we have 

clearing of fracCioufi,. and .. 

y+Amy'^-'+Bmy-". . . . Pm"-'y+!am*a=0 
is the required equation. 

This- equation is evidently formed hy multiplying the 
second coefficient by m, the Bd by tn*, ^. 

Cor. 1 . If an equation have fractional coefficients ; it may be 
changed into one with integral coefficients, by transforming 
it so that the. roots shall be equal to. those. of the proposed 
equation, multiplied by the least common multiple of the de 
nominators. 

Cor^ 2. If the successive coefficients of an. equation be 
divisible by m, m", &c., then m is a common measure of the 
roots. 



SECTION in. 

On the LifrUian^ the Boots cfEqwOums. 

l&I. In the numerical solution of equations it is often of 
importance to determine the limits between which (he real 
roots must be found. The limits 6c and 0, are evidently the 
extreme limits, between which all positive roots most He; 
and and ^ oc are equally limits to the negative roots. But 
in order to obtaiB the numerical value of the rools it is evi- 
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dent we must discoyer much nairoiwer liiuits than tl^ese. 
The principal means pf obtaining these will be found in the 
following p(k|t of this section. ' " 

A supeqor limit to the positive roots is a number nume- 
rically greater than the greatest positive root ; and an inferior 
limit of the^ negative roots is one numerically greater, ab- 
straction being made of its sign, tdaia the greatest negative 
root. . 

A supericHT limit is characterized by the property, that 
it or any numbef greater than ft, wheti substituted for x 
iiuthe equation, cause» the result to be positive; ^nd an infe- 
rior limit necessarily produces a negative result, as likewise 
do all greater negative numbers, provided the eqiiation is of 
an odd degree. ''^ 

152. In any eqiiatioii whose second term is negative, andl 
all the other terms positive, the coeffit^jent of thq second 
term, taken positively, is a superior 4imit to the foots. 

Let the eqiiiition be 

a?« — Aa?—' + Bj?»-» + . . . , + Na? + R = 0. 

Now it is evident, tjiat subistitttting A for x renders t^ne 
first two terms equfel; the equation will therefore be re- 
duced to. 

BA«-^ + CA"-'* . . . . + NA + R. 

The result of the substitution is^herefore positive, unless 
A is a root of the equation > 

BA"-« + CA*-» . . . • -fr NA + R = 0, 
which is impossible, ^because it has no ahanges of signs, and 
consequently no positive root. (Art. 142.) 

If any number greater than^ be substituted for x, the fifs^ 
two terms, of — Aaf*~\ giv^ a positive jresult, and hence the 
whole result is also positive. A i^ theirefofe a superior limit. 

153. The greatest negatiye coefficient increased by unity 
is a superior umit. 

Let — D be the greatest negative coefficient of the equa« 
tioff 

a^+ Aoif"^ + Ba«-^ + &c. . . . + Na? + R » 0. (1) 
' Then I) -f 1 is a superior Kmit. 
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Comparing the equation with the following, riz., 

a:" — Daf*-» — Dar"-« . . . , -^ Dor — D « 0, (2) 

it is evident that any numher which is a $uperior limit to 
this will likewise he to the other. , . , 
Now the latter may be ^ritten - 

a?»— D(aj— » + af*-» a?+l) = (^ 

or or— D S ?^^ ^ = o; (Art. 68.) 

If, nowi D -f 1, he substituted for x in the first member 
of this equation,^t beconles 

(D+l)--D^i2J^Zlzi^ =(D+l)--(EH-J)N-l=l, 
a positive quantity. ' .^ 

But if «y a greater quantity than D + 1, be substituted 
for a:, the result 



■->^i^i>'- 



for »"— 1 = («*— 1). 

Therefore, inasmuch as » > D + 1 pr « — 1 > D, 

g"— 1 »" — 1 • '^ '. ■ • . 

C a" ^ I > 
and ,«.-DV1— if > i; 

C 5^-^ 1 J, 

D is therefore a superior limit to the equation (2), and there- 
fore to (1) likewise^, 

154. In any equation of the nth degree, if — Ga?""^ he 
the firstv negative term, an^ -- P the greatest negative coeffi- 
cient, then will Pr + 1 be a superior limit. 

Ccmoeive O and all the subseqaentieoefficients tp be nega- 
tive and equal to — P, which is evidently ihe most unfavour- 
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able case. Then, if ^e substitute Pf for ^ in the inequality 

af>i»(a:"-'+«"''-' ...:.. +i)f (1) 

it becomes: ' ~ : 

P7>piPT'' + P"''^-"-r + ^)- (^) 
Now, the last member of this inequality is equal to 

P7+P^ +P, 

which, being greater than P7, renders (2) impossible. . 

The second meihber of the. inequality (1) is~ equal (Art. 
63) to - 

whieh becomes, by Xhe substitation of P ; + I for z, 

^ p? V . 

«p^'l(p»-+l)«-»+'-ll ' , 

V =!P^{Pf +!)"-»+ '^p4^, , 

which is evidenlly less than (Pf + l)^ and therefore Pr -|-1 
substituted for x satisfies the inequality (0), and as it Is plain 

that any number greater than P« + 1 will likewise, satisfy 

(1), Pf + 1 is a superiOT limit. 

ElUJIFLES. 

Ex. 1. Required & superior limit to the roots of the equa- 
tion, 

a:«_ 5 a* + afar^— 3a: + 39 «0. 
Here Pits^, g5«l^ 

P* + 1 ^ 6, the limit required. 
IT* 
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Ex. 2. a:* + 7ar*— l^a:^ — 49 a?« + 52a? — 13 == 0. 
Here P«49and^:^2, 

P5 + I s= 7 rf 1 «= 8, the limit required. . 

Ex. 8. ar« + llar3 — 25a?^(57 = 0. i 

Ans. The limit ia 67' + 1 « 6. 

Ex. 4. 3a?'? — 2««-^llar + 4 = 0. 
Divide by 3, and 

' 2 ' II ,4 ^, 

and the limit required -—- + 1=5. > 

165. To determine the ' inferior limits to the negatire 
roots, it is only, necessary to chang^e the signs of the alter- 
nate coefficients, by which the signs of the^oots will all be 
changed (Art. 139) ; inferior limits to the negative rootiJ 
thus become superior limits to the positive roots, and may 
be determined as above. 

156. If o, 5, r, &c., be the real roots of f^n equation ar- 
ranged in theorder of their magnitude, so that a >*, 6> c,&c.; 
and if a series of numbers a^, 6^, c^, ^<^m be taken, such that 
«i> «♦ a > ^1, ^1 > ^v^ > f i» c, > c, &c. ; then, if a,» \, c , 
&c., be~ substituted for x in the equation, the first result will 
be positive, and the others alternately negatire and positive. 
^ The original equation is equivalent to . 

. (ar ^ a)\x -- h) (ar— c) .... . '. . ssO.. 

This, by the substitution of a^ fpr ar, becomes 

the factors of which are all positive, ^nd hence their product 
must be positive. 

If 6j be substituted, it becpmes 

V (6,-a)(6,-&)(6,-^c), , 

the first factor being negative, and all the rest positive*- the 
result is therefore negative. 

The substitution of c^ for ic renders two of the factors posi- 
tive, and of course the product is positive^ and so oh.. 



Digitized by VjOOQIC 



ON THE LIMITS OF THE ROOTS OF EQUATIONS. 199 

Cor. 1. Hence, if we find two numbers, which, when 
substituted /or the uqknown quantity^ gire results of differ- 
ent signs, we rnay be certain that there is an odd ninmber of 
roots contained between them. 

Cor, 2. By the substitutioq of the natural iserieis 0, 1, % 
3, &c., taken negatively as 'well as positively, we will gene- 
rally be enabled to discover the r^al roots. Sometimes, how- 
ever, there are two or four or some evfen number of roots 
contained between twjQ consecutive terms of the natural 
series^ fn such cases their existence will not be indicated 
by this substitution. If, for instance, one of the roots was 
v'S, and another ^2, these both being contained between, 
1 and 2, the substitution of these latter numbers would afford 
no indication of them. ^ 

Cofi 8. If the equation be of an even degree, the substi- 
tution of a quantity less than the least root will produce a 
positive result; but if the degree be odd, the result will be 
negative, . • ' 

157. To find an equatiotii \yhose roots are intermediate 
between the roots, of the equation, 

V = a?'' + Aa7''-' + Er'*-' + . ... .'Na;« + Pic-f a = 0. 

The roots, of such an equation being liniits to those of the 
proposed, it is called the //mi/fng* equation. 

In the equation V= 0, make a? =ai/+ r, find we shall have 
tt«— 1 * ^ 

Aa:?»^»=8 Ayr^* +(nr-l)Ary*»-'-|-*..(n^ I)Ar*-«y + Ar^' 
Ba:"-»s= By"-* -|-...{n-i2)Br»r»y+Br^,« 

]?.T = . Py +Pr 

.-. V «=y«+A'y-» + By-^ +... • P'y+g=0,(l) 

in which A', B', &c., are put for the sum of .the coefficients 
of the difierent powers of y; so that 

P'=nr"-»+(n— l)Ar'— »4..(n— 2)Br"-»+ . . . +P. 

If, now, a, 6, c, cf, &c.j be the roots of V =a 0, arranged 
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in ^e order ci their magnittides, the roots of equation 1 will 
be a — rfb^r^c-^rtd'—rf &c. 
Consequently (Art. 186, Cor. 2,) . 
F« (r — 6)('r — c) (r--rf) to(n^l)&ctors 
+(r-.a)(r — c) (r — </) to .". 
+ (r^a)(r-ft)(r~cf).... " 
+ (r — .«) (t -^ 6) (r - 4j) . . . . 'f 
+ &c., - 

If, now, we make r s a, 6, c, &c., suceessiTely ii^ the 
abore, we shall have the following results^ viz., 

F«(a_i)(a-c)(a-(f) « + .-+.. + = + 

F«: (&_o) (ft- c) (6- </)....=-. + . + =- 

F=((r — iz)(c— ^)(c — (f) • • ..= — . — . + = + 
P' « (rf ^ a) (rf - ft ) (rf - c )'....«-.-.-« - 

And since the substitution of a, ft, €, &q., for r, give results 
akematel^ positive and negative, the roots of P'»0 must 
be contained between a, ft, c, &c. (Cor. .1. Art. 156.) 
Consequently, (writing x toi^ r,) 

P:=nar»:-» + (n -^.l) Aa:-* + (n— 2) Baf-» . . . .2Na?+P=0 
is the limiting equation required. , 

158. If the equation Vs 0, have equal roots ; these must 
also be roots o( the equation P's= 0, and hence^e two equa- 
tions must have a common measure. 

Thus if a', ftV c', &c., be the roots of P' = 0; and a = ft, 
we shall also have a « a', and the factor x — a will be 
found in both equations. , - 

If ^ s ft «= c, we shall also hfeve a^a^ss ft', and (a?— a)* 
will be the common measure. - 

To determine the equal roots of an equation, th^n, it is 
only necessary to form the limiting equation and find the 
common measure of the two polyiiomifJs. This common 
measure must be formed by factors containing the equal 
roots. If, for instance, there are four roots equal to a tod 
three equal to ft; the common measure wiU be 
(a? — a)»(x^ft)\ 



Digitized by VjOOQIC 



ON THE LIMITS OF THE ROOTS OF EQUATIONS. 201 

Examples. 

Ex. 1., Determine the equal "roota of the eqoation 
3 ap» - 10a:» + 16ar+ 8 =0. 

The limiting equation is . 

15 ;r*^x- 300:^+1 6- 

The common n^easure of these (Art. .35) is * . 

- :»«+3a?+l«=(ar+l)V 
Hence there are. three roots equal to — I. 

Ex. 2. Find the roots of the equation . 

a^ — 14 a:8+ 61 a^ — 84 a?+ 36 ^ 0; 
The limiting equation is ' 

: 4^'»-r42a^+122a:-84=«0, 
and their commott^ measure is '" - 

a?« — 7 a? + 6 = (a; -- ,6) . (a: - 1 : ) 
Hence the roots are 6, 6, 1, ahd !. . 

Ex. 3. The equation 

has equal roots. What are they? - Arts, 2,2. 

. Ex. 4. What are thi6 equal roots of the equation 
a*— 13a?*+67a?— 171 a?»4"216a?-- 108^0? 

^n*. 3, 3, 3, diid 2, 2. 

Ex. 5. What. are the roots of th^ equation 

3a:H» — 8a?*-24ar«H-48a:^+29ar«---12a:+180a.O? 

Ana. 3, 3, .^ 2, -^ 2, and - dz ^ v'— 14. 

Q O 

Ex. 6. Solve the equation 

ar«— 2 a?*+ 6 a:*— 8 a?*+ 12 a?« — 8 ar+ 8 ==: 0, 
which has equal roots. 



Jim. a? « =h 4/— 2, db ^— 2, audi db V— 1, 

kx. 7. The equatioti 

a?? — 8a?* + 26 a* — 88a?»;+ 28 a: — 8 =^0 

has equal roots. What are they ? 

w3n*. 2,2,2, 1, and 1 
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SECTION IV. 

Lnaginary and Jkdl Roots, 

159. The determination of the number of imaginary 
roots in an equation has been considered a problem of great 
difficulty ; and thougfh many methpds of solution have been 
discovered, yet as most bf them fail in soitMt peases, thd pr6b« 
lem couM not be considered as entirely solved. By the 
following beautiful theorem of M. Sturm this dif^cuUy baa 
been completely overcome. 

Let Y=ra?"4-Aa;*-'4-. . :'. Nx+P±«0 
be an equation of the nth degree, having no equal roots, 
and Yj.= 0, the limiting equation.' 

If there are any equal n>ots in the proposed equation, 
these must first, be determined by (Art* 1S8,) and the eqjua* 
tion depressed; 

Operate with these as tbotigh their common measure 
were desired, calling the several remainders with their signs 
changed, Y., Y„ &c., Y„: 

The primitive function Y, and the derived ilmctions Y^, 
Yj, . . . Y„, will beof .decreasing dimensions iri ir, the final 
one Y« being independent of that quantity. 

Now to determine the number of real roots between any 
limits p and q, we have only to std^litute these values for 
X in the primitive and derived functions ^ noti$^ the num-^ 
ber of variations of sign in the results. The difference 
in the number of vari(itions resulting from the two sub^ 
stitutions will be the numbet of rend roots between those 
limitSk, If + 0C and — cc be used instead of p and qt we 
will have the whole number of real roots, 

DEMON^TRilTION. 

1st. No two consecutive functions can vanish for the same 
value of a?. ^ 

For from the mtide in which the functions are deiive^i 

we have Y « d Y^ — Y ' . 
Y — Q Y Y 



Yi =0. Y. 


-y* 


Y„_.=,Q»:,Y._ 


.-Y,. 




Digitized by Google 



IMAGINABLY AND REAL fiQOTS. 5203 

Now if any two, as Yj,and Y3 each =0, we will have 
Y^ sai 0, Yg =s i), Y„ ss= 0, and Y and Y, will have a com- 
mon measure,^ but tbi^ \a impossible, as* there are no equal 
roots. 

5M. If' one of the functions as Y^ becomes* 0, for. a parti- 
cular value of x^ the adjacent functions will hare contrary 
signs for that Vahie. 

Forwehaitre Y,«a^ Y^— V4. 
Btttas Ytf^=xO, Y,« — Y^, 

3d. Let j9 be greater than the greatest, and q less than the 
least root (negative foots heitig considered' less than corres- 
ponding positive x>nes) of the equattonis ' 

Y=^,Y,«0,Y, «<).... Y_,«6. 

If, now, we suppose q gradually to increase until it. be- 
comes equal to die least root of the above equations, no 
change can have taken place in the signs pf- any of the re- 
sults.' At this point, vhowever, that /unction to which this 
root belongs, (say Y,,) vanishes ; and as, in this case, the 
adjacent functions necessarily have different signs, ho change 
in the- number of variations of signs can be produced by this 
circumstance, and, consequently,' every change in the num- 
ber of variations naui^t ari^e from the change of sign in the 
primitive function. 

>-LetU8 suppose the Value of q has clanged ilntil it has 
passed the least root of Y » 0^ but not arrived at that of 
Y^ =5 0, this being necessarily greater than the least of 
Y =» 0; (Art. 157.) Now Y and Y^ produce results of op- 
posite sigtis if any number less than their lea^t root be sub- 
stituted in them, (Cor. 3, Art. )5f).) Hence the change of 
sign that tajces place in Y, by ps^ingthe leas^ root of Ys= 0, 
must make them of Che same sign, and diminish the number 
of variations by unity. 

If we conceive q still to increase until it has passed the 
least root of Y^ = 0, this function wfll have changed its 
«igii, and of course Y jmd Y^ will have different signs. As 
q still increases, it will pass the second root of Ya 0, by 
which operation the number of variations will be again 
diminished by unity. . * ' 

Now as no change in the number of v^iatipns can arise 
frond the. vanishing of any of the derived functions, and as 
the number of variations is dixninished by unity, whenever 



Digitized byVjOOQlC 



204 IMAGINARY AND BEAL HOOTS, 

q increasing passes one of the roots of Y«bO ; it follows that 
the whole numher of real roots will be equal to the diminu- 
tion in ^e nuniber of variatioos, that is produced by q in- 
creasing from its original value to an quality with/). 

The calculation will be simplified by using + oct and 
-*oc, for D and 9, since it wiU only be necessary to note the 
sign of the first term of each function, as in the first case 
the signs of the results will be the same as those of the first 
terms ; and in the latter the even powers will be the same 
and the odd powers difierent from the signs of those terms 
in the functions. 

As an example, let it be required to find the number of 
real roots in the equation . 

Here we haye 

Y= ar»— 4a?«— 6a:-f-S 
Y,= 3ar»— 8a? — 6 . 
ar«^aj— 6)3cc»— 12a?«— 18ar-f-24 ( a? 

3ar»^8a?»— 6 a? ; 

— 4a?*>,12a?+24 
Xbyj -Ba?«-9ar+48(-i . 

— 3ar» +8a? +g • 
Y.«17a?-12, -lTa?+12)3a?«-8;» — a( 

51a-'^136a?-ia2(— 3a? 
51a?*— 36 a? 



— .100a?~l(HJ. 

The final remainder will evidently be negative. Hence 

■' ■' ,Y,=+. -• : ■ , 

The substitution of + oc, and — oc in these will'ptoduce 
the following results : 

+ oc gives + + + + 
- a gives - — h ^ +. 

Now as there are no variations in the first line, and three 
in the second,, the roots are all real. 

To determine the initial figur^s^of these roots, we will 
merely have to substitute the numbers 0, 1, 2, and ^ 1, 
^ 2, &c., in the functions, an4 note the signs of the results. 
Thus, 
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feOlfiiresH -+ 2 variat 

3 « — ++1 

4 " - + + +1 
5f« + + + +0 



-2, « -+- + 



^variat. 

2 « 

3 « 



Hence the roots are between and 1, 4 and 5» and — ]» 
and .-- /i. The initial figures are therefore 0, 4 and — 1. 

Again^ let the number and situation of the- roots in 

The functions are 

Y = ^8 -f il a?' -^ 102[a? + 181 
Y^,= 3a?« +22^-102 
Y9« 122a? — 393 

Y3- + - 
The Bubstitutioh of dc gives all thie signs positive. 
, , of — oc gives three variations. 
Hence th^re are thtee re^l roots. 

o^aes giveis ;+ h two variations. ^ 

x^i " . -4-- — ^+ ; 

a?«2 « +_+ . 

ar == 3 " H ^ H- two variations.; 

or =s 4 *< + -H + + 1^0 variations. . 
As there are two roots -between 3 and 4,. we will trans- 
form the functions so that their roots shall be. diminished' by 
3, (Art.. 143.^:^ The result will be \ .: . 

Yc=x« +20a?«— 9a? + l' 
Y~Sx» +40a;-^9 
• Y.= 122a?— 27 

Y3«+. ., : / - 



In these 

. X : 

X : 

- ■ X • 



gives + — h two variations. 

.1. u +_-.+ 

. 2 ** H7 — -f -two ypLriations. 

.3 "** + + .+ + no variations. ' 
We thus find that these rqots ar^ bofth contained between 
a2, and 3.3. > 

18 - 
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Transforming these functions so that the roots nuiy be less 
by St than those last used, they ivill be<iome . 

ya=a:» +20.6aj»— .88a: + .0G8 - 
Y^«3a:« + 41.2a:— .88 
Y,«122a?^2,6 

Y,-+. 
In these 

a; ss gives -| — + two yariations. 

a*».01 « -f — — +two «* 

xas.O^ « — -^ [-one " 

ar«,.03 "« +^+ + 110. •* 

So that the roots are'3.21, and .3,2^; and as the bubi of the 
roots is — 11, the third is — 17*4. . 

3. Find the number of real roots in the equation 
a*— 2a5» 4. 6 a?»— 8 a* + 12 7f—%x + da 0. 

The functicms are - 

Y « a?«— 2x« + 6 ar*— 8 «> + 12^:*— j8 a: + 8 
Yj-B ©air^ — 10 a:* + 24 a*— 24 a- + 24 a?^8 
Y.«_ 13 a:* + 24 a*— 60a* + 48;p— 68 
Y,=aa:^+4a:« + 2it: + 8 
Y^« — a^ — 2. 
Y,«0. 

Since a:' + 2 is the common measure, there ;aTe, equal 
roQts. Now a* + 2 = (ar + >/— 2) . (a: — v^— 2.)" ' Con- 
sequently ther^ are two pairs of equal roots, equal respect- 
ively to\/ — 2 and — V— 2. 

a: as a gives the signs of the various functions. 

+ H 1 three variations. • 

a: =x — oogi ves -nt: — -^ — one variation. 

The above would indicate two i^eal roots, whereas all the 
roots are imaginaiy. This failure results from the theorem 
b^ing applied to a case to which it does not belong. The 
demonstration was based upon the supposition that there 
were no equar roots, and upon this suppositioja one 6f the 
important steps was founded. In the above equation, how- 
ever, there are' two pair ,pf equal roots, and of coune the 
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demonstcation does BOt apply. The immediate reafion of 
the failure in this iD^tance may be found by substituting 
—4 for a?, wbich rendei;s Yj =» 0, Y^ and Y^, both being 
negative. 

Determine the number and situation of fhe real roots in 
each of the following equations :. " ^ 

1. a:*— lla:» + 22a?«— 71a?— 35 = 0. 

2. 2ir*-^13a:»— 30 a?— 25 = 0. 

8. aH»— 5a?* + 3a?» + 17a?— 32 = 0. 

5. a?»— 7a* + 9a?— .11=0. 

160. Let it be required to. determine the condition^ ihat 
all the roots of 

3C^ +px + q = 
may be real. 

Here . Y = a:'+j3X-f-g 

T,=*3a-+;i, . 
Y,= — 2;)a?— 3^ 
Y.= -4;i*--27^«. - 

Now in order that the roots jtnay be all real, there miust be 
three permai\ejicies when 4- oc is substituted for x in these 
functions, and three variations when — - oc is substituted. 
That the first conditipn may hold the value of Y,, viz. 

— 4 />• — 27 g" iUust be .positive, 
or 4jo» + 275'«<0, 

and this cannot be unless p is* negative. 

If, then, p be negative, arid Y^ positive, we will have by 
the substitution of '-*- oc for x^ the following order of signs, 

viz.: i +, 

giving three variations, and thus proving the eiustence of 
three real roots. . The condition, then, 

IS essential, and sufijcient to indicate th^t all the roots axe 
real. ' - 
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CHAPTER Vra. 
on the. numerioai:. solution of equation^. 

SECTION L 

Cardan*9 Mule fbr soiving Cubic Equaiiofiti, 

161. Let a:* + Aa?" + Ba? + C « 0, be any equation of 
the third degree. In older to render it more manageable 
let it be deprived of its second term, (Art. 144,) and let the 
resulting equation be , 

Assume ar as y -f 2', 
Then ar» = y« + z* + 3yz(y + 2:,) 

or transposing 

a?» 4- 3y2:a: — (y» + «») f= 0. 
Consequently 3 yar = — i and y» -f- ar» « — c. 

.'. from the 1st j5» =» — ^=-^, 

. vrhich being substituted in the other, this becomes 

b* 

or clearing of fractions y' 4* ^J^ = «y* 

.-. solving the quadratic y» == — ^ + v^ j^ j + — ) » A', 

Consequently, as x^sy + z, we have the following general 
formula for the roots of an equation o( the third degree. 

This IS CardarCa formula. 

The above formula would appear to give but one of the 
roots. When) however, it is remembered that the values of 
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y arid z are determined by extracting the cube roots of A' 
and B^, which operation is equivalent to solving the equa* 
tions 

y — A* » 0, «8 — B^=: a, 

it will be seen th^t each of them must have three values, 
which are readily determined. Thus, 

The £rst of the above equations is equivalent to ^ 
(y - A) (y» + Ay + A?)^= 0. 

The first of these factors gives the root A, thie othier 
solved as a quadratic will give 

y = ^^^ — A,andy^ -^ A. 

Similarly the other values of ;r are 

It might now appear that the three values of y combined 
with the three values of z would give nine vatqes for a?, and 
thdt^ consequently, an equation of the third.degree has 9 
roots. " ^ ' 

The reasoning, however, ist incorrect, for the values of y 
and z are subjected to the condition that 

■ '^''"^\ •, ■ ■ ■ ^ 

Six, however, of . the combinations alluded to above give 
imaginary products, and are therefore to be rejected, 
tie only values of a? are _ ^ 

. A + B 



(.9 ^S 

162. If J + ^ be negative, that^ is, if 4 6» + 27 c« < 0, 

tbe values of :r apparently become imaginary ; although we 
know (Art. 160) that this is the only case in which they are 
all: real; and as no means have yet been discovered for re- 
ducing the complicated imaginary forms to real values, Cac- 

18* 
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dm*! mle 6ib ^^^ ^ ^^^'^ except when two of tlifla 
are imaginary. iSe case in which the role £u]s is cafled 
the irreducible case, and has occapied mnch oi the atten- 
tion of nmny disringoished mathematicians. 

Examples. 
Let the equation be 

Here it will first be necessary to remove the second term, 
for which purpose the roots mast be diminished by 2 Thus, 

1 -.6 +8 +38 (2 

2 -8 -10 

~4 -6 28 

2 -4 

-2 -9 

2 



and the equation is 

Hence fc« -9 and c^28 ,-. j + ^=.I96^27=» 160, 
and yai^— 14 + 13 + ^^14-13, 

.«. x«y + 2a — 2. 

Ex. 2. Solve «• — 6af + 8a?— 18 «0, by Cardan's role. 

^ns, a? SB 6. 



SECTION n. 

Reeurritig EquaHatu. 

168. It has been shown (Art. 147, ei se^.) that a recur- 
ring equation of an odd degree has one of its roots » + 1 
or — 1, according as the siffns of the equal coefficients are 
difierent or alike, uid that the remaining roots are^ the one 
half reciprocals of the other h^f ; that 4f the equation be of 
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an even degree, and have the signs of the equal coefficients 
alike, ^e same Iftw hoids good^ respecting the roots; and 
thtit if the signs of the. equal coefficients be different, and the 
middle term he absent; two of the roots are + 1 and — 1, 
and of the rest one half are the rieciftrocals of the other half. 

164, bnt account of these peculiar pipperties of recurring 
eq[uations, they may. always be reduced to others of lowet 
dimensions ; one Of an odd degree may at ante be depressed 
to the next- inferior degree, ,by dividing by ^he- faptor a: — 1 
or X + 1, for which purpose the method of synthetic divi- 
sion is admirably adapted. 

Thus, let it be required to remove the factor a? + I from 
the. equation 

5x« — 7ar* + 8ar^+8 aj? — 7 a? +.5 « 0. 

The operation Is -; 

5^7 +8 + .8 - 7 +5 (-1 

-^2 J"^ -12 -f 6 

The resulting equation is therefore 

5a^ — 12x» + 2aiB? — 12a: -t 5 = Q, 

a recurring equadon of the fourth degree. 

165. If the equation b6 of an even degree, the middle 
term being absent, and the equal coefficients affected with 
opposite signs, the factor of.—j may be eliminated, and the 
equation thua depressed to a degree lower by 2 than »he 
original otie. 

For an example, lel'the equation ' . 

a?« — 7 aH^ + ^ — 9 a?8 + 7 a? — 1 « 

be proposed. 

1 

1 

the resulting equation is therefore ^ 

a recurring eauation of the fourth degree. 
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166. A recurring eauation depressed as in tbe.last two 
articles, or one whose aegree is even, ahd the equal coeffi« 
cients afiected with like signs, may be reduced to another 
of half its degree. 

To prove this, let 

a;«« + Aa:"»-'+Bj.'"»'-« +Bi« + Aar + 1 

be a recurring equation of the l^d required. 

Dividing by x*, it may be written, 

+ &c., ==0. (A) 

Now, we have shown, (Ex. 6, p. 159) 
that if X + yaat 8 and xy *■;>, 

a^-f y» — *• — 2;), 

ar* + y*««*-4«^ + 2.^, 

^.a'-V+Ac. 
Let now x+, — » z, then a? . — =« 1, 

X X 

and the above formulas become 
a5* + -r«is*— 4 2r" + 5^' 



ar+^^7^^nz^-^ +n. Il—^a;"^*— &c. 
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Which values substituted in (A) will give > an aquaUoa 'frf 
the wth degree in z, and if "the roots of this be detennined, 
those of (A) will be found by solving the quadratic 

a? + — a=5?, or »« — jira: = — 1. 

The* values of the different. functions need, not be calculated 
separately, as it is readily seen that aily one may be derived 
by multiplying the last %{?» and subtracting the*one imme- 
diately preceding. Thus, 

;?* — 4z« + 2 «= {z^r- Sz)z— («' — tJ). 

167. Ex. .1. Let the recurring equation . 

4 ar« — 84 >» + 57 ar^ — 73 a* + 57 a?« — 24 a? + 4 ^ 

begiven for solution. Dividing* by ;i^, fmd argft^ging as in 
(A), it becomes 

or substituting the functions (B) 

4 (^8 — 3i) - 24(;r^- 2) + 57z — 73 = 0, 
thatis ' 4;r»*-24^i* + 45;r— 26=0.-^ 

By trial, we readily fiiid one root of this equation to be 1, 
and depressing the equation, we have 

4;2«-^20;t + 25=?0, ^ 

for the equation containing the other, roots ; and this equation 
being equivalent to (2 2: — 6) . (2i: — 5)="'0,' 
has two ^ual roots, viz., . 

• ' . ' 5' 

Having thus obtained the values, of x, we have from the 
equation . x^ — ^r a? =3. — 1, 

the following a^ -^ «= -^ J a«rd a:*'— -a? » ^ 1,- 

of which the first ^ves 
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and the. second 

the roots of the given equation are therefore 

That the |ast pair are the' reciprocdls of each other may be 
shown by obtaining thieir pr6duct, 'which will be found to be 
unity. 

Ex. 2. Let the equation 

«*- lla?« + 17ic»+ 17a:«— llar + 1 «0 

be given. 

This equation has necessarily the root xa^ — 1, and de- 
pressing, we obtain 

a*— 12«» + 29 a:' — l2a? -J- 1 «0-, 

or dividing by a:^, \, 

which becomes l^ substituting the'talues.(B)y 

whence 

2r»9or3, " • 

and from the equation 

a:» — 2rar = — 1, 
which becomes ar^ *- 9 a; s — I and a:" ^ 3 a^ as — 1, 

we obtain a? «s — ± -x/ 77^ and ar « s=^s\/ &• 

Consequently, the five roots are 

Ex.3. Deteimine the igotsofthe equatioa . ■ 

. rf>M. 1,2, 1,-8 arid "i. 



Digitized by VjOOQIC 



BECimBING EWATIONS. 215 

Ex. 4. Determine the roots of tihe equation 

Jlns. — 1, ~ 5, — =-, 2 + ^/3» and 2 — v^* 
o. 

Ex. &• Depress the equation 
8x7 — 4aj«+t7ir*-^25ar*-:-25z«+.nfr»-4a? + 3«0. 
Ans, One root is — 1^ depressed equation 3 y«— 7 y" 
+ 15y— 35 = 0. 

Ex. 6. Depress the equation . 

6 a:* — 2 1 a* + 1 5 X* — 2 1 a? + 6 = 0. 

w«n*. 2y« — 7y + l«0. 

Ex. 7. What ar6 the roots of 

1 2 2 1 

a?»-7-ar* + O^ifc' + 9^ic«-7-a?+ 1 «0. 
5. O- 6 . 

•«'"•; -»' «• I' I +i^^ '""^ I - ^ ^^• 

Ex. 8. What arethe roots of. ' 

S» «» — 109 *♦ 4- 146 JB» — 146 «» + 109 ar — aO = 0. 

^n». 1,4, J, — + -^^-11 and^--V-n.. 

Ex.^9. What are the roots of 

30 y* — 91 y» + 30y» — 91 y + 30 = 0. 

Jtn.. 8.i,;-.:|+^^-891 and- « -^v/-891. 

168. There is a cla^ss of equations very analogous to recur- 
ring equations that likewise admit of being depressed to 
oth»^ of half their degree. They are of the form 
Aa^''+Bic*«-»+Ca:»«-»+Da:"— *. . . dbDx8=f:Ca?»=bBar 
3FA«0,'- . 

the upper sign being use(} when n i^ odd* and the lowei 
when it is anseren number. In equations ot this kind th* 

, roots are of the form a, — -, 6, -1 -- &e. 
a . 
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First, let n b6 aH odd number, as &r instaiice d, so that 

the eqaation may be of the form 

Aa* + Bx» + Ca?* + Da*— Cx« + B« — A « a 
Dividing by a:", it becomes 



' Assume now 


1 


taen 


«»+ii=««+.a 




a.»-ij-z»+8z. 



Hence by substitution, we have 

Az« + Bar» + 3A |r+2fi«0 
+ C I +D 
an eqaation of the third degree. 

Next let n be even, or the eqaation of the form . - 
Aa* + Bipy + Car" + Da?* + Ea;*— Da:«+Caj«— Ba: + A :r=0. 
Dividing by a?*, it, becomes 

A(:^4)+B(a.4),-fc(:r.+l,)+D(x_i)+E=0. 

Assuming as before a? =* ar, 

we have as before 3c^+-^^t=sz* + % a?»— — as2:» + 3ar, 
ar a:* 

I 

also - ar*+--«;2:*+.4;2« + 2. 

. ' or . ^ 

Substituting. t^ese values, we have 



+ C I +V 



+ 9 A") 

+ 2C y«o. 
+ E J 



Having determined the value, of z from the depressed 
equation, when it is possible so to do, that of x may be ob- 
tained from the equation ' . /. ' 

a? =8 2r,;or af»— j^a?» I. . 

X 
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ExAMPLKS. 

Ex. 1. Let it be proposed to solve the equation 
9 a?« — 3 ar" — 74 ar« + 3 ar + 9 = 0. , 
Dividing by a;*, and^rranging, this becomes 

This, by the suiwtitution above indicated, becomes 

^ 9i4r» — 3 2ri=56. 

8 7 

Whence z=z^ot — 5-, - ^ 

8' 7 

and the equationjs sp^^-x^l, and a?» + 5- a? = 1, 
o .- o 

give the following values for x, viz.i 

a:«3, -1,-^+ 1 ^85and^g-1^86, 

Ex. 2. Depress the equation 

ar* + 6 a* — go ar» — 6 » + 1 « 0. 

w!?n*. y« + 6y — ISaiO. 

Ei. 3. Wtat are the roots of 

4a:*-^17a:»~4a:»,+ 17ar + 4t=0. 

Jln». 2 i v^5i and i=b 1 v^65. 



SECTION IIL 

Iktermination of Integral Rootahf the Method of Divisin, 

169. K has been demonstrated (ArJ. 138) that no » equa- 
tion, in which the coefficient of the first term is unity and 
the other coefficients integers, can have a fractional root. 
In such -cases the roots laust either be integers or intermina- 
ble decimc^s. It will be shown in the xmxi section how we 
may approximate as! rear as we choose, to the true value of 
.those decimal roots, which methdd^will likewise apply to the 
determination of the integral roots figufe by figure. The 
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foUowiDg neat method of determininff tlie integral roots 
Was proposed by Newton, apd is cafied the Method of 
Divison* 

Let af+Aaj"-'....Pa:*+Gx*+Ha:»+laf+Nx+P«0, 

be an equation of the nth degree, the coefficients being aH 
int^ers. 
Let a be an integral root, then 

a-+ Atf— '. . . . Fo»+Ga*+Ha»+La«+Na+P « 0. 

.-. ^«— a*-'— Atf-»...— Fa»-^Ga«—Ha«— La— N. 

Hence every integral root must be a divisor of the last 
p 

term P. Call — s CI, and we have by transpo6it]on,.and di- 
II 

vkling by a, 

a + N 



Gt + N 
Consequently — . — is ai^ integer. Calling it R,- and trans- 
posing L and dividinjg a, we have 
R + L 



a 
R + L 



«ft. — rf— »— Aa*-^. . .,— Pfl«— Ga — H, 
is therefore a whole number. 



Of 

Proceeding in this nianner, we shall evidently obtain . 

P_a.^+^-B,^±if-S.i±i:-T.&c.. aU in- 
a } ^ a a 

tegers, the last quotient being — L 

170. From the above it appears that if a is an integral 
root the last coefficient miast be divisible by it, so must the 
sum of the quotient and preceding coefficient; of this quo- 
tient and the. preceding coefficient, and so throughout, the 
last quotient lieing —f-L . ' 

Having, then, determined. the integral divisors of the ab- 
solute' term of ^he equation, we must submit all of those 
between the limits of the roots found by the methods pointed 
out in chap. 6, sec, 3, to the preceding tests; those wliich 
satisfy them aU will be roots of the equaticA. 



Digitized by VjOOQIC 



DETEBMINATION OF INTEGRAL ROOTS BT DITI50RS. 219 

171. The pioecedlng proposition has been explained 
above on the principles pointed out by ^ewton. The fol- 
lowing method is perhaps more djrect, and, moreover, will 
serve to point out the formula for calculation. 

Let, as before, 

a?» + Aa^-» + Gar* -f Har' +^L«* + Nar + P « 0, 

be the equation, of which a is an integral root. The equa- 
tion is divisible by (a?-T^a),>nd of course by a^-^x. Writ- 
ing the coefficients in an inverted order and applying the 
method of Syntketic Division, the operation will stand 
thus, calling the quotients tus before, Ct, R, S, &c. 

o P +N +L. +H +G....+A +1 

-1^1 q R S A-^g — 1 

P N+ftL+RH+S ^ -a 



auotients OTT Ti S T —1 

In which it is at once perceived that the sum of each quo- 
tient and the next coefficient must be divisible by A, and 
that the laait quotient miTst be — 1^ 

Having found one of the roots, we may use the depressed 
equation .^ 

a+Ra: + Sar«. ..••• . -^ar*-'=p, 

or its equivalent " 

P + (N + d)ar + (L + R)a* . , . . . -- ca:— » « 0, 
to determine the subsequent roots. ' 

EXAMPLBS. 

Let it be required to determine the intf^gial roots of the 
equation 

ar» + 6a:* + a^— lOa^— a(rar-I6«0.^ (1) 

There being but one change <^ signs, there can b(S but one 
positive root. \ 

Now, the superior limit^of the roots is (Art. 164} 

. l + :|^16or4, 
and if we change the signs of the alternate terms, ^he equa- 
tion becomes 

x»— 5a?* + i» -f 16 a:»— 20a? + 16a0>^ 
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ia which it is readily seen that 5 is greater tha,n the greatest 
root ; >- 5 is therefore an inferior limit to the roots' of (1). 
The only divisolrs oT 16 between, these limits are 
+ 2, + 1,-1, -2, --4, 

all the others may be rejected. . It is also at once seen 
that + 1 &°<^ — I9 ^iU not satisfy the equation ; it is only 
necessary, theiefore, to try the remainmg divisors^ 

2) —16 -20 -16 + 1 +5+1 

-8-14 -15 -7 -1 r^yts of 1st d^- 
^2) -16 -28 -do _14 -2 , ^pressed equation. 

. + 8 +10 10 2 ^ ^ 

^4) —16 -^20 —20 — 4 0, coefTts of 2d equation. 

_^^^ 4 . - 4 + 4 

■p-^16 —16 —16 0, GoefTts of 3d equation. 

Hence 2,*- 2*, and — 4, are roots of the eqyation (1), and 
the depressed equation is 

16+ 16a?+10a?««0, 
or ar« + a? + 1 s=0, 

of which the rciots are imaginary. 

■ >, t 

tx. 2. Determine the integral roots of 

ar* + a:3,^ 52a.a __ 80 a? + 1200 «0. 
Here 1 + ^^80=8 9 is a superior limit, 

and TT* 63 is an inferior limit. 

The only -factors of 1200 that can be roots, are therefore 
8, 6, 5, 4, 3, 2, i, —1 —2 —3 —4 ^5 —6 —8 —12, &c. 
Arranging the coefficients and trying the various divisors, 
beginning with 2, since Vtre can at oQce see that 1 is not a 
xoot, the operation will ststnd. 



2) 1200 


—80 


-6^ 


1 


1 




600 


260 


m J 


50 




520 


198 


100- 


51 


and 2.18 not a root. 




^ 


"^ 




3) 1200 


—80 
40 


-,62 


1 


1 



— 40 

40 not being 'divisible by 3, 3 is not a root. Proceeding m 
the same manner we shall find 4 is not a root. 
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5) 1200 —80 —62 1 1 

240 _^ j--e —1 

6) 160 —30 —5 
200 60 \6 

360 30 ; 

Hence 5 and 6 are the positiye foob. The depressed equa- 
tion ^ 

Saar* + 360 af+ 1200 « 0, 
or ' a?« 4^12 a? +40 5=0, 

will furnish the imaginary rooW, 

— Qi2V^ri, 

Ex. 3. Determine the roots of 

" :r*— 6a^ — 5x« + 45a?— 36«i0. 

Ex* 4. Detertnipe the roots of « 

aJ» — 10a:* + 29a:»-^10j?»— 62a?+60«0. 

Ex. 5. Determine the root? of 

6 a:*-- 43 xc8 + 107 ar»— 108 ar -f 3e = 0. 



- ' SECTION IV. 

HomeT*9- Method for Jpproximation to the Value qf tie Boots qf an 
Equation, 

172. The discovery of the hest method of approximating 
to the true yalfieef the roots of an equation, has heen an ob- 
ject of much attention to mathematicians. Various expe- 
dients hay« been proposed for the purpose several of which 
have acquired miich celebrity « • Amongst these, the method 
below, which was first published in 1819, by W. Q. Horner, 
of Bath, England, is by far the best, not only on account of 
its simplicity, but also of its brevity,. 

The principles upon which it is based are the following. 

Let m be a number which differs but little from the root 
of the equation 

V = :c" + A^«-»+ Na? + P«0, 

90 that, iix^ntri- r,r may be a small qiiantity. 
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Then, if the equation be transformed into another, 

V'-.r*+.A'r— ' N'r+P'c-d, 

whode roots are less by m than those of the equation 

V =* 0. 

We may use the last two terms N'r + P' = 0, as a trial 
eauation by which to find a near approximation to the value 
ot f , which call m'. 

If we again transform ihe equation 

V - 

into one whose roots are equal to those of V «=P diminished 
by m' ; we may use the last two terms to &nd m", a near 
approximation to the value of m'. 

Thus proceeding as far as we wish, and we will have 

or ss m -f 7n' + w", &c, 
173. On the above principles is founded the following 

Rutis 

Ibr itpproonmcUing to the true value of- the^ropts of an 
Equation. 

1st. Find by Sti;irm*s theorem, or by^trial, the situation 
and first figure of the real'roots. 

2d. Transform the equation (Art. 143J so that its roots 
shall be those of the original equation diminished by the 
part oF the root thu^ discovered. , ^ 

3d. With the absolute term in this transformed equation 
for a dividend, and the coefficient of 2; for a divisor, obtain 
the next figure of the root. . . 

4th. Again transform t^e equatiofn sotliat its roots shaU 
be diminished by the value of the figure last determined, we 
may thus find another figure, and so, proceed until the root 
has been obtained to aiigreat a degree of accuracy as is der' 
sired. 

Note 1. It sometimes occurs that the sign of the absolute 
term will change in . the course of the operation. Unless 
this change is accompanied by a change of sign ini the coeffi- 
cient of X, the figure which giv0s rise to this change itiust 
be incorrect. 

Note 2. To determine the negative roots, change the signs 
of ^he alternate terms in the equation (Art. 139), and proceed 
as before. 
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Ex. 1. What is the row of the equation ^ 

^ a?' ^ 17 x« + 54x-— 350 « 0? 

The integral part of the roqt fes found by trial or by Sturm's 
theorem to be 14. The subsequent operation will be as fol- 



lows, viz 
I 



— n 

14 



- 3 
14 
11 
14 

9 

26.8 

9 

217.75 
' ■ .5 
27.80 , 
5 

4 

27.858 

27.862 



54 
^4? 

12 
154 
166 

23.:« 
l§9l31 

24.12 



-^350 

1:68 

—182 
170.379 



(14.954 



— 11.621 
10.740 



213.4 
1.3 



3 

875 



214.8 
1.3 



-.881) 
.865 
— 14 



875 
125 

275664 
849336 



175 

900 



216. 
216! 



2075' . 
111416 



216; 



318916 
111432 
430348 



The above operation has been carried on precisely ac- 
cording to the directions of the rule. It will, however, be 
perceived that more decimals have been used than were 
necessary to give the root true to the third decimal place. 
In fact, had all the figures to the right of thie vertical lines, 
and those^in the left hand column below the asterisk, been 
omitted, the result would have been the same, and the labour 
much abridged. 
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The operation woald then stand thus : 

1 --17 54 .-35a (14.95407 

168 
-182 
170.379 



—17 


64 


14 


— 42 


— 8 


12 


14 


164 


11 


166 


14 


28.31 


25.9 


189^1 


» 


24.12 


36.8 


213.4^ 


9 


1.4 


V.r 


214.8 




1.4 



2,1,6.2 



^ 11.621 

10.741 

— .880 

865 

- 11 

15 



The aboye contnction .is performed by catting off from 
the coefficient of XrsfieT the operation with the figure 9 is 
completed, one figure, viz. 3, to the right, and from the cor- 
responding coefficient of x*, the two figures^ 77,.then proceed 
with the rest as before, until the operation with the figure 5 
is completed, afler which cut offone figure in the column of 
X, two in that of x^, three in that of a:*, and so on. 
' The following example will stilf further illustrate the rule. 
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Ex. 2. Extract the root of the equation 




x<' + 4x*^83i'+l0sfi^2x- 


962 = 0. 


Here tKe 1 


irst fignite of one of the rdots is 


8. 


1 4 


-3 10 -2 


-962 (3.885777 


» . 


21 64 192 


670 


7 


18 64 190 


-892 


8 


80 144. 624 


290.21138 


la 


48 268 814- 


-101.78867 


8 


39 261 153.3711 


94.64260 


' 13 . 


87 469 Se7.87U 


- 7.14607 


S 


48 42.237 160.6714 


6.18160 


16 


135 511.237 1183.942J5 


- .96447 


8 


5.79 44.001 4dSm 
l'W.79 555.238 1183.032 


.86798 


19.3, 


— 9654 


3 


5.88 '45.792 50.096 


«682 


19.6 


146.67 601.0^ 1233.12,8 


- 972 


8 


5.97 12.8 3.19 


868 


19.9 


162.64 613.6 1286.32 


- 102 


3 


6.06 12.6 8.19 




aaa 


(15,8.70 626.2 1839.5,1 




3 


12.6 .4 




2D.6- 


08,8.8 1239.9 






•4' . ~ 


• 



1^,0.3 

The root hus thus been found trae to six plfices of deci- 
mals* If another period had been used, it would have 
been obtained to 1 1 decimal places. 



Ex. 3« Extract the root of the equation 
x*^ 19 a^ + 12 ar — 3 =« 0, 



1 2.868068. 



Ex« 4. Find a root of the equation 

>» + 2 a?* + 3 a* + 4 a? + 6^ -^ 54381 = 0. 

w^rw, a?«8.4144647. 

Ex. 5. Find the roots of the equation^ 

/ps-^_ 23 «r 24 s= b. 

^na. 5.260785, — 1.101601 and - 4.149184. 
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Ex. 6. Required the roots of the e()aatioii 

^fii. 2.85806, .60602, .44828, axid — 8.90738. 

Ex. 7. Find all the roots of the equation 
.^a:* + 8a:« — 4 or ^10 a a 
^8. 1.624819, the others are imaginary. 

Ex. 8. Extract the cube root of 8 to 7 decimals, that is, 
find the root of 

X> — 8a0. 

Sm. 1.4422496. 

Ex. 9. Extract the fifth root of 7.624 to 7 decimals. 

JSns. 1.5011982. 



SECTION v. 
Binomial Equations, 

174. Bitiomial Equations are such as consist of but two 
terms ; the one being the power of some unknoym quantity, 
and the other an absolute number. The most general form 
under which such equations can be presented is 

jrdzflTaO, 
which, by the substitution of x for X, is reduced to 

afil^O./ 

It is in this form that they are treated of in this section. 

Otir. Since a? =» — , y a or = a: C^tf^. 
a 

175. If n Jbe even, the equation ar" — 1 =» or a^ =,1, , 
has two real roots, viz. + 1 and — 1. The binomial «*— 1, 
is therefore divisibJe by (a? + 1) (a?— 1) s^ a;* — 1. Per- 
forming the division, the equation.is reduced to ^ 

af—" + a?—« + a?'— « + .... . ..a:» + ls=0, ' ' 

all the roots of which must be imaginary. 
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With respect to the equation a?" -f 1 » 0, or a?" as — 1, 
all the roots are imagipary, two of them heing df ly/ — 1. 
The expression a:* + 1, is therefore divisiUe by (a: + -v/— 1) 
(x^ y/^l) as=a? + i ;" the division leading to the equa- 
tion ,. 

af—«_af-r* + a^-« — >. .... iar*=pa?*dhl «0. 

If n be odd» Ae equation af + 1 =8*0 or af^sa — 1 hlis 
one." teal root, viz. '— 1 ;, the remaining n — 1 roots be- 
ing imagipary. 

Similarly, the real root of the equation a:" -- 1 aa is 
ar as 1, (fi being odd,) the others being imaginary. 

176., No two roots of a binomial equation can be equal. 

For ar-rbl^O 

being such an eqilation, its limiting equation (Art. 157) is 

na?— *a=0; 

which evidently has no root , that belongs to the original 
equatioi^. (See Ayt. 15S.) 

177. If a be one imaginigy root of the equation 

a^-..l«:0, .; __ ^ ■^ 

then will every power of a likewise be a root. 

For, since a" = i, a*" » 1, n?" == 1, &o. ; therefore^ 

a\ a», a*, &c., 
are roots of the equation. 

The roots of the equation joiay therefore be represented by 
the various terms of the series, . 

... o~^, a~", a" \ 1, a, o^ .... . dfcc., 

in which, however the terms may .difier in forp, they can- 
not present more than n values, otherwise the equation would 
have more thatr n roots. 

178. If a be one imagiilary root of a^ + 1 e* 0, then will 
every odd power of ^ likewise be a root. 

Fpr> since a* a* -- 1, every odd power of a* wilt be equal 
to -^ 1 ; consequently, the difl&fent term? of the series 
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«"*% a"*, a~\ a c% o*^ Ac., 
will all be roots of the equation' 

179. If n is a prime number, and a one root of the equa- 
tion 

then will - > 

l,a,tf« ar-" 

be all difierent, and therefore will form the complete senes 
of roots. 

For, if possible^ let </ » a*, J9 and q both being less than 
n, then 

in which p^qia less than n. 

Now, let j9 — a be contained in n r times, leaving a re- 
mainder jb', whicn will be less than p — q$ 
then a»«sa''*~'^+''a=:a*^'"*^ .'o^'ssB 1 

If »" be the remainder arising ^m dividing ri by p% we 
will haye in like manner 

/' • ' ' o'^' « 1. . • - ^ , ' 

Proceeding in this manner, we shall finally arrive at the 
equation "^ . ^ . 

a = 1, - 
which is manifestly absurd. 
Therefore, a** =! a' is inipossible. 

Since; then, I. a, c^ .... a.""* are all different, and each 
is a root, they niust foim the complete series of^rdOts. 

Cer. Since a*^ = 1, we will likewise have 

a", a»*». . . . . .a'— * 

for the roots. 

To illustrate the above theory, let it, be r^uired to deter- 
mine the roots of * , ^ ' 

One root is 1, therefore, dividing by :p — 1 nO theeqaa«> 
tion, becomes / 

**+> + a:« + a:+l«0, 
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a recurring- equation ci the fourth order, whose roots may be 
found by (Art. 160!) . . - 

180. If jD and q are prime to each other, then af-rl^^O 
7fl — 1 SBB Oj^haye no eomihon root except 1. 

For, if it be possible, let n be a common iroot^ so that 

Let jp SB mj + q\ in which q^ is less than q^ 
then a''s=a"^Xtf?'^a«''=l, 

In like manner, if 5' = n^r' + ?"> we will have 

5" being less than q'/, Pii)ceeding thus, we^will finally ar- 
rive at the equation 

which is impossible. ' f - . . 

181. If n a=p. q, r, (/?, q and r being prjme numbers,) 
then the roots of ar" 5= 1 win be the roots of x* = 1, x^ = 1 
and af =s 1. 

For - ;i?« « a*^ s= (a?')T « 1, • 

•••/'. . • " . . iK^-sssl, ■ . ' • ' ' 

similarly. \. ^ = .l» 

and ' a?' =s i. 

The roots of these equations -wll^ -therefore sa^fy the 
equation ^ ' 

a?**— 1«L:0- 

182. When n is the product of two prime numbers, /) and 
q^ the roots of af* — 1 «= 0, will be expressed by the products 
arising by multiplying every root of aj* — 1*0 by every 
root of a:«— 1 =0. 

Let the roots of a?"— 1 =^ be 

1, aj a«, a'. . . ^€f''\ ~ 
andthos^'of ar'r-l^Obe 

1,6,6«,6». .. .<i»-\- 
then since («*)'•=* 1, and (6*)" « 1, 

therefore (ii*6*)" = 1, and a*6^ is a root 
of the equation ar" a^a 1 j or a:"— 1 = 0. 

20 ' 
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Moreover, these products ar6 all di^rent, for, if possible, 
let a*l^ « <if¥^ tten we will have a*-» a 6*-*, 
bat rf-'is aroot of a^^-1 aaO, 

and ^''-'isalbotof a:«-,-,li^O. < 

The two equattoQB have therefore a common root, bat this is 
impossible, (Art, 180.) ^ ... 

Since, then, all the products are roots of a^-^ 1 a« 0, and 
since no two are ^ual, and their oumber is p^ a^ n, they 
form the complete series of roots of the given equation. 

If p a ^, the above demonstration fails to give the series 
of roots. 

In this case let the roots of af-^ 1 a be 

1, a, a', o" ... . (f"^. 
If, then, we form the series of equations 

of 8» 1, ^if as d, af =s a', af =s a?, dbc., 
the pp roots of thesis equations will be roots of a^—- 1 = 0, 
and as they will evidendy be all different, they comprise the 
complete seriesof roots. 

Now the roots, of af. a o^ are (Art. 174) equal to those of 
af « 1, multiplied by l/a^. 
The complete series of roots of a:"— I «s 0, is therefore 
I, a, £1* ... . ff^^ 
^tf, ayo, a»^tt f^f/a 

&C. : ' 
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CHAPTER IX. . 

SEBIES. 
SECTION i. 
Method of IndeiervunaU Co^ffieienis. 
183. If there are two series, 

and Maf"» + Na:" + Pjf + &C., 

in which the indices are arrs^nged in th6 order of their mag- 
nitudes, beginning at the least, and which.are equal, wjiatever 
value may he assigned xox; the indices sind likewise the 
coefficients of the corresponding terms must be equal. 

. For if a be not equal- to m, one of them, ais a, must be the 
greater. Dividing by «*" we shall have 
Aar— ^.+ Ba?*-"^+Caf^«+&CM =M+Na:*-"'rfPaf^«*+ 
Ac., V. 

whatever value we assign to x. But if a: 8= O all the terms 
except the first in the second series will vanish, we shall 
therefore have M aaf ; but this is impossible. Hence 

a as in, ; 

and the, equation above becomesr 
A + Bx*— +Ca:^— -f&c, =sM4.Nar*^ — + Px'— + &c. 

If in this x as 0, we shall have 

A =:='M. 

Agfiin, since the first terms of the senesare identicalt we 
have also 

Ba* + C3if + &c., « Nx» + Paf + &c. 
The same reasoning will evidently show that 
6 a n, and B st= N, _ 
and so for the other coefficients and indices. 

184- If a series \- 

Aaf« 4- Bar* 4- Cx« +&c.^ 
in which the indices are arranged as before, be equal to zero, 
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whatever yalue m&y.be assigned to x, each of the tenns 
must be equal to zero. 

For since Aaj« + Bx* + C«* + &c. « 0, 

we have A + Ba:>— 4-Ca-— 4-&c. — 0. 

In which, if we substitxite for x, we will have A sb 0« 
and, consequently, 

Bar* + Caf + &c. « 0. 
If we divide this by a::^, and make a? s 0, we shall have 
B b- 0, 
and so for the rest. 

These two propositions being of great importance in the 
development of functions and the summation of series, we 
shall illustrate them pretty fully by examples. In applying 
the method we are generally able to detect the nature of the 
indices, and thus avodd the trouble of calculating th6m. 

Examples. 
Kx. 1. Let it be required to develope |^|— in a series. 

Here if ^-= 0» the value of the function is 1. Conse- 
quently, the first termj)f the series is 1, The other terms 
can have no negative .indices. For if one of them is of 

M ' > 
the form Ma;~'% c« — > this wotrld be infinite, when XssO. 

a?" " . ■ ^ 

In order to make the demonstration general, we will 
assume 

-— - « 1 + Aa- + Bx* + Ci* + Di?^ + &o. 

Clearing of fractions and transposing, we have 
l^ar— Ax»+ ' — Bar*+ ' — Ca-+ ' 
s 1 + Ax* -f Bx*^4. Cx* + Dx^. ' " 
Equating the exponents, we liaye 
a » r, 6 » a + 1 » % C « & + 1 s 3, (^ « 4, &c. 
Also, A«— 1,B«— A«.l, C*=^B«— 1D«1. 
Substituting these values, we obtain 

-~-— sasl. — x + x'-^x»+x* — &c., 
which may be verified by division. 



Digitized byVjOOQlC 



METHOD OF^INDETEEMmATE COEFFipiEKfTS. 233 

Ex. 2. Develope l±^. ^ 

1— a: 

Assume rr-^ == 1 + A«« + Ba?* + Caf 4- <fcc. 
1 — X •' 

Clearipgf of fractions and transposing, \«se have 

« 1+Aa:»+Ba:*+Caj^+Da?'+ &c*. 
Whence a = 1, A =a 2, c « 3, &c., 
and A«2,B = A = 2,C==2,&c;, 

j^=»l+2a? + 2a?« + 2a:» + &c! 

1 "-••■■- 

Ex. 8, sDeyelope 



^^"'°^(TT5r°'^T+2^ 
+ Da:* + &c. '.^ 

Clearing of fractions ^e have 

1 « 1 + Air + Ba?* + Ca:» + Da?» + &c. 
' +^x +2Aa:«+2Ba:»43Ca:* + &c. 

+ xl^+ Aa* + Bar* + &c. ^ 
OT »s Aa? + Bai» + Ca* + l>a?* + &c; 

2 ap + a Aa:« + 2 Ba* + 2 Car* + &c. 
+ i^« + Aa:8 + Ba?* + ffcc. 
Whence A + 2 =;s()orA = — 2^ 

B + 2A+ l==:0'OrB« 3 
+ 2B+A=0 orC^— 4 
D+2C + B=:?p otD« 6,&c. 

.-. 7T4zr,===J-^2* + 3a:^--4a:»+6a*-- 
Ex.4. Develope 



a» — a?» 
Assume this equal to the series 

a + Aar» + Ba:^ + Caf + Da:* + &c., 
and clear of fractions. Then 

€?^aj^ + Aa»a?^ + Ba«a?* + CcM + dbc. 
* —oara — Aar"-*^— Ba?**« + &c. 
80* 
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Whence ns.52, 6 »n +2»4i c«6 -f 2»6, 

abo Ao^ a a or A s - 
a , 

Ba'»AorB«4 
Ca» = B orC «-j. 

w ^ "i^ 3P^ 3J^ fl?* - 

Ex. 5. Pevelope v'?+^. 

Assume >v/a> + a:»«a + Aa? + Ba?« + Ca:» + Da?*+dbc. 

Squaring (O^+a;^ =a« + Aax + Bcra:" + Qaa^^ Daa:*+'&c. 

+ Aax + A»a« + ABa:» +ACa:*+&c. 

4-Bac» + ABa:»+ B«ar*+&c. 

. .. + Coar» +ACarM^&c. 

+ DBa?*+&c. 

Whence 2 Aa » . or A :» a 



2Ba»l 


2a 


SCa^O 


C = 



3Dtt = — B" or D =« -^5--, 

and v'd'H- a* «= A + j^ — ^ + &c. 

The operation would have been shortened had we 
assnmed .... 

\/fl«+V =* a + Aa?« + Br* + Ca?« + Da* +&c. 

Squaring weiiave 

fl« + «««fl« + AaB" + Baa?* + Caa:*+ Daa;» + &c. 

+ Aaa;* + A«ar* + ABa* + ACa* +dbc 

+ Baa?* + ABa:»+ BV + dbc. 

+ Caa:« + GAa* + &c. 

+ Daa?» + &c. 
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Whence 2Aa=sl orA=rf^r— 

2Ba=.-A- orB~gL 

2Ca=-2AB orC^.^, . 



2Da^— 2AC — B'brD: 



128 a^ 



Hence v a* + ;p« = a« + ^ 5— : + 



2a 8a» M6 a* 128a7 '^ 

&c. '. _ . • . 

This series is defective since the Hw of variation pf the 
terms is not manifest. If we write it as follows, this defect 
will be remedied, though the 4a w can still hardly he con- 
sidered as demonstrated. '' 
J , a?^ X* / 8 a« S.6 a* 

Ex.6.Develope ^ j^^^, . / '\ 

Am. 1^2a:+x«+«»— 2a:*+a:«+a:«— 2a:r+a?«-f&c. 

Ex.7. I)evelope - 1+^^ 



1 — 2 a? + x>* 
Am. 1+5 a:+9 a!»+13 a?+17 a:*+&c. 



a?* + a' 
Ex. 8. Develope -^ -. 



^„,.l+.2g + 25 + 2^ + &c. 



Bx. 9. Develope ^+^^ 



Ex.. 10. Develope 



1— ar— a:«" 
.^ni. 1 +3 ar+4-ar«+7;a:»+ 1 1 a?*+ &c. 

a + 2x 



(I'-x/ . 
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185. Develope (l+x)". 

Assume (1 + x)" « 1 + Aa: + B«» + Ca:» + Da:« + &c. 
If we square' bqth sides, we will have 
(l + x)««=l+Aar+ Bjti»+ Cir»+ Dar*+ Ac., 
, + Ax + A«a?» + ABa:» + ACar* « 

+ Bj:» + ABx'+ B'ar* « 

+ Car^+ACx* " 

+ Dx* ". 

This series is evidently [Perfect so far as the last column 
inclusive. 

Now, CI + x)»- = {(1 -f .^'}» « {1 + (2 a? + St')}*; 
and since the coefficients A, B, &c., are entirely independent 
of a?, we shall have 

O +(^+ir*)}"«l + A(^ar+ar»0+B(2x+a?«)«+C(2fl:+fl!*)»4. 
&c. , =l-f 2Aa?+Ail« -' 

+4Ba^+4Ba:»+ Ba?* 

-f8Ca?'^+J2Ca:*+,&c. - 

Now, as this series and- the former must he identical, we 
have . 2A=s2A, 

2B + A«:;='4B + A or B dn^^^l^^^^i) 

2C+2AB^8C+4B or C=g(^=g).=.^-(^-;^)f -•^) 

2D+2AC+B«=16P4-12C+Bor D=r^:(^JM^M), 

. iv» ». 4. 

whence the law of the coefficients is plain. 

186. It only remains to determine ^, which may be 
done as follows. . - 

1st. Let n be a positive integer. . 

If we oaultiply the equation . 

. (l+a?)''*=l +Ax+ &c., ^ 
by (1 + x) we slball have 

(l+ic)*» + '=sl + (A + l)a?+ &c.. 

From this Xve perceive that increasing the index by unity in*- 
creases the coefficient of the second term of the development 
by unity. Hence, as the index and coefficient of the second 
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term are the same in the first power, since (1 + xY a l+x 
they will also be for iiny positive iptegral value of n. 
In this case, therefore, 

^ (1 + a?)** = 1 + nar -f &c* 

2d. Let n be a positive fraction as ~ ^ |> and q being positive 

integer, then we have 

(1 + x)f =» 1 +Ax H- &c. 

Raise both members to the gth power. To facilitate this 
operation, we may observe that as «very, term subsequent to 
the second' will contain the s(juare or higher powers of x ; 
these cannot afiect the coefficient of th^' second term in the 
power. We may, therefore^ so far as this term is concerned, 
consider 

(1 + a?)f « 1 + Aa?. ' 

Hence (1 + xY = (1 >- Axf :* 1 + jAx + &c. 

But (1 + xY =^ ; 1 +px + &c., 

oA a=s » or A a*-^; - 

3d. Let n be a negative integer or fraction, and equal 
to — ni. 

Then (1 +.X)- 'jt^.= 1+J+&C. " ^^ '"''^ ^- 
vision,) 1 ^ mx + &c., . 

(1 4- x)-"* = 1 + Aa? + &c.t 
and A afts '-r- m. . 

Inrall cases, therefore, we will have the coefficient of the 
second term equal to the index of the power. 
The coefficients are therefore 

A«n 

^ n — 1 n — 2 „ 

and {l+xY^l+nx+n. —^sH'-j-n.'-^. ^-^0^+ Ac 
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187. Derelppe (n + a:)\ . . 
It ifir evident thai a + a? = a A + — \ 

and therefore (« + ri?)* =s c^^l + — V . 

Substituting — for x in the development in last question, it 

. « ■' . • • - 

becomes 

/-i M a?\* 1 . 3?, n— 1 a^ , nr-1 n— 2 ;»»,-«_ 
0+ j) -» + %+"-^-?+'»- 72— 8-^+*^- 

cr-^a* + &c. 

This is Newtcm's celebrated Binomial Theorem. 

If n is a positiTe integer, we shall finally arrive at a term 
which will contain the factor Ur— n, and which; of course, 
vanishes,~as will all the following terms of the general series. 
In all other cases the series will continue to infinity* 

188. Tliis'demonstration fails intone important pojnt, for 
though we may extend the calculation of the coefficients as v 
far as we please, tmd .still find them correct, yet as the equa- 
tions from which they are, determined bejcome more and 
more complex as we proceed, we' are still in doubt whether 
some yet uncalcukted may not vary from the rule which 
has. apparently been established. We should be very care- 
ful to avoid generalizing a result unless- we can prove it to. 
be general. A want of attention to this prindple has fre- 
quently led to important errors. 

The following demonstration has- not this fault. 

Assume {I +xY=^l + Aps + Bx^ + Cx» + ' ftc., 
then (1 + y)" = 1 + Ay + %« + Cy» + &c., 

.s(l+a:)V(l+yr=A(a:yy)+B(af«~.v^+C(«»^y3)+&c. 
whence 

a?— y x^^^ x—y a?— y 

Put i + x^v mi l + ys»Wfthen x-^ysssv—Wf ani 
we shall have 
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v^w x — y a? —y X — y 

. If now we m^ke v =s tr dr x^y^ this will become (see 
next article) *'' 

w*-* = A + ^Ba? + 3Ca^ + 4Da:»+. &c., 
hence nif « A + 2Ba? + 8Ca^ + 4Da«+ &c., 
+ Aa? + 2Ba:» + 3Ca«-f &c., 
but nt;~ = » + nAa? •:Ir wBa::® + nCx^ + &c. 

••• . A ssn, 

2B+ A^yiA orB = A, """^ 



3C + 2B = nB «C = B. 
4D + 3C«nO orn=:C, 



2 ' 
n~2 
^3"' 

n-3 



4 

in which the law of the equations is at once manifest from 
the series. 

Substituting in each of these values that of the preceding 
coefficient, they become 

\^ . As=h ■ 

B. ^~* 

C = 



as before. 



&c. 





2 » 










. V 


n 


2 • 


n 


3 


2 




\ 


n 


— 1 


n 


j^ 


2 


n 


-8 



189. If h is a whole positive number . 



^~yv,^^, 



X -y 

the number of . terms being n. /ITils may be proved by 
simple division. Now, as this is true for every value of x 
and y ; let :r b« y and its value becomes 

Next let n be ^ positive fraction = -. 
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p 



Pat X mm t^, BO tiuit O^cs 1^, 



9 



and jfsavfi aty'q^u^^ 

By the substitation of these ralaes the fraction 



flfrt ^— t/"" 

' ■ becomes chaogeid into 

fy» .. nf fy .^ 11^ 

t?« — u;« jjnris** 

But since ;> and q ai^e positive integers, we shall hare, 
when X s* y or t> ^ t<^9 
t;' — vf 

v^ — W* qv^"^ q 
i) — w 

Now since w «■««,»'"■* = a?"^^ 05* " , 
••• when 07 a 2^, we shall have 

Lastly, let n be a negative number, whole or fractional, 

we shall have. -^-^ — ^ — « - — ^ — ^ — ^ ^ 

X -y x^y 

af^ — V** 

•y ar — y - . 

When ar as y, this becomes equal to 

. = — na? """"'. 
This point being thus established; the preceding demon- 
stration becomes complete, ^ ,. 

190. If we examine the formula 
(a 4- a?)** =B a" +-na"-'a?+ n • —5—^ (i*~ V + n . ■ 
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we shall hi once perceive that any coefficient may be 
derived from that of ll\e preceding term, by mult}pl3nng by 
the exponent of the leading factor in that term, and dividing 
by the number of terms to that place. ^ 

Thus the coefficient of the fourth term is found by multi- 
plying 

n — 1 

by n -^ 2i and (dividing by 8. . ., 

£2tAMPLES. 

Ex. 1. Raise (a — x) to the seventh power. 
The operation is as follows : 

J^ _5 4 ^ . . 

3)42 3)105 4)J140 /^ v 

21 35 86 

X being negative, its odd poWeis will also: be negatiye, and 
the signs alternate as above. / 

Ex. 2. Devekipe y^a- — a?^ - 

Here n^P^^^ and the several coefficients will be 

I 1 ' 

n-1 1 1 

n^l n-.2 1 a 

"■=+72 = 



2 4 '16 2.4.6 

n:—l n — 2 n-r-3 3.6 



2 • 3 • 4 2.4.6.8' 

Hence V a — a? =s a — o^ ^"^24^ sTfi^ 

2.a* 2.4 a* 2.4.6 a^ SA6.8 ar^ 
31 ' 
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Ex. 8. I>5vdope ^jj-^. 

This fnnctioo is equivalent to a (a* -fr ^') • 
The tenns of the deTelopment are ^follows; 

«.^(«')-(^)*- +'8o-x'- ?|^ 

Ex. 4. What is the 4th power df (a — a:)T 

Jlna. a^ —Affix + ^€fl3^'^^aj? + aifi. 

Ex. 6. Whut is the 7th power of (^ + c) ^ 

Jim. 67 + T6«c + 216«c«-f 35^-f-&c. 

Ex. 6. What is the 3d power of .(3 + 1)\ 
Here we shall have J 

(g.+ a?)»«3»4-3.3»x + 3.8a:« + ac» ^ 

«27.+ ^ar-f- 9ar« + a?». ' 

Ex. 7. What is the 5th power of (a? + 2) T 

^fw.. «» + 10 ar* + 40 a* + 80 «• + 80 a? + 88. 

Ex. 8. What is the 7th powe^ of (26 + a;)T . 

Jim. l286i'+448&«a:+672Me«+560^a^4'aB0&*as« 

+846«aH^+14d««+a:«^. 
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Ex. IK Develope s/a* + g^i 



Ex. 10. Develope f^6» + a?. 

« -^ A4.i? gg* , 2.5a:' ^.5.8a?* 

Ex. 1.1. Derelope 4/{d' ~ x'f ot (c» — ar«)*. ' • 

|C 3a* ^ar* 5;b» 46a:« ^ > 



Besult 



■ ■ fl a? 
Ex. 12. Develope v'— ^ — . ' v . 

Thfs expression is equivalent, fo . ' 

(««^-a^) -i = a- •+ la" V- Ija-V-- 1^ a-Ta^ 
3.5.7 



1 j» 3 a* S.6.X* 8.5.7 g* 
" a,^ ?.a» a.4.<i» a.4.6 a 2.4.6.6 o«* 
a — x, .cl , a^ 3a:* 8.5.a!*, ., : 
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SECTION 11. 
Tke Differential MeOodj 

Or the method of determining^ the successive diftntnces of 
the terms of a series, and thence any intermediate term, 
and th^ sum of the terms of the series. 

1. ]Liet a» 6i c, rf, e,/, j*, .... he any series. 
The fixBt order of differen^ses is evidentiy 

6 — a, c— 6, <?— c, and e — if, &c. 

If in like manner we take the difierences-^ the succes- 
uVe terms o( this series^ we shall have the second order of 
differences, as follows : 

c — 26 + a, rf— 2c + 6, e — 2rf + ^&c. 

The third order. will in like manner be 

d — Bc + Sb — a, e — 3rf + 3c — 6. 
The fourth 

e^^d + dC'-'ib+a. 

If, how, we e3;amine the coefficients of the several terms 
in the dif^rences of tbe various orders, we shall at once per- 
ceive that they correspond with those of the different powers 
of a bihomial. A very slight attention to the mode in which 
the successive diflferences are formed, will <ronvince us that 
this coincidence mu$t hold good, whatever be the order of 
differences. . ^ - 

We may therefore conclude that the first term of 4he nth 
0rder of difierences will be, if » he even, 

a-^nJ^ + n. — - — c^n . — ^ — . — ^ — d + ^» 

And if n be odd, 

, - n— 1 . n—l w — 2, ^ 



Examples. 

Ex.'l. Required the first term of the third order of dif- 
ferenceii in the series of cubes, 

1, 8, 27, «4, 126. 
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As n is odd we use the second- series, and the term is 
^1 + 3.8 — 3.27 + 64 = 6. 
If the first term of the fourth jprder were lequired, it 
would he equal to 

1 _ 4.8 + 6,27 - 4.64 + 125 
« 1 — 32 +162 — 256 + 125 =-0. 

Ex. 2. Required the first term of th^ fifth order of difiexK 
ences in the series 

1, 2, 2», 2», ?♦, &c. 
The second formula gives- 

--1 + 5.2 - 10.^+ 10.2» -^,2* + 2» :^ 1. 

EiL 3; What is the first term of the fourth order of difier- 
ences in the series 

1, 2*, 3*, 4S 5*, ? 

Ex. 4.' What is the first term of the fifth order of differ- 
ences in the series 

I, 5, 15, 35, 70, 126, *c. ? 

•4rw. 0. 

Ex. 5. Required the first term of the fifth order of diffisr- 
ences of the series 

1, 6, 21, 56, 126, 252, 462, &c; 

' Jins. 1. 

192. Let it now he required to find the ntfi term of the 

series a,.6, c, (f, . . . . . 

If we repteseiit % rf,» d^ rf,, rf^, ^c„ the first term of the 

1st, 2d, 3d, 4th, dbc, order of difierences, we shall have 

4/^sB-.a+6 ^ ^ ^b^a+d^ 

d,^a^2 b+t ^ L whence^ c— a+26+rf. 

if --,a+35-3c+rf f ^^e«c®1 rf«.a-36+3c+rf, 

d^«a-.46+6c-4d+eJ *-e«— a+46-6c+4rf+rf^ 

or 6 = a + rf^, ' 

c^a + ^d^ + d^ 

(/«a + 3(f, + 3if, + rf„ 

e - a + 4 rf^ + 6 rf, + . 4 rf, + rf^, 

imd Ae;ith term- a+(n-^ i) j^+(n~l) ^^^rf, + &«• 

21* 
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This series will terminate if the difierences Tanish after a 
certain order. If they do not, it will be infinite, and the nth 
term can cmly be.found apfHroximately. - , ■ 

Examples. 

Ex. 1. What is the 12th term of the order of cubes? in 
ether tenns, what ialS^l 

Here n « 12, «;« 1, rf, « 7, d^ « 12, d^ =:6, d^^O, 
.-. 12«=l + 11.7+11.^.12+i!^.6 
.» 1 + rr +.660 + 990 = 1728. 

Ex. 2. What is the 50th term of the scries . 

1.4.8.13.19. &c.? 

Here ««!, rf^=r3, (f, = 1, rf,«0, 

49 48 
and the 50th term =i 1 + 49.3 + ^-^^ 

-14.147+1176 = 1324. 

Ex. 3. Required the 20th term of the series 1, 5, 15, 36^ 
70.126, &c, ^ -«n«. 8858. 

Ex. 4. Wliat is: the 30th ^ term: of the series, 1, 3, 6, 10, 
15, &c.? w^fw, 465. 

Ex. 5. What is the 20th term of the series 

1, 6, 21, 56, 126, 252, 462i fee.? . 

^iM. 42604. 

193. Required the «fun of n terms of the series 
a, 6, 0, (f, . . . ; . . 

Now, if is evideiit this is the same as the (n +1 )th term 
of the series 

0, + a, a + 6, a+ & + c, a + 6 + c + cl, &c., 

in which the first tejms of the various orders of difierence 
are ^ ; a, 4^* d^t d^&a. 

Hence a^h+t+d. . . . ^fui+n.^d,+n.~.^d^ + 
Ac. 
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Examples. 

Ex. 1. What is the sum of n terms in the series 
>,4,7,ld,&c-? 
Here a ^ V, d^ ^ S.'dj^^^ 0, 



and S»:n + 3.n. 



2 



Ex. 2. What, is the sum of n terms in the series 
1, S, 5,^", &c. ? 

Here aa4, if^te2, 

„ - I" . • 

Mid Ss^n+fi.— jr— . 2-»»V 

Ex. 3. What is the sumof n terms of the series 

Here a =» 1, d^ = 8, if^ b= 2, (fg a^? 0, , 

...S=n+n.-_.3+n.-^-_^.2=^n+---+ g 

2n3 + 8n« + n n .{n+ .l){ 2n + l) 

Ex. 4. What IS the sum of n terms of the 4seties of eahes ! 
■ ■ An.. »•("+')'. 



Ex. 9. W)]aC is the sum of the series 1« 2S 8S &c. 7 

Ex. 6. What is the sum of 12 terms of the serie^i 
1,4,8,18,19? . 

^ J»i». 430. 

Ex. 7. What is the sum of 10 terms of the series 
1,5,15,36,70, 126, <&c.? 

Jlns. 2002. 
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SECTION HL 
On the Summation of It^mte Series, 

194. An infinite serie^ .is one tike number of whose ter^is 
is unlintiited ; the law of succession being generally dis- 
coverable by the examination of a few terms. 

195. A converging ^ncB 19 one the 'saccessive tenns of 
which become smaller and^smaller, as 

■ ^•s'^i'T* TW « • • • 

196. A diverging series is one wh(»e. successive temMi. 
become greater and greater, as ^ 

I, 4, 16, 64 ... ^ 

197. An «»cen(f£ng' series is one in .which the po¥ireX8 pf 
the unknown become greater as we proceed. 

Thus Uf bxcx^ doe^f &c,9' 

is an ascending 'series. 

198. A descending series has its powers diminishing as 
4he sieries proceeds : as , ^ ^ 

b c d j^ 

199. As difierent series ' are governed by different laws, 
the method of obtaining the sum o[ one class will not apply 
universally. A great variety of useful series may, however, 
be stimmed by the help of the following principles. 

Since -P-^^S.^-1-, ..._Xl..l(i-_-^>) 
n. {n+p) n n+p n.[n+p) p\n n+pj 

hence, if we have a seri^ of fractions of the form 

) 9 ■ "^ ■ 
n{n+py 
their sum will be the pth part of the difference between two 

series of the form — and — %^. 
n n+p 
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OK THE SOMMATION OF U i FlKlTE SSEIE8. 
ExAHPLXS. 



1.2 ^2.3"^ SA 



Ex. I. What is the sum of the series ^ rfo^+ iA *d 

infinitamf ' ^ ^ 
Here . ^««1,7) car 1, 

and S^Jl + l + l + l + l] 

^ ^ 3 4^" 5. 
If tlie sum of n terms of the above series were reqiuired» 

we would have the nth tierm by - 



2 8' 



n-1 



1 






n+r 



Ex. 2. What is the jsum of the seriea 
Here j>»2, 



andS< 



1 



t 1 i ■ r~« 



Ex. 3. Required the sum to n terms. 



<^n8. 



1^' 



n 



2h + r . 



Ex. 4. What is <he sum of the series ri + §6 "*" M"*" 
&c^ to infinity, and likewise to n terms ! 
11 



.^n*. Sum to inf. =: yg. 



' n 



To n terms - j^j^pg + g^j-p^ + ^^j-^. 
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Ex. 5. Required the sum of the series 1 + « + ^+ ^ 
+ j^» ^.» to iftfinity. ^nt. 2. 

2 3 4 

Ex. 6. What is the sum of the series ^ _ — 4. — 
5 8.5 5.7 7.9 

-g3^,&c.,minfinityf ^ i_ 

12 

Ex. 7. I^juired the sum of the last series to n terms* 

•*^- 12n + 18 "^^° ^ " ^^^°^ laliVlS ^'^^^ ^ ^ ^^- 

Ex. 8. Required the sum of the series -r-s 4- -rr- H- — 
1 ^ 3.8^6.12^9.16 

|OQQ + *«•» to infinity and also to n terms. 

•^n^. Jnf. 1, 



n terms 



12(n + lJ- 

Ex. 9. What is the sum of the series —- + i + J .a. 

l«o 2.4. 3.5 
&c,.ad infinitum, qnd also to n' term^T 

/I Aj r * . * 3 2n + 8 

•ant. Ad mf. ;:; to n terms j— ^—7 ~-i- --^. 

4' 4 2{n-fl)(n + 2) 

Ex. 10. Required thcf sum of the series :r-:r — rr-r + rr^ 

1.3 2.4 3.5 

•» &jC.i ad infinitum; and also to n termsu 

che upper sign heing used when n is even. 

4 4 4 

Ex. 11. What Js the sum of th^ s^es rg + g^ + 9^ 

4* &c., ad infinitum ? ^ins. 1. 

*^ is..J.a:il-«.l^l_14.1, ad iafinitnm. ' 
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20Q* If we hay^ a series consisting of terms of thq form 

n . (n+/)) (n+2j») . ; .. . (n+mp)' ; 

they may be summed by a process precisely analogbos to 
that employed in, Iftst article; for tve evidently have 

n{n+p){n+2p)...{n+mp) mp \n{n+p)...(n+{m--\)p^ 



EzAMPtES. 

Ex. i; Required the ^alue.of ^^^+—^^—, to 

infinity. 



2.3 a«4 



&;c* 



-f [^ + i + 3^+*"^-?-|' (Ex.!. Art. 199.) 

Ex. a. Bequired the valae of ^ + g^ + ^^ + 
&c., to infinity. ' 5 

8 9 

Ex. 3. -What is the sum of the series =-s-tt + ^ ;^ ^m 
|g , -o.o.ll 0.11.14 



+ irni7*°^"^™*y^ 



An»> 



240* 



Er.4. Required.the.»»laeof-^ + g;g^+&c.,to 



infinity. 



• ^'is 
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Ex. 6. Raqohed the vdue of ^+g^ + g^ 

to infinity. ^ I . 

' - .an*. ==r. 

- . 72 

Ex. 6. Required the uamo(-^ + ^ + ^^ 

to infinity. ' . ,,89 



CHAPTER X. 

LOOARItHMS AND EXPONENT!.^ ITQUATIONS. 

, SECTION I. 
Logariihmt. 

201 . Ey^RT numbe^r may be considered as. the power of a 
given root, the index of \7h1ch power is called its logarithm. 

ThuSv a being supposed to be the fitted root,- if a*ss6, 
n^ ae C9 0?^ is the logarithm of 6, and y of c. 

202. The fixed root is called the base of the system of 
logarithms : and we can therefore haver an^nfinite number 
of such systems. Id practice the base is assumed tO, all 
our tables of logarithms being constructed upon this assump- 
tion. 

If, therefore, we assume a.^ 10, ^e have 

10^ = 1, 10« =xlt)0, 10» e=1000,&c. 
10-' = .1, lO-« « .01, 10--* « .001, &c. 
So that the Tog of 1 «»0, Iqg 10» 1, log 100a2,&c. 
/ log .l«~i,log.0I=:-.-2^1og.001«ft— 3,&c. 

The logarithm of any number between Tand 10 must, 
thenefore, be between and 1. Of any number between 10 
and lOOithe logarithm must be between 1 and 2, and so pn* 
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208, Let m md n he any two numbers, whose logarithms 
are x and y, so that we Jiave 

a* «s f7i and .0^ ^s fi« 
Multiplying «*•+•"» mn^ 

also ' (f-^ = — . 

n 

But X + y and ar — y are the logarithms of mm and — . 

Hence the sum of the logarithms of two rmmbera is the 
hgdrithm tff the product^ and the differtnee cf thi iogor 
rithms is the logarithm of the. quotient. 

Cor. n. times the logarithm of a nurhber is the logarithm 
of the nth power of that number; 

Also the'«th part of the logarithm of a number is the loga- 
rithm of the nth root pf that number. 

204. Let a" :?» y, to find the value of y in a. series of as- 
cending powers (AX. 

Now when 2^ =s: 0, y sx 1, the first tcrni of the series 
must therefore be 1. 

Assume y = a* as 1+ Aa? + Ba* + Cic» + &c. 

Now since A, B, C, &c., are independetit of x, we shall 
have 

y «V =>s 1 + A» + Bi>* rlr Ct* + &c. 

Also if^''^l+A{x+v)+B{x^+vY-{'C{x+vY+&c. 

Now* this last equation is evidently .equal to the product 
of the two former. Since a* **• • = a* x o*. We therefore 
have by multiplying and developing the powers of x +-'v in 
the last, " 

1 + Aa?+ Bjp".-h' <^«'+ Dx*+'&c. 
+ Av + ^Bxv 4- 3Ca?«r + 4DxH; + &c, 

4- Ct;»+ 4Dxv^ + &c, 

' -h Dt;* + &c. 

«14.Aa?+ 'Rr«+ C»»-|- 0ar* + &c. 

-f Aw + A«afv + A3a?^ + ACa:»t> + &c. 

.+ hv*+ ABan>»+ B'af«»« + &c. - 

+ Ct;*+.ACart;» + &c* 
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254 JbOGAKITHMS. 

If, now, we cancel the terms common to both, aeries, we 
shall have 

2Bxv+ 8Ca^+ 4D««t^ + &c, 

-+ 4Dxt;« 
« A*xv + ABa:"© +, ACa:»» 
+ ABarv*+ B»a?«t;« 
/. '^ 1 + ACxi;», 

Now since a; and t) are entirely independent of each other, 
we must have, by the principle of indeterminate coefficients, 
the first lines of the above expressions equal, and therefore 



A^ 
"2.8.4 

Whence y«<jf«l+Aa:H^^,af«^^^+ ^a^ + ^ a?* + &c. 

it only remains; tp deteriniiie A. For this purpose let 

- ■ "l • 

Then aU+i+i + ^ + ^H^^+^,«e. 

••• ^logas=Ioge, auad A^?=a:i^— . 
A "* ^ r . log e ' 

If a. be the base of the system, w€^ witi hav^ 

■■.A = J-. ■■■;:■ • 

- iOg€ ■ . 

F*inally if ii SB ft A « 1, and 

e.'^l+.x+| + g + gj. + &c (A) 

The abQve is called the JSxponmfial Theorem, 
If ^ he the base^ A SB loff o. 



SB 


= A« . 


orB_^ 


A» 
3 


8C 


=»AB 


orC = 


AB 


4D 


-AC 


or D = 


AC 
4 






. &c. 
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The logarithms to the base e are called HyperboHc or 
iV(Qwef»an logarithms. 
We miay also determine A by the following process. 

Assume a s 1 + 6, so that 

y^(^l+bY^l+xb+X.^^:^+X.~ &C., 

«l-t(6-^ + |"^|+&c.)a?.+Bjp»+CaJ»+ Ac. 

b^ b^ b* 
Consequently A=»8——+ 5.^ J- +&C. 

Comparing the above with the former value of A, we obtain 

loga log (1 + 5) ^ 5« 6* ^^A. 
log e Jog c ' .23 4 

whence log (1 + 6) = log c {b - ^'+ ^^ |^ + &c.) (BJ 

This is the logarithmic theorem.' . . 

The above, wl^ich is taken with 8om6 modifications from 
"Traite du Calc. Diffi et'du Calc Int." by Lacroix, though 
not so short as some oth^r demonstrations, is characterized 
by its great elegance, and perfect rigour. 

206» If we make 6 as .^ 6 in the series (B), we have 

• log(l-6) = loge(-^6^|!-|^|-&c.) (B-) 

l+b 
whence log (I+&)-r-log (1^6)isa 1(^— — ^; 

-aiog«(6+^ + 5 4-&c.) . ' ; (C) 

If BOW - .. =■«> wehaTeo- 



... - n — 1 1 

Ifnow ,„-2,-_---. 
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uid log2-aioge(i + gL + ^ + _^+&c.) 

Calculating the valae of the above series to 9 terms, we find 
the logarithm of '^ 2 » 2. log e x . 346573569, 

» log e X . 093147178, 
and log 2« - log 8 — 3 log 2 » log e x 2.079441534. 

Again, let n - ^ , then ^-= g, 

log|»21oge. Ji + gL + _^+&c.} 
log I - log e X .22:3143550, 

and log 10«-log^|xsWlog 6^2.079441534 +.^23143550} 

«F log ex 2.802585084, 
but ioglO^l. 

I 



2.302585084 



«6 .434294483 «s.M. 



The quantity M is the modulus of: theiiystem. Its Talue 
to 20 places is 

^3429,44819,03251,82705. 

206. The series (D) converges slowly except n be small. 
In the actual computation of logarithms, it is important to 
obtain the result by using very converging series. The fol- 
lowing are some of those frequently employed. 

If in (B) and (B') we make 6 « ^, they become 

i p + V .- /I 1 . 11. 1 - \ 

^ p \p 2.j»? 3;?? 4p* 5p^ ) 

log ^.« M (-__-._-._-_^ *c.,) 
and since Iqg^-^^^ calc^ (p+ 1) —log ;>, these become 
_ log(p + l) = log:>.+ M (ll-.^+Jj_Ae.) (E) 
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and loglp-l)^hgp- M (l+l + ±+&c.)(F) 

Thiese series enable us to fiiui the logarithm of a number 
when we know that of the neitt greater or next less, and- 
they converge th^ more rapidly as p becomes greater. 

If pa 10. we find 

log 11-1+ M (^^^+^-&c.) 

bg.9-l-M(^+^-^+g^+&c.) 

Adding (JB) and (F); and transposing, we hate 
log (p+i)-2 log>_log'(p-l)_ M (1+^ 

+ 4^ + **^-) , ^ , ^°^ 

By which the logarithm of a number becomes known, when 
that of the two preceding ones are knowir. 

S07. The Iblbwitig cohterge still more rapidly. 
Put ? fox: n, then . , = kitt^ and «i. D becomes 

log ^-1JM(^.+ 3:(^)'+ 5<^1)^+ ^') 
or . M(p+l)^iogp^ml^^ + ^^^ 

Put/) +i^q* then p « j« — 1 =* (qf + 1^ (g — 1), 
and H.b^coknQS 

log5»->g(y + l)+log(y-.l)+2M(g^5L^j+ 



whence 

log {q+l) -2 log y- log (5-l)_aM(^+g^-3, 

+ &C.) yi) 



which conrerges very rapidly. 
«8» 
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LOGABITHMS. 



le precedinff J __ 

been invented for facilitating the cbmputation of logarithms. 
They serve to show the nature of the process, and this ap- 
pears to be all that. is necessary, as they have little appb'ca- 
lion to the general principles of mathematics. ' Those which 
are most referred to are collected below. 

«'->+^+^+^+ 1^4 + *<'-' W 
in which A ■■ t-^. 



e being determined by the fonnula 

ltd true value to 20 places is 

2.71828,18284,69046,23536. 

The Exponential Theorem ' . . 

The Logarithmic Theorem ^ -. 

log (1+^ c M(ft _ ^+|- f + &c.) (4) 

If e be the base, or die logarithms be hyperbolic^ we 
have . 

log(l + ft)-.6-f+^-|-+&c. (5) 
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SECilON IL 

ExponefUial Equations^ 

209. Equations of the ibtm (f^e^h^af ts^bf &c., in which 
the unkinown is x\ are called exponential equations. 

Those of the fbrm -<?*.=: b may readily be s<dved by loga- 
rithms: thus, 
Taking the logarithms, we have 

a? log ass=log6 
whence xsa^^ — ^ 



log a 



210. Equations of the form a* = b may be soJv6d by ap- 
proximation, as folio wsr _ 

First, find by trial two values, ,on^ greater and the other 
less than x, and differing from it but little. Substitute these 
values in the equation . - 

xhgxssshgb • 

and note the results. . Then as the difference of the resuits 
is to the difference between either result and log b, so is ttie 
difference of the assumed numbers tb^a fourth term, which, 
applied to the assumed number corresponding to the last- 
mentioned result, will give the true valiie nearly. With this 
value, and the tiearest of the former assumed numbers, pro- 
vided a nearer number cannot be found, proceed as before, 
aiKl a numbed will be found differing st;il less from the true 
value. 
Thus let 

Ex.1. a- ^20 

Here « bg a: «= 1.301030; . 

and the value of x is i^adtly found to lie between 2.6 and 3. 
Substituting these, we have 

2.5. log 2.9 B .9948500 1.4313639 

3 log 3 ^ 1.43136 39 1.3010300 

.4366f39 .1303339 

And as .4365139 : .1303339 :: .5 ; .149, 

r. S — .149 ss 2.851 is ihe value of x nearly. 
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Ex. 2. Let a:' » 6, to find <r. , ^ Ans. 9.1293. 

Ex. 3. Let af «= JiOOO, to^nd the value of x. 

Ann. 4.8278226. 



CHAPTER XI. 

INTEREST AND ANNUITIES. 

211. Let P represent the principal, R the rate per cent., 
t the time in years, I the interest, and A the amount. 

o . 

Then we wiM have ~= = r, for the interest of 1 dollar for 
lUO ' 

1 year* Consequently the interest for 1 year is Pr. . 

Pr/==:i, ; 
and P + PW = P (1 -f rt) = A. 

As, however, the student has h^ome familiar with all the 
rules of Simple Interest, while studying^ arithmetic, it is' un- 
necessary to develope the matter any further here, we shall 
therefore proceed at once to 

COMPOUND INTEREST. 

212. When th& interest as it hecomes due is taken to 
augment the principal^ on which the interest for the next 
period is to he calculated, then the whole increase of the 
deht is called Compound Interest. 

213. An Annuity is a yearly income. 

214. The present value of any annuity is the sum which 
heing^ put to compound interest will pay the- amount of the 
annuity at the time it hecomes due. ' ^ ^ ; . 

215. Since r is the interest of #1 for 1 year, 1 + f^ust 
be the amount of $1 for the same time. 

If, then, P dollars be piit out on compound interest, it wiU 
amount in one year to j 
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Now this being the principal for the next year, the amount 
will he 

P.(l + f)(l + r)«P(l+r)». 

Pursuing this investigation W0 sl^aJl find that the amount 
at the end of t years is P (1 + r)*, , 

Or 'A = P(1 +ry; 

logA=*logP + nog(l + r), ' (i) 

, logA-logP ^ 

. '" log(l + r) •- \^ (^) 

'logP = logA-llog(l + r), (3) 

21 6, If the interest he payihlehalf yearly or quarterly, 
r mu^t he taken for the interest (^ (1 for the half or quarter 
of a year, and t the number of the periods. ip the given time« 

£xAitFI.BS. 

Ex. 1. What is the amount of 60 dollars for 20 years, at 
6 per cent, compound interest. 

Her6 . P ^ 50, t*^ .06, and ( as 2a 
Consequently we ha ve^ 



log(t+r) = 


.0i263059 

; ao 


/l6g(l + r). 
logP 


.6061180 
1.65)89700 


log A ' 


2.2060880 


A = $160.36. , 


. . 



Ex. 2. What sum will ampunt to $1000 in 30 years, at 
6 per cent, compound interest. 

Here log (1 + r) « 1.06 =5 .0253059 

.7691770 
logAlOOO « 3.0000000 

%? 2.2408230 

.•. Pdbtl74.11. 
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Ex. 8. In what time will tlOO, or any other aum, double 
Itself at 6 per cent, compound interest T 

Here A»200, 

and t -^^tA^-gP 



log(l+r) • - 

log A » 1.3010300 
log P » 1.0000000 
logA-.logP .3010300.. log -1.4786098 
log (J +r) ^0263059 log - 2.4032218 

, log m.89 years 1.0763880. 

217. In finding the amount of in annuity for a given 
number of years, we must recollect that the first payment 
will be at interest for / — 1 years, the second for ^^ 2 years, 
and so on. The whole amount will thevefore be, the annuity 
being a^ 

A - « ((l+r)'-»4-(l+f1'-' - . . 1) 

-°-i2i^'.,(AH.68.)-, (4) 

If p be the present worth of the annuity, we must haro 
the amount of p doliats-ibr / years, equal to A. 

Or 






Whence > p^ "^ . ..^V"*"^.^^ . (6) 

If ^ be infinite ' . \; « 0, in which case p = -, 

(1+r)* ^ . ' ^ r 

but this is evidently tlie sum which Will produce the annual 
interest a, ' ^ \ 

Examples. 

Ex. 1. In what time wiU f 500 amount to f 900, «it 5 per 
cent, compound interest? Am. 12.04 yeais. 

Ex. 2. What is the amount of an annuity of 9300, fore- 
borne for 16 years, at 4i per cent, compound interest T 
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Ex. 3. What sum will yield an annual income of i630, 
interest being reckoned at 4s per cent.? Ans. (14000. 

ISji, 4. What is the amount of an annuity of $700 per 
ann^m, which has been forebome 12 years, interest being 
at 5 per cent.? 4^s. $11141.99« 



CHAPTER XII. 



INDETERMINATE ANALYSIS. 



218. It has beeh shown /{Art. 119) that whenevel* the 
number of independent equations is less than the number 
of. unknown quantities, the question admits of an infinite 
number t)f answers. It is not uz^frequently the case, how- 
ever, that' some ^ conditions exist which partially limit the 
mimber of results. Ipor instance, if from the nature of the 
question the solution is limited to positive integers, there is 
frequently, only a single result that will apply. 

Problems of this kind are called indeterminate pr6blem9. 
The resuks are generally required in positive integers. 

219. If a and b be primB to- each other, then will the re- 
mainders arisinor froiri dividing mfr-by a, be different for 
all values of »?i fess than a. For let, if possible, 

mb^xzra '+c 
and . m'b «= fa .+ c, . 

7» and m' being less than a^ 
From these equations we have 

" . a^ m—m*\ 

which is manifestly impossible, since m^m* is less than a^ 

and by hypothesis -^ cannot be reduced td lower terms. 

220. If a and b be ^me to each other, the equation 
oa? — 6y a= dc 1 is always possible. That is, positive inte- 
gial taWs oix and y may be found, which will satisfy it. 
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For we will erideBtly iave , . 

a 

Now, sinc^ a und 6 are prime to each otHer, the remaindeira 
arising from dividing mb by a will be different, for all Taluks 
of m less than a ; one of these remainders must there- 
fore be a ~ 1 ; 8!o that tve ghall have 
mb >Bzpa + a^ 1 
^ mb + l ^pa •+ « =s= (ja + 1) a.' 

Consequently > if y =a m, ar =3/? + 1, and these being inte- 
gers, the equJBLtion ax — fy^ss 1 is possible. 
Changing signs, we have by -^ ax =s 1, and thiaris evidently 
possible. 

221. If a and 6 are prime to each othet, the equation 
ax^- 6y a= (> admits of an" infinite number of positive inte- 
gral somtions. ,/ _ 

For since aa?'— 6y' «. 1 ia possible, 

dcx' *-;6cy' == Cris always possible. 
And putting ex' issx and cy' s»y, this becomes '' 

,ax-^by BLCf " v 
which is therefore always possible. --, . ^ \,-. 

Let nbw x ^p y s= q be diie solution, 
then will x^ssp'^ mbi y ss q ^ ma .s^isfy the equation* 
whatever value is assigned to.'tn. f^or we will havd 

ax ssMp.+ fhabf by ssbq -^mtibf 
ax^r- ^ ^ap — bq « (j. . 

Cor, If a and b be, not prime to each other, thd equation 
ax — by sssc is impossible in integers, c being supposed to 
have no common measure with botn a and b. 

For if a and 6 haye a comnion measure which is pot 
divisible into c, one member of the equation i|vill be divisible 
by a number which will not divide the other, which is mani- 
festly abeujrd.' , . ' , ^ 

222. To find positive integer values of the equation 
a and ft being prinae to eack dtber. 
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Since X s ^ ■ is an integer, if the operation be acta* 

ally perfoi;med, the remainder b'y + c' must necessarily be 
divisible t)y 'a ; so that we shall have . 

b'y + c' ^ 

a 

equal to an integer, h' and c' being less than a. If now we 

take the difference between — and that multiple of — 

in which ph'y^ may he nearest to ay, we shall have a re- 
mainder • ^ 

: ^ ■ i~:\ ^ " . 

in which h'/ <6'. By continuing this process, we shall 
finally arrive at a remainder of the, form 

\ y+p 

a ' 
If we put this equal to r, we shall have . 
y+p=^dr 
and y = ar — p. 

To illustrfite the above, let the equation be 
lla:-35y = 60- 

Here a?™ — -^^- — = 2y + 5 + ^^ ^ an Int. 
• 12y + 20 lly y+20 \ • 

and y = ll>— 20, 

a?«25;) — 40, . 
in which jp may be any number greater than 1. 

Now$ as thisr opetation does not alter the denominator of 
the fraction, it is evident the numerator alone need be writ- 
ten ; by this means the operation will b^ rendered more con- 
cise. Thus, _ . \ 

2»y + eo ^ . ^ ■ 3y-f6v 

23 
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12y + M 

the least Talues being 2 and 10« 

Had we subtracted 11 y instead of 1 1 y + iS2, we should 
have arrived at a result agreeing in form with that obtained 
hy the other method. 

Ex. 2. Given 9 or -f ;13 y ^ 2000. 

Hen,.-???^rili^.2^ 

5y + 2 
iOy + 4 
^ 

9 ^ 
y«9p -4 
: a:«^28— 13p. 

By giving to p difierent valdes, we derive the following 
results, viz. : 

p « 1 ^2 8 4 5 .6 7 8 
ar»215 202 189 176 163 150 137 124 
y» 6 14* 23 32 41 50 69 68 

jp» 9 10 11 12 13 14 15 16 17 

a;«11198 85 72 59 46 33 20 7 

jf^ 7786 96 104 113 122 13| 140 149. 

From these results, as well as the geneml values of x and 
y, we infer that the values of x mtist vary by the coefficient 
of y, aind those of y by that ^f 07. 

■>'■•' - ' . '" \- 

Ex. S. Required all the possible values of x and y in the 
equation llo;+5yB264. 

An^. ^«19rl4,9, 4, 
y«)^9,20,31,«2. 
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Ex. 4. A gentleman having a debt of $75.58 to pay, finds 
he has nothing but half dollar pieces to pay it with. The 
creditor having nothing but five franc pieces, how will they 
manage to settle the debt; the five franc piece being reck- 
oned at 98 cents ? 

•^n«. He will give 233 half dollars, and receive 44 
five franc pieces. 

Ex. ^. Given 11a? -f B5y = 500, to find the values of x 
andy. _ - ! Jim. a? = 20, 

y = 8. 

Ex. 6. A drover bought steers for 35. dollars per head, 
and pows for $26. How many~^f each could i^e purchase 
for $1000? Jim. 10 steers and 25 cows. 

Ex. 7. Given 7x+ ISy = 71, to find the values of x 
and y. ^ns. Impossible. 

Ex. 8. Given 17 ar + 33 y «=^ 831 , to find the values of x 
andy. ^m.x^l2j4b^ 

- , _ y«19,2. 

223. To find the number of solutions of. which the equa^ 
tion aa?+^ya=c 

will admit. 

Find values of x' and y', which- will satisfy the equation 
ar^—dy's.l, . 

♦ acaf' — ftcy' == c, . ' 

but oar + 6y=sr, 

ax + by^ OCX' "^ bcy\ 
hence x^cx' -^xnb^ 

yzssma — cy/. 

The number of solutions will therefore be the same as the 
number of values that can be assigned to m. 

^ - I "" cx^ ct/' 

Now it is evident that m < -?-, und m > -^. 
' - b if 

The pumber of values of m will . therefore oorrespond 
^r \ je difiference bet\^een the integral parts.of the fractions 

a 
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car' \ ' . 

except when 77- is a whole number. In this case, siifce 

ex' - b 

m < ^7-, we must consider 7 a fraction, and reject it. If, 
. o , 

ho^veTer, we intend .to include ,0 among the integral values, 

this last precaution need not he observed.. 

Examples.. 
Ex. 1. Determine? the number of solutions the equation 

adniits of. . 

Here the least values af x' and y' in the equation 
11a;' — 5y'=l 
are ar' = l„y' == 2. -^ ; 

ex' 254 ' a4 

T TT"^^ii' • 

and 60 — 46 sss'4 is the number of solutions. 

Ex. 2. What is the number of integer values of x and y, 
that will satisfy the equattion ; 

21a:+5y:±=20000? ^/i5, 1«0. 

Ex. 3.>iri how many ways can JS 1053 be paid in guineas 
and moidores ; the guinea being 21$., and th^e moidore 27«. | 

\ .^tt*. Ill ways. 

Ex. 4. Required the number of integeT values of ar^and y, 
that will satisfy the equation 

17aj-|-13y = 6000. Ans.Tt. 

234; To find the integer values (rf Xy ys and z% in. the 
equation . ' , 

c^ + ^y + c^ ~ ^* 

If c be the greatest coefficient, then, since the values of a: 
and y cannot be less than 4^ the greatest vsdue of z cannot 

exceed -. 

c . • -^ .. 

T^T • cf — fty — cz 

Now, since x = ^- ^ 

a 
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if we apply to this valae the same principles that were em- 
ployed in Art. 222, we shall arrive at a resiilfof the fonn 

a • ' • ' . 

in which z iriay have all valued, from 1 to ^^ — -Indu* 

sire, provided those values give positive integral values tp x 
wjd y- / . 

Examples. 

Ex. 1. Given 17 ar + 19 y + 21 z «» 400, to find the in- 
tegrail values of x, y, nnd z. 

n .V V u f • 400-.17-1&-; -,y^ 
Here the umit of ^ is — -. — ^i ** * * +» 

, 400-19y^21z ^- 9-2y— 4;r 

also a? = — -j^ : — « 23-y-2r+ ^ 

9 -7 ay --4z 
72-^16^-^322: 

:- 68 + t7y4-34z 
. y + g^r +4 ^ 
17 "'^' 

Whence y » 17 jb — 22r — 4, 

and a? = --19> + 2r + 28*^ ^ 

,^ If, now, we give to z the several values, commencing at 1, 
we shidl arrive at the following rl^sults, viz.; 

^ 1 2 3 4 6 6 11 1^ 13 14. 
y 11 9 7 5 3 1 8 6 4 2 
X 10 11 12 18^ 14 15 1 2 3 4. 
Th^ remaining values of z make the insults impossihle." 

Ex. 2. Given 12 » + 17 y + 19 z. ■= 6100, to find the 
values of Xf y, and z. ' , 

^ i?V— 0, 111, 33. ...224 l9ix^i„^ 

•^'**-^-lJS = 494,477;460.... .1 J^^^- 

-*ln4i1-,4S......« ?»-- 

83* 
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By thus proceeding, substituting 4, 5, &c., for z, the 
number of values would be found to be 4762. As this me- 
thod, howeyer, is very tedious, we Shall, after appending a 
few more examples for exeroise, proceed to explain a onore 
concise method of determining the number of solutions. 

Ex. 3. How many gallons at 12 ct&, 15 cts., and 18.cts., 
must b6 mixed to compose SOOgdllons at 17 cts. |)er gallon.* 
£ns. 12 cts. 1, 2, 3, &c. » . . . to 49, 

15 cts. 98, 96, 94, &c. to 2, 

.18 ct9. 201, 202, 20^, Ac. :.. ... ta.249. 

Ex. 4. Given 14 x + 19 y + 21 z =* 252^ to find the va- 
lues of a?, j/, and ;t. > 

Ans. ax = 7, 4, 1, 

y = 7,7, 7, 

> 2r = l, 3, 6. 

In this example the values of y iare seen to be seven. It 
might easily have been inferred, a priori, that they must be 
7,, or one of its multiples ; for since ev^ry term of the equa- 
tion except the second is divisible %: 7, this must be sa 
likewise, but 19 and 7 are^ prime to each other. Therefore 
y must be a muUiple of 7. . 

Ex. 5, Given 13 a? + 15 y + 17 z =^181, to find the va- 
lues of Xf y, and z. " '• . ^ 

Ana. .x^ 1>8, 9, 
y = i,4,2, 

X « 9, i, 2, 
Ex.6. Given 11a? +16y+ 175r = 4p0.^ ^ 



Ans. z^ 


1 . 

13.28 
16.5 


2 
'6.2t 
20;9 


3 
14.29 
13,2 


4 

7.22 
17.6 


5 
16 
10 


6 

8.^ 
14.3 


7 
1.16 

18.7" 


8 
'« 
11 


z ^= 

ar = 

y = 

In all, twenty 


9: 

2.17 
16.4 


10 
10 

8 
iffe 


11 

3.18 
12.1 

reat k 


12 

11 

6 

iSlL 


la 

4 
8 


12 
2 


16 
5 
9 


It 
6 
3 


22 
1 
1 


(. 



* Jn this case there will be two equations; t>y the elimination of .one 
of the.nnknownig we will therefore arrive at an indeterminate contaiainff 
but two unknown qua^ties, whieb may be solved by the preceding 
article. 
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225. In order to determine the number of solutions of 
which the equation ax'+ by + cz =sd admits, we must first 
render two at least of the coefficients prime to each other. 

This is readily done, as may be seen by the following 
example. . 

Let 9a?+12y+16;j=«:424. 

Transposing IB z, and dividing by 3, we hate 

.\ — ^ is a whole number, 
o 

, 3z- 2-^2z z + 2 . . , ;^, 
and -J5- H jr — = — :r— := a whole number = i). 

Whence 2:e=3v — 2. . , . 

Consequently we have 

3a:4-4y==141 — 15t?+10+l— « = 152-16t;, 

and 3a:H-4y+l6v=5:lr52.\. 

Since the values, of x and y, are ijot altered Ijy the pre- 
ceding transformation, the number of solutions will be the 
same as before. • . ^ 

. * Having prepared the equation as above,' let a and b be 
the coefficients.which are prime to each other, then we.shall 
have 

aa: + 6y T== rf — tar, 

. . J h h 

in which z can h^-ve any vjdiie from 1 to =-, so that 

z^ being the greatest integer in the fraction , we 

shall have Ji^r^ equations 

ax + hye=i d— c 
oi? + by^ d^2c 

' ax + by =s d —2, c. 
But by {Art. ^83,) the number of .solutions of which the 
equation ax + bys=sc admits, is equal to the difierence be- 

tween the integral parts of -r- and -^ • The number of so- 

lutii>ns in tbe above equations will therefore be, 
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C (d^cSx* (d—cW 

Now, to obtain the whole number of solutions we must add 
the numbers of which th6 various equations above admit. 
This is most convehientiy done by obtaining the sum of the 
integral parts in the arithmeticar series 

and subtracting therefrom th^ sum of the integral parts of 
the series 



{d^c)y' (rf^2c)y; ((f^8c)y 
a •'' a • 1 



, to . . » z^ terms. 



To obtain.the sum of the integral parts of the above series, 
first obtain the sum of the whole, series and then deduct the 
sumof the fra:ctionarpart.^i Since these necessarily return 
in periods^ it will only be: necessary to calcujate^ the sum of 
one period and multiply that sum by the number of:peripds, 
taking care to add the odd terms, ishould there not be ah 
exact number of periods.. These terms will evidently cor- 
respond with the leading terms in the series. It must also 

' "fi - ' 

be remembered that ^^ is to be considered a fraction in the 

first serids. ^ . x 

ExAHPi^s. ■'-'':■ 

£x« 1. Required the number of solutions the equation 

lla?+15y+lT;r«4Gq 

admits of. ■* 

rjw.*v • 14 V f .406—11-15 _ 

Helre the superior Ijmit of ^ is — 



17 

Alsro the leastvalues of of and y' in the equatimi 
il a?' — ISy = l,«re ar' « 11 y'= 8. 
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The above series are therefore 



383.11 . 366.11 , 26,11 



+ -r^.-f 



15 T^m^^^^V 15^ ; 

. ^83,8 . Sms . ■ 26:8 - 

and ^_+__ +..,.-Yp. 

the common diflferences being ' 

17.11 ,„7 . 17.8 ,_ 4 
-jg- = l2jg.and-y^-15?^. 

and the number of terms 22. 

Now the sunjs of the senes are - — — - — > = 329977, 

lA ■ • lo, 

' 4499.8 .^^^ 

and . — jj— ==3272. , 

Agaib, the fractions m the first" serieis are 

13 ^ H 2. 1^ A ^ ^ A 1^ £ il ± ^^ ^ 
IS* 15' 15' 15' 15' 15' 15' 16'j5' 15' 15' 16' 15' 15' 15' 

13 Q^ U 7^ 15^ £ : 

15' 15' 15' 15' 15' l6* 15' 

■ ' 4- ' ' ^ 

whpse sum is 12^=^. 

■ 15 ■ . • . . . ^ . 

The fractions in the latter series a^e 

£ ^ !?. £ JL £ JL ^ M. i. 1^ 
ji' 11' 11' 11' 11' u' ii' 11' 11' 11' n' 

this period being tepeated twiee, hence thB sum is 
^.5 = 10. , 

Hence the sum of the iiktegral parts in the first series is 

32994-15^4 = 8287, 
Id 15 

and in the second 

3272—10 = 3262, 

the difference between which is 25, the number of solutions 
as in Ex; 6, Art. ?24; 

Ex. 2. Given 12 a? + 17 y + 19 x^ 61(»y to determine 
the number Df solutions. ^n*. 4762. 
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Ex. 3. Required the number of solutions the equaticm 
17x + dly + dO;2r«3000,admitsof. ^m. 406. 

Ex. 4. Required the number ^f solutions the equation 
Ux + 2&y + BI z r^2Ma8,aittd{a oL Am. 32100. 

Ex. 5. Given 3x + 7y + ll;r« 86412, to determine 
the number of solutions. : Jlns. 16158483. 

226. To determine a number, which, divided by certain 
numbers, shall )eave given remainders. 

Let N be the number, rf, d\ d"f &c., the divisors, and 
r, r', r", &c., the remainders. 
Then we shaM have 

N « rfg + r ^ rf'^'+ r' as rf"^"+ r". 

Let the least values of q and q' he found in this equation, 
then the least number N^ which will , satisfy the first two 
conditions is dq + f,T>r d'q'-^ r*, q and q' having their least 
values. Also every other number that will satisfy these two 
conditions is included in the formula 
(W'ar + N'. 

Consequently we will bave. 

Mx + l^':^d'Y+^' 

If in this equation we determine the least value of ir, the 

number N" corresponding to it will .satisfy the first ^ree 

conditions. Every other number that will satisfy th^e 

conditions is -included In the formula 

dd'd"x+^'\ 

We may thus proceed until Ave shall have obtained a 
number which will satisfy all the conditions. 

Examples. 

Ex. 1. To find a number, which, being divided by 3, 7, 
and 11, will leave the remainders 2, 5, and 7. 

The required number must be of the forms 
3 X + 2, 7y + 5,nand 11 5r + 7, 
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. 3 a? + 2 = 7 y + 5, or 3 ar — 7 y = 3. 
The least values of x and y that satisfy this equation are 
x=a8, y = 3, 
3ar + 2«36 
is the least numher that wilh fulfil the first two conditions. 
Also every number of the form 

21:» + aa, - 
will equally fulfil them. We must therefore have 

21a? + 26=»ir;r + 7, 
or 11 4r — 21 a? = 19. 

Whence a: =b 8, ir =s 17, 

and ' . 11 5r + 7 = 194, 

is the least number thiat will fulfil the.conditions. 
Every qther answer must be of the form 

3 X r X 11 a? + 194 *« 231 X + 194. 

Ex. 2. Find the least n^ijiber, which, being divided by 
3, 4, 5, 6, and 7, shall leave the remaind^ 2, 8, 4, 5, and 6. 

We ^halL solve this equation by a difierent process. Thus, 
if X represents the number, the ejcpressionsl 

ar — 2 ar'— 3 ar — 4 a? — 5 ' x-^Q 

-, and 



3 ' 4 ' 5 ' 6 ' — 7 



must be whole numbers. 


Jf, then, we 


make the first equal top, we shall have 




a?«3/>+2. 


Substituting this in the sdcond, we have 


•, ' V . 


- 4 • 


an integer. 
Whence 


4p 3;y-l^|,_^I 
4 4 .^4 ""^' 


and . 


■ p= 4q^l. 


Whence 


x^nq^l, 


Substituting 


.this in the 3d fractioxr, it becomes 




12^ ^5 
5 
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Now since this must be an integer, we shall hare 

and a; = 60r— 1. 

Consequently "7 « — JH- » K) r — 1, 

which introduces no new condition^. This might have 
been shown d priori; the fourth condition necessarily re- 
sulting from the 1st and 2d.' . 

:r — 6- 60 r 7 4r 

The fifth fraction . becomes — =— =s8r— 1+— . 

Whence r ■='7 «, 

and . a|«420«-^l, , 

in which s may be any number, from 1 upward. 

If ssssl, xsa 419, the least number that will answer the 
conditions.. 

Ex. 3. Required the least number, which, divided by 2, 
3, 5, and 7, will leave remainders 1, 2, 4, and 6, but divided 
by 11 will, leave no remainder. . / ^ ^ns. 2189. 

Ex., 4. A man has some eggs, which, when counted by 
twos, threes, fours, fivesi, or sixesi still leaves one, but when 
counted by sevens there are none left. What is the 
numbelr? -y^n*. The least number is 301. 

Ex. 6. Required the year of the Christian era, in which 
the solar cycle was 6, the golden nunijber 3, and the indic- 
tion3.*" • ... Jini. 1846. 

* The solar cycle is a period of '^ years, at the expiration of which 
the days of the week return to the same day« of the moBtb, provided a 
commoft centurtal year has not intervened. The, first year of the Chris- 
tian 0ra beings <he lOtb of the cyple, we must add 9 to the number of the 
year and divide the sum by 28-, the remainder will be the number of the 
solar cycle. 

The lunar nyele is a period of 19 years, after 'whic^i ecfipees return m 
the same order. The nrst year of our era being the second of this pe 
tiod, we must add 1 tcrthe year, and divide by 19> the remBO^et is the 
year of the lunar cycle. This is the golden number. .^ 

The Roman indiction is not astronomic. It is a i)eriod of 15 years ; 
the first of the Christian era, being the fourth of the indiction. There- 
fore add 3, divide by l5, and the remainder is the indictiop. 

In the above example we hiust have 



whole jiumbers; 



^V^ -Lj^. and 15. 
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Ej; 6. What is the l^ast whole number, . which, being 
divided by 12 and 17, shall leave the remainders 9 and 7 ? 
^ Ans. 177. 



. GHAFTERXIII. 



DidPHANTINE ANALYSIS. 



237. In many investigations, particularly in the higher 
mathematics, it becomes necessary to find tralues which will 
render irrational expressions rational. The mode of doing 
thisj where it is possible, forms the subject of the Diophan- 
tine Analysis. • ' ' 

The jBrst principles of that analysis are sufficiently isimple. 
Some of its applications, however, have presented difficul- 
tiesj the solution of which has been deemed worthy the 
eJBforts of the. jgreatest mathematicians of the last century ; 
and it is to two of the most illustrious of these, Euler and 
Lagrange, that we are indebted for most that has appeared 
upon the subject. The former devoted much time to the 
Bubject, and produced some investigations' of the more 
difficult problerns, which may be considered as analytical 
gems,~;well worthy of study from their bepiuty. 

It will be impossible, in an elementary work like the pre- 
sent, to give any thing beyond the general principles of the 
soience.; we trusty however, that nothing will be omitted that 
will be found necessary in preparing the pupil for the study 
of the higher mathematics. Those who wish to pursue the 
matter further, cannot do better than to Study " Barlow's 
Theory of 'Numbers,'* an admirable synopsis of the subjects 
upon which it treats, of** Legendr^ Thebrie des Nombres," 
wh^re he will find- the whole subject developed by a master 
hand. 



24 
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SECTION I. 
On the ^nohtion if Eapreuiam qf the form 



1238. Let iK a 0, and the expression ))ecome8 



If we put this equal to p, we shall have 

and a?aa - . » 

in which any value whatever may he given to p. 

Examples. 

Ex. i. Let it he required to find a nUmher, such that if it 
he multiplied by 7, and the product he increased hy 10« >the 
result may be a square. 

The equation to which this question Wdis, is evidently 
7x+W^p^f 

whence \ x =? : '11^ ■ > 

,. * ft ' ■ 

in which if we assume p^4;x »-= ; the other values of 

p will produce different results. 

Ex. 2. Find values that will render v^ll a; -^.10 ratidniL 

^ , ' 14 19 - 
^Sns. 0? as 1, TT»TT» ®^ 

Ex. 3.. Bender the expression \/2 x + 17 raticmal. 

^ 8 m 32 ^ 

win*. x«Bsg-, -5-» '©■» ®c. 
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229. Let the expression be of the form 

Assume %^aa5* + bx ^pop^ ' ' 

then or" + te aas/>W, 

and X aas -J — "-^ whiere p may be assumed at plea« 

SUflB. 

If p SB — , this will hecome a? « —- —. 

ExABIfUBS. 

Ex. 1. To find i[aiues of a? which will make &x^ + Bx9l 

Suare. f . 

ere a « 5, 6 8=^ 3, / 

8 

3 

In which if p cs 3, x^s — 

Ex. 2. To find a value of x that will make To:*— 15a? 
a square. 
__ , -15 15 

IfptB2,ir»5. 



Ex. 3. Required a value of x that will render v'l2a?"H-7x 
ratipnal. 

Ex. 4. To find a number, such ^hat ifits square be divided 
by 12, and the resuh added to -- the number itself, the result 
may be a sqimre. 

Ex. 5. Bender V^8 ai« — 17 a: rational.. 
230. Let the expressi on be of the fo rm 

in which the first term is a square. 
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Assunle \/a»a:«.+ ban + c^ax+p. 
Then n^^ + bx + c^^ a»a- + 2 €^x+p\ 

p*^c 

If;,«-,thena:-j^r32^JiJJ- . , 

Ex. 1. Find such a value of x as will make (x+3)(ar— 4) 
a square. ' 

Here (x + 3)(x- 4) =ix-^a:^12, 

consequently x = ^^_^ =« (if P =« — 1) l^- 



Ex. 2. Find a value of a: which will render \/4ar»+17x+8 



Ex. 3. Find a value of x which will render v9i^--27ic+^ 
«^^^^- • . £n8.x^l\. 

Ex. 4. Render \/l6a?" — d6a? — 7 rational. 

231. Let c be a square, orthe formula be of the form . 



y/aaf" + bx + 
Here we may assume, 




whence 
and 

Ex.1. 

rational. 

Ex. 2. 


y/ax^ + bx-^-d". 
.ax!^ + bx + i^ 
^pc — b 

Find a value of a?, that wiJ 


1 reader v^2««--27»+9 


Render \/16 — 35 ar — * 


r 0!?* rational. 
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Ex. 8. Render %/8 a:* 4- 17 a? + 4 rationaL 

292. General solution. 
Let m and n be the roots of the equation 
b c 

a a^ 

80 that we shall have . - 

ax^+bx + cssa (ar — m) ^*-n). 
Assume V^aofi + bx + c ^p {x — n), 

and we objtain 

ax^ + bx+ CBsp^{x^^ny9 
^ (a? — 1») = jB» (a: — ti)/ 

and • «=s -^-; 

Now the roots of 

b c- ^ 



In order to render these expressions ratiSnali^'— 4 ac must 
be a square. If we put it equal to d% we will have 

d^h '. ^b--d 

m^z--- — and n=« — . 

2a - 2a 

^233. We may separate the expression 

w* + bx + c 

into two factors, when 6» — 4 ac is a square, by the following 
simple procesiB. ^ ^ " ^ " 

Assume oa;* + bx + c=^ {p^ + ?) (A + g) -^ 
pf^ «; pg +fi = 6 and gg i= c. 



Squiiring the second, subtracting four times the product of 
the first and third, and e^^ractirig the square root, W6 obtain 

pq-^-fg == \/5« — 4ac = d 
24* 
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b + d 

, b-d 

and «-- ^- 

EXAXFLES. 

Ex. l.~ Required a value of x which shall reucLeir 

rational. 

Here the factors of 16 are .5 aod 3 ; let therefore 

Also (/«V6« — 4rfC:^8. 

' 2/) To*' 



Hence g»__=-^_-«3, 



and g = -^- ^ ^^. 

16x« + 2aaf + 7 =«(6 i +|^).(3 a? + 3). 

Let now 6a? + ^«^(3a? + 3), (1) 

and we shall have 



*^. 



Vl5a:« + 22??+7=»-(3a? + 3), . 

a rational quantity. 
But, from (1) we hare 

16 n»«? + 7n» = 9 m»a? + 9 m\ 
^ 9m^~>7n« 

/^ "" 15n«-9m«' . 
in which m and n may be taken of any values that wiU 
render numerator and denooiinator of the same sign. 

If m as 1, and n s: 1, x^^. 

If m » 6, and n » 4, a? sas -^^, 

.15 

If ^ as 6, and n s=s 5, a? sa — p, 

51 

*c. 



digitized by Google 



SIOPfitANITNE ANALYSIS. 283 

2S4. It sometimes happens that an expression of the form 
. . aar* + bx + c 

may be separated int6-t\(^6 parts* one pf which is a sauare,* 
ana the othet the product of two factors, so that we will hare 
air* + bx + c = (wtaT-f »)' + {px+f){qx + g). 
In such cases the yaiue of a? may be found by the follow- 
ing process : / 

Put ' .\^ax^ + 6a? + c = mx -f 7? + d{qx + g). 
Consequently . '' 

{px +f) [qx +gy=- id (mx + n) {qx + g) +d>{qx + gr)'. 

p!x:+f^^d{mx^'hn)-{'d^{qx'\-g), 
that is px +/— 3 rfma? + 2 rfn + d^i2ra? + (f«g, ' 
and ■ ^^ ^dn+d^g- f ^ d{^n+dg)^f 

p^^dm-^d^ p-^d{2m+dqy 

. Examples. 

£x. 1. Find sttch a value of a? as will make 

•7x5+1^0?+ 10 
rational. 

' Here we haV^ 
7q:«+l9a?+10 = 4ar» + 8j:-f4 + Saj«+lla? + 6 

.^(3i-H3)» + (3a: + 2)(af + 3), 
... m = 8, n-3,/>«3,/=t2, ^r,^ 1, g^jB, 

.% we shall have , x=^ S ,,, \ - ;. . 
.... 3 — c/-(4,+ rf) . 

2 

If (/*B — .2, x:=a-, and any other value may be given to 

c2, which will not nlake x negative. ^ 

£b|. 2. Fiad such a value of a? as shall make 
• 2xa + 8a? + T . 
a square. . .^n^. a;=s3. 

£x» 3. .Find a value of x^ which will make 
15 ir« + 13 X + 6 
asquare. 

235. The above are the only cases of which a general 
solution has been given. Ma^y expressions, however, occur 
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which do not fall under either of these forms, and yet admit 
of rational values ; to determine these it is necessary in every 
case to find by trial one value; we may then determine 
others by the following method. 

Let xsmrhe one value that will render .the. expression 

. • \/da?* -H 6a? -h c 
rational, and equal top, . 

By (Art. 143,) t^nsform the equation 
ax* + bx.+ c^O 
into one, whose, roota shall be x^r^ The transfonned 
equation will be of the form 

and if we find a value r', which -will make this polynomial 
a square, we shall have a valu6 

x^r + r'j ^ ^ 

which will in like manner renderthe original expression 
rational. x 

Examples. 

Ex.; 1. Required values of x which will make 

\/7ar« + 6a?+ll 

rational. ., 

A few trials will determine one value to be 2f^^ put', then, 

and we shall hare , ~ 

7 a?3 + 6 ar + 11 »=7y +33 y +49. ' 
Assume 7 y»+m y +49^ (py+lf^pY+^i Py +49, 
and 7y+33s=jo«y+14j». 

Whence ^^ tZTJ^- 

Fro^ the form of the above we can obtain no positive va- 
lue bf yi If ^ = 2, y == — 5, and a? == « • 

And other values tnay be found by giving fractionid va- 
lues to p. . . - 

Ex. % Required values of x that will make 
^^Sx^ + '7x + 6 / 
rational, a? =s= 1 being one value. . ^ \^n8. 
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SEOTIONH. 
On HxprtmpM cf the t^onn 



sfaa^ + bx^ + ex + «L 

236> The; determination of the Values of x, that will ren- 
der the expressicAi ' . • - 

. ' y/ax^ •+• bx^ + car + rf 

rational^ presents difficulties which have only been overcome 
in a general manner in iVo cases, viz., whei^ the kst two 
terms are absent, aild when d is a square. 

237. Let th^ expression be 



and 



AssumQ "^ \/ai!^'j'^x^^pxt 

. , . a 

ExABIFLES. 

Ex. 1, Find a:, so that Ssfi + Ta?» xnay be a square. 

^na. x=sB. 

Ex, 2» Find x, so that fix?^ — 5 a;* may be a square, > 

238. If the expression be of the foriTfi 

x^aaii^ + ba^ +,cx + dK / 
Assume aa? -f- bx^ + ca? + rf" =s [nix + rf)* 

« m»a:" + 8 fiwte + A 

If now we make 2 ind^st c, Or m = ^^ 

we shall have a3^ + bx^ = i»»a:" = :r^ «■. 

_-, " c»— 4*(? 

Whence a?sss — 3^-=^ — . 

4aa" " 
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Since this contains no arbitiary quantity, it gives, of coarse, 
but one solution ; others may, howeyer; be found by the next 
article. ^ 

Ex. 1. Render v^8 re* — 5 ar" + 6 x + 4 rational. 

taflSm X SB 3-—, 



Ex.2. Render y^7a:»— 3a:» — 4a?+ 16 rational. 

. Ana. a?«a 

2B9« One value p being given, which will render the ex- 
pression 

' Va9i^A-b^ + cx,+ d 

rational v others may be determined aa follows. 

Let a|>*+ ftp« + qa + rf =■ m*. 

Transform the equation (Art. 143) 

or* + *a^ + cjf + d 888 0, 

into another whose roots shall be as — jj. 

The translbnned equation, will be of the form 

We may by last article. jSod a vidue of y^q whi&h will 
make this polynomial a square* Then x^sp+q wiVi 
render the former a^square. 

ExAMPL^. 

Ex. 1. a?=x3 renders \/^ — a:?* + 2 x+ 1 rational ; find 
another value ofx that will answer. 

. , ^s, a?8B--g. 

Ex. 2. Find a value of x that will render i/aj» + 3 la- 
tional besides 0? ss i. ..' -'23 

wfn*. a? 8= -^ T3. - 
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spcTioN ni. 

On the Ba»haum of Expreuiom cf the Farm 



240. To find values of x that will make ' 

<^€fioB^ + (u^ + ex* + dx + e 
rational ; assume 

«=c«V+2£ima^4-(2an+m^a?+2mna?+n* 
Now, if we make 2 am ==B6orin=;£5-, 

and 2an + m* ss c orn ^sa — r-- ^ s — ^--— — , 

we shall have 

fi» e 

dx + « =5s 2 mna: + n', wjience a? 



d'-^2 mn 

Examples. 

£x. 1. Required a value of x that will make x*-^Zx+2 
asquare. a^^\. ^ 



Ex. 2. Render 4 5P^ + 4^a:* + 4 ai*. + 2 4r r— 6 rational 
241. If the expression be, of the form 






it may be solved by making x » — , which reduces it to the 
form |/ g 4- by + c^ + d^ + gy v ' 

the namera.tor of whicli Qiay be rendered rational by the for- 
mule of last article. 

Ex: 1. Find.a v^e of x^that will make v^2a:«— 3a*+l 

rational, /* 3 

Jin,.-. 
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£x. 2. Find such a yalue of a; €13 will zoake 22 x*—40x^ 
— 4ac« + 64a? + 16asquare. ' 8 

242. When the first and last terms are squares, or the 
expression is of the form 

Vtf»aj* + A«* + car- + <te + .e», 
we may proceed as in the preceding cases. 

Or assume >, ; 

a*ar* + ftar" + ca:* + rfa? + c« c» (««;*+ ma: + c)» • 

' 0=; a*ar* + 2 amafi + (2 «« + m«)x«rf2mea:+c». 
This may be solved either by making, the second or, the 
fourth terms equivalent. 

Thus if 2am =* 6 or m =.^r— , 

ca?" + rfa? ==» (2 «c + m^)a:« -^f 2 mca:, 

, 9fn€ — d 

whence ^ . a?a= — -7^. r— ^• 

1; r- (2 ae :+ wi*). 

If 2 me s> c? or m ^^r-, 

2.C . 

we shall have . 

bafi + c;r« = 2 ama:^ ^ ^^ae. + w^a;« 

and a? = i — . - ' ^ . 

243. When the expression does' not come ^nder either 
of the preceding cases, no general solution . can be given 
until one value has been found by trial. When. such a' 
value has l^en determined, the process employed in Articles 
285 and ^9 will generally lead to other values. 

No method has been discovered for rendering ratkmal an 
expression in which the ui>known exceeds the fourth power 
— ^not even when one value has, b6en found by trial; 

Those who would de9ire to pursue this subject further, 
may consult "Euler's Algebra," ** Barlow*s Theory of 
Numbers," or "Legendre Theorie des I^ombres," where 
wiU be found most that has been written upon thi? subject. 
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SECTION IV* 

244. In what precedes, tk'e attention has been confined 
to rendering a single expression rational. Cases, however, 
oftetk occur in which it is necessary to find Talaea that will 
make two or more expressions rational at the same time. 
Where two such formulas are to be satisfied, the case is 
called a double equality. If three are required to be satis- 
fied, it is a triple equahty^ and so on. 

The solution of the more complex examples of these 
kinds pre^entB considerate difiiculties, which can only be 
orercome by perseverance- and ingenuity on the, part of 
the student. The following methods wul aid him in his 

First.- 
946. Let it be required to resolve the double equality 
.. ax + b==i 8,q ^ . 

CX + dsssq. 

Put oa? + 6 = p*, then a? ^^ — < — ; this substitute in 
the second formula, gites 

<»»— eft . J ' ^ 

Values of q that will satisfy this may be found by one of 
the preceding rules ; and thence x is readily obtained. 

ExAKPLBfr. 

Ex. 1. To find values that will make 

X + I and 2x + I squares, 
put , X + 1 ■■;)«, then x ==/>• — 1.; this substi- 

tuted in the second, gives 

The value p = 1 evidently satisfies this; other values 
may be found by Art. 235, to be 5, If, &c. 

Ex.- 2. Find a value of x that will make 3 a; + 7 and 
2x + 4 squares. ^ns» a? b 6, &c. 

Ex. 3. What values of x will make 32^+1 and 4a? + 5 
squares ? ' ^m^ a? ss 1, 5, dbc. 

25 
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Second. ' 

346. Let the expressions be of the fonn; 

put X tt -9 tben they become 

<r ■ '> i J c , d 

- + - «^*flr and— +^ =■ *flr, 

or multipilying by y", ' -^ - 

> a>f ^y aa^y and c + rfy sssr*y, 
which renders them suoQiilar to those of last' Art. 

Third. •' 

347. If the equalities be of the form, 

ax^ + bx + e^ssq ' 

and Hf'jc* ^ i'a: + c' =5 «g, 

one of the^e will have to be resolved, and the result substi- 
tuted in the other, which wiU thus be made of the fourth 
degree, and can be resolved by Art. 340 et seq., in case ita 
form admits of solution. 

Tripk EquaUUeti .. 

248. ljeiax-{'by^BqyCX + djfsgsaqmdex.-irbf/ss sq. 
To resohre these, assume 

ax + by^p* ' 

< ca? 4- <^y *** 9? 

ex +/y — I*. 
Then by determiiiing the Values of a; and y in (he first two 
equations, and substittiting in the third, tne problem will 
be reduced to a simple equaKtj of the second degree, which 
hiay be solved by the precedmg rules. - 

BXAHPLSS; 

■ ' ■ \ ■• ■' 

» E;x. 1. Fiiid»a number x such^hat x+ 128 and x + 102 

shall .both be sqwres, / ' V - 
r Here, case I, l^t^ a? + 128 « ;?r» or 5 =» z« ■-- 128, 
then X + IM V^jH- 64 = (z + m)* = 5J» + 2mz f m\ 



whence z tm ^f < — i.*;*in which m may have aiiy valiie. 

Digitized by VjOOQ IC 



'2m 



DioF^OAVTorE Analysis. 291 

Let fn » % z a 15 and X » 225 - 128 =:= 07. 
If m » 4, X'^ 6 and x ^ 36 - 128 » - 92 

land other vahies, ad libitum, may be obtained^ if the answer 
be not required in integers. ^ „ ' 

Ex. % Find x such that x^-^x and ai^ + x may both 
be squares. 

Here; case 2, let x « ~, then by^ reduction we obtain 

1 '-f- y and 1 — y as the escpressions to be made squares, 

put y sa z* — 1, then 1 — y = 2 — «•, which is required 

to be made a square. ^ 

In this case it is necessary ta find one value by trial. 

jt 3SS 1 evidently satisfies the equality. 

Assume therefore z b m + 1, and we have 

2 — «• aa I — 2m — m« i» «g^ =to (I — inr)» 

. ^ ab»l r- 2«ir + m«r*, 

2r •»-2 '■ 
whence we obtain m » ■ ■■. 
r" + 1 

If rc=2,hi=rgandz^l|«J,y = z--l«g. 

\ /. ' • 2^ ' ■ 

and other values mi^y readily be found. ^ 

Ex. 3. To find x and y siich that a^ -f y" » a", a given 
square. 

Here x^satfi — y" =s a» -^ 2 amy + my (suppose) ; 

then y a» . , -, and aj« «« «■ r-r-i » 

•^ m«+ 1 m« + 1 

in which m may have any value. 

Another Sotuium^ 
Assume a+y as^and a-^y n^, 

whence 2 a g= ^ ^ ar and 2 1/ « a?. 

From the first of these we obtain 
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T^ + f \ . ;>? + «■ 

in which ^ and q- may be. any. nuQibeis whatever. _ 

Ex. 4. Find a^Tsdue of ar that will mak« 2:r + 6 and 
8 a? — ft squares. ' 

whence 6 y" — 72 ^ «<2r. One value of y to satisfy this is 
easil}^ found by trial to be 6, whence other values may 
readily be obtained* . -^ - 

y as 6 gives x = 16. - 

Ex. 5. To find thre^ numbers such that their sum, and 
also the sum of any.two of th^n, may be sqi^iares. 

Let 4 a?, a^ — 4a? attd 2 as + 1 be the.numbers. It is 
evident Jha^t the' sum of: these, the sum of the ;first tmd 
second, and also of the second and third, are squares^what- 
ever value may be assigned to x. It only remains, thete<» 
fore, to find x such that (S! a? + 1 may be a square. 

Assume 6 a? + 1 «= />■, then x »s t-— — , 

in which o may have any valu^. Make j» = 5. and x =s 4, 
whence the nambers are 

\% and 9. 
But this can hardly be considered an answer. 
I? at: 7 gives a? s= 8, and the numbers 

82, 82, 17. 

21 ^ 

|7 ^8* 8 gives X == ---, and the numbers 

42, Zlf and 22. 
- ' 4 - ^ . 

Multiplying by j4, the following integers ^ire obtained : 
168, 278' and 88. 

Ex. 6. Make ar + 4 and x 4- 7 both squares. 

, lo 
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fix. 7. Find xsuch that 42* + 80 may he a square. 

Ex. 8. Find values of x that will render Sx* -f 4x + 6 
a square, one ralue being 2. 

Am. xbb6,88,A)C. 

Ex. 9. Find a ▼alue of x that will make je* + 1 and 
X + 1 both squares. 

Sx.lO» Findxandysuchthat x' + y andy" + ^n^<Ly 
be squares. 

^»w. x-^, y«jg 

Ex. 11. Find three numbers in arithmetical progression 
such that the sum of any two may be a square. 

Let x-^y, X and x -f y be the numbers ; 
then 2 X, 2 X — y ,and 2 x + y are to be made squares. 
Let 2 X ■■ m' + n' and y ■■ 2mn f then the last two 
equations will be satisfied, whateyer m and n may be.. It 
therefore only remaina to make 

m* 4- n' a square. 
For this -purpose let m n r* + «* and n sa 2 r« ; 
then m* + n" « (r" + «■)", ip, which r and a may have 
any values. 

If r 89 9, « OB 1, m* + n' a 6724, and the numbers are 
482, 8362 and 6242. 

Ex. 12. Find a number x, such that x + 4 and' x + 7 
shall both be squares. 

■0 S7 

Ex. 18; Find three integral squares, such that the sum 
of every two ol them shall be squares. 

Jins. (528)«, (W96)«, (6885)». 

Ex. 14. Divide a ^ven square number, 100, into two 
other square 

^n9. 64 and 86. 
25* 
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Ex. 15. Ho find two numbers such that their ctifiference 
may be equal to the difference ojf their squares, and that 
the sum of their squares may be a isquare. 

d4ni. = and -. 
7 7 

Ex* 16. Resolve 4225 into two integral squares. 

' Am. GS'andQd'. 

Ex. 17. Find three numbers in geometrical progression, 
such that, if -the mean be added to each of the extremes, 
the sums shall be squares. 

«tfn«. 5^20and80. 



CHAPTER XIV. 

COirriNUi^ FRACTIONS. 



249. Any vulgar.fractiqn, the nume]:ator of which is not 
1, may be changed in its Storm so as to have unity for. its 
numerator and a. mixed number for its denc^hatoi!. 

^"^' 984 ^218^- 

^ ,., 250 i 117 1 16 1 

Inhkemanner,gg^*_; — ^^; ^«^;jr^^; 

5 1 
16""3J- 

If now we substitute these values successively in the 

expression for 55^, we shall arrive at the following result. 



,367 1 11 




884-211^^3.^' 1 % 1 


1 
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2 + =- 2 + , 

1+— L-j. 1 + 

2+— - 



»+-h 



• + 6 



ExpessicmB of this kind are caHed cdntinaed fractions. 
It is the pur^e of this chapter to make known some of 
their properties. 

The method pursued above indicates the process to be 
fbUoWed in reducing a vulgar fraction to* a condnued frac- 
ti(m ; the denominalions % I9 % 7, &c, being evidently the 

Suotients that would be obtained in finding the common 
ivisor of the. numbers 367 and 064. Thus, 

. . 367)984(2 

73* 
260)367(1 

250 

117)250(2 
234 - 

' 16, &c. 

Hence, to reduce a proper fraction to a continued fraction, 
proceed as though the common measure were desired. The 
successive .quotients will be the partial denominators; the 
numemtors always being 1. 

Examples. 

4127 
Ex. 1. Reduce ^^no ^^ ^ continued fraction; 
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412T)8«8(a 
8264 
3!89)4ia:(ll 
^ 869 



68)809(5 
340 



28)68(2.^ 
68 



20 



9)10(1 
■ 9 

1)9(9 
9 



Hence the continued fiactioii is 



11 + 



5+4 



I ^ -.. 
>+9 



« « 216 1 
Ex.2, sss — 



» 4 + _' 



. + 4 



» + -! 



1 + 4-j 
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Ex. 8. 



coiii'Uiuu> FBAcnoiis* 397 

100000 I 



T + -i 



lB+± 



1 + 



+± 



1-f 



r*\ 



If the fraetion is in^roper, the process will be precisely 
similar, except that the fint quotient will be the integer. 
^. 8083 ^ , 1 



11 + 



5 + Ac, 

250* It is evident that the whole value of a continued 
fraction must be the vulgar fraction from which it is de- 
rived, and that we shaU approJumate more nearly to that 
value according as. we use a greater number of the deno- 
minators* 



9 1 ' ■ 

.■ . ^ + 5> &c., approxilDDate more 

and more neturly to tbe trae yalue of the fiactioo, winch 
▼a^ue is onty obtained by using ail die denaainators. 

Let now, =• 

a + . 



*+l 



c + » 



- be a continued fraction, 

. •■ - e • 

to find the different approximate values. 

ist. »-l 

a a 

■ ^ 6 
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1 1 . bc + l 



1 , e abe + u + e 

^ ^ ■ ■ 

1 1 



a6cfi( + ab + ad+cd+l 

By inspecting these results, it will be seen that the first 
is formed by patting 1 for numerator, and the first quotient 
fox denominator* ^ 

The second result is obtained by multiplving the terms 
of the .first by the seccmd quotieiit, ^d adding 1 to the 
denQmmator. . ' 

And eyeiy succeeding value is obtained by multiplying 
the terms of the last obtained by the proper quotient, and 
adding the terms of the next preceding fraiction* 

E^uxpuss* 

Ex. h Let the approximate nilues of the fraction ^g^ be 

required. Here we hare alr^dy found the quotients to be 

2, 1, 2, 7, 3, and 6. 

Hence the values are 

1 1x1 _1 1x2^+ 1 8 
^2x1 + 1 8V8x2 + 2^''8 

8x7+1 22, 22x8+ 8 69 
8x7 + 8*69' 59x8 + 8"" 185* 

69 X^ + 22 . 867 . 
185x6 + 69** 984' 
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4127 
Ex* 2. Required the appzoximate values of ^s^* 



' 1 II 66 198 802 ,426 

■*'*'• 2' ^' ii7' ^' m ^"^ m' 

Ex. 8. What are the a|qpjx>ximate values of i^g^gg^ 

■ ^ 22 838 866 102678 . 

'^^ ^^ y 106' US* 82050'^- 

These fiactiom express the approximate values ci the 
ratio of the circumfeieiice aad diameter of a drde* The 

856 

foiirth one, --^f i& valuable from its near approximation, 

prodnda^ by ditkion 8*1416029; which does not difier in 
the first six deidmals from the true ratio. 

261. The successive approximate values are alternately 
greater and less than -the truf value, the first being too 
great if the fraction be proper, and too small if it be impro- 
per. This is evident firom the formation of the fraction. 

^2. iThe square root oi any number liot a square may 
be don verted into a continued fraction, and thence a series 
of vulgax fractions may be obtained converging to the true 
value of the root. . 

The means .of doing this will best be seen by an exam- 
ple. Thus, ^ : 

Let it be required to ^convert v^lO into a continued frao* 
tion* 



1 ^v'»» + 4 "^VW+J 

' . ■ 8 

a T 8 ^ ^m + 2 

VlO + g /. v/19-3 1 

■ V ■... . — s — 
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8 + ^i^-3 + ^ 



vri0+3 

'•...-"' - 5 

% A19+3 / , i/19^5r . , 1 

5 *=*"♦" 5 ** '^V'19 + 2 

■ - ^—3 



3 ^ 3 '^^ V'19 4-4 



And. as this is the satfie fraction as that at the end of the 
first line, it is evidenl the same results yriH recur. - Conse- 
quently, ,. ^ 

vi9-4+i_^L ; 

^14-- 1 

'^«+|i&C. 

The cdnvergihg fractions corresponding to these quo- 
tients are (Art. 250), , 

4 9 13 48 61 160 1341 



which are alternately less and greater than the true value« 

'By attending to the formation of these fractions, the law 
may readily be discovered. 

r«, ,/.,.'. x/194-0 

Thus* the first being wntten ~ — pr- = 4 + oc,* 

the second IS ^ .^^ ^ .^ =— ^ « ^ ■ = 2 + &c. 

(19 — 4*) -5- 1 ' , .3 

thethird . v^l9 + (8»g-4) ^ >/l» + 2 ^ 
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.1. f ^u • \^^^ + (5.1 — 2) ^19 + 3 ^ . , 

thefifth' .x/19 + (g>3-3)^ ^19+3 ^ 

(19-3«)^6. 5 --* + ®c- 

And generally if — — i- »= a + &c. be one fraction and 
m 

its greatest integer, the numerator of the succeeding frac- 
tion is 

v^l9 + ma --. n « ^^19 + n', 
and its denominator 

(19-.n'«)-^w. 

Examples. 

Ex. 1. Express x/2S in a continued fraction, and find 
the converging values, ' 

^/23 + 0. . ,' 

s=s4 + &C. 



1 

v^23v+4. 1-0 v^23 + 4 



= l + &c.- .. 



(23 T- 4«) -i- 1 ""^:t 

^23 + 7.1-4 ^23 + 3 _^_ 

V^234-2.3-3 _ v<23 + 3 ; " 

(23 — 3^ -5-2 —^ 7 "^ "^ 
y^23-f7.1-3 V23 + 4 . ^ ] .,_.' 

(2S-'4*)-^.7 "" — 1 =^ + «^c- 

v/23 + 1 .8^ 4 v^23 + 4 • ^ 

(23.-<4«)^7 =^7— TjT— =:l+&c. 

Now jsince this is the same as the second fraction, the 
quotients will evidently' rpcur in the same order. Henco 

V23 = 4 + -if 

. ' • ^ 8 + &c. 

v26 ^ ' -- ' 
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and the 4:Q(nv€i^ng values ajTB 

4 5 19 24 211 285 806 . 

r i^¥' "5 ' M? 49 * ioi' *''• 

Ex. 2. Bjequired the quotients and converging values 
of v^OS. •- ,. 

^n«: CliiotientsvSf 16, 16^^. 

Fractidns, p ^, ^g^, &c. 

Ex. 3. Required the quotients and converging values 

of \/4f. , • ■^' , 

d^n«. Cluotients, 6, 1, 5, 1, 12, 1, 5, &Ci 

„ . 6 7 41 48 617 665 8942 . 
rractions, -, ^ ~, y, ^, — , -g^, &c. 

fix. 4. Required the quotients a^d cmivear^ng values 

ofv^39. . * 

^rw. auotients, ,6, 4, 12,4* 12,&<^ 

^ ■, ^ 25 306 1249 15294 w 
/ Fractions, 6, -^, ^, _^, -^^^, &c. 

253. If -,,5-;^be twp.cdnsecu.tive fractions copverging 
fo the complete value of a ^coatinued fraction ; then 

For let- l?e the next preceding fraction and m' ^ quo- 

p' p" ^ 

tient, corresponding to C^, and ^ ; then^ &0m the mode of 

formation of the converging fraction (Art. 250), we shall 
have 

p'! as my +p and 5'" «- m^j' + 5^.' 

Eliminating m', we^ obtain j9"5c( — p'flj" = |>gr' ^p'q. 
I diierenCe of the products formed'by mmtip' 



the numerator arid* denijuiinator of any fraction by the de- 
nominator and nun^iator of the preceding fraction, will be 
equal to the similar difference, for the fist mentioned of 
these fractions and the one .which precedes it, but have the 
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contrary sign ; and as this relation exidts between any three 
consecutive fractions, it must hold for -the whole senes. 

Now, if a and b are the first two quotients, the cor- 
responding fractions wiU be 

a ,ad + l 
-and-j-. 

In this case we have (a& + 1) — a6 » 1. 

Hence universally /r'Y ~ P^9" =» db 1. 

The upper sign being used in case the fraction ^,is 

254. The preceding property not only proves that the 
indeterminate equation ax — by ^sx del is always possible 
(a and b being prime to. each other) in integers, but like- 
wise affords a means of finding the least vdlues that will 
satisfy it. 

For this purpose it is necessary to convert the fraction jr 

into a continued fraction, and thence find the cdiiverging 

values. Let ^ be the one immediately preceding t ; then 

we shall have aq'-^bp:^ db 1. If the value be + 1, it 
may be changed into — 1 by jnaking x = 6111 — ^, and 
y ass aift — p ; the substitution of which values will give 

ax ^ by ss -^ aq + bp SB — 1. 

By a similar substitution we may convert 

a^ — . bp'ss — 1 

into oar ^ fty =a 1. 

ElCAMPUES. 

Ex. 1 . Finl the values of x and y that will Mitisfy the 
equation 

Changing j^ into a continued fraction, we obtain 



Digitized by VjOOQIC 



904' CONTiNVED FRACTIONS. 

.13 _1 

^^"l + i 1 
^3 + 5- 

The converging fractions are 

1 3 la^ 

IS 3 

In this case, as — >► ^ the value. is +^ 

Hence a? = 17 m — 4, y = 13 m — 3, of which the 
least values &re a: =s 13, y = 10. 

Ex.2. Find the least values that will satisfy the equa- 
tion . 

19a;>-$»y = i: 

Here the quotients are }, 4, 1, 3, 

and the converging fractions, t» h» a» oo* - 

lob, i*o 

And ^r^ being less than -, we shall have 

a? =: 23 — 6 = 17 and y = 19 — 5 = 14. 

Ex. 3. Fihd the least values that will satisfy the equa- 
tion - . 
l^,x — 19 y = -r 1. 

Ex. 4. Find the least values that will satisfy the equa- 
tion ' , 
25 a;- 47^ ,= 1. 

£ns. 

We have gpljeady given Another demonstration of this 
proposition, but it was thought best to insert jthis, to show 
one of the applications of the doctrine qf continued frac- 
tions to the solution of equations. The limits which 5V-e 
have assigned to ourselves will not allow of any further 
development of the subject here. Those who would pursue 
this interesting branch of algebra further, xapnot do better 
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than consult "Euler's Algefcwh** <«Barlow*8 Theojy of 
NumbeTB," or ** Legendre Theorie ies Nombres/' in which 
works he will find nearly every thing of importance that 
has appeared on this subject. 



ditlAl?t£R XV. 

APPtlCATION OF AlGEBSA TO GEOMETRY. 

SECTION I. 
Comtrudion if4f^fraic Quaniities. 

265. In the ^plication otAkdbni to Geometry^ the alge- 
braic s]rmbols are considered either as the representatives of 
quantities, i§uch as lines, surfaces or solidities, or as abstract 
numbers. Every algebraical expression may be' regarded 
as the representative of some geometrical figure. Beftore, 
therefore, proceeding to. the solution of problems hi geome- 
try by means of algebra, it will be proper to explain the 
mode of constructing some, of the formula which wiH fre- 
quently occur. ; 

256. liOt there be an equation v is^u + h,iit which yi 
a and b are the representatives of lines. In this case it 
wiH evidently only be required >to lay off sr line', AB< equal 
to a, and at the end of it another, a p r^ 

BC, equal to b. Then the whole f . . • | ■.. . V 

line, AC, will be a + 6, or y. ' ' ' 

Had the eauation been y =^ a — 6, the first line would 
have been laid off as before r but x C R 

BC must be placed from B to- . . , V ? 

Wards A. Then AC will repre- . ' ^ '"'' ^' 

sent a — ft or y. 

Now had b been greater than r; a t%^ 

a, the point C would have fallen V | t 

to the left ofA; the result extends * ' ' 

therefore from A in a direction oppe^ite to that in which 
the first line was laid off, Bift whete b > a, y is nega- 
tive. Hence we see that i i^gative quantity inquires to 
26* 
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be extended in a direction opposite to that in which a posi- 
tive one has been, placed. . . 

This remark is very important, since upon this principle 
all negative quantities are to be construed. If» then, A is 
the starting point, and positive n A B 

quantities be laid off from A to- . . ■ ■ 

wards B, then negative ones must I ' ' 

be extended in the opposite direction, or frpm B towards A. 

257. Having thus constructed the sum and the differ- 
ence of two lines, let us pass to the formula 

' -• • ■-•■«& .••• .' /. 

y = -. .. ., 

y, a, b and c, as before, representing lines. . 

From this equation we readily Tobtain 

t : b : ru : y ^ 

from which we perceive that y is a fourth proportional to 
c, b and a, ,,The common geometrical construction for find- 
ing a fourth proportion .will therefore be sufficient. 

Thus lay off AB=c, AD- 
= b and AC = a, join"BC 
and draw DE parallel to BC ; 
then ,AE is the fourth pro- 
portional required, and is 
therefore the line represent- 
ed hyy. . . V 

There are several other methods, of finding a fourth pro- 
portional. The selection of the proper one. often greatly 
influenced the beauty of the construction of more complex 
formulae. •. ' - 

258. Let the equation y^ab be proposed., In the form 
in which this is presented, the construction is impossible. 
The quantity y represents a line, iyhile qb is the dgebraic 
expression for a- rectangle 
whose sides are a and b. 
This will be. evident, if we 
consider the rectangle ABCD, 
whoise sides are AB =: a and 
BC =B b. Now a is the num- 
ber of linear units contained in AB.^ In like manner, b is 
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the number of similar units in BO.- But it is a well-known 
principle that the product of the nufnber of units in the 
length, by the number iii the breadth of a. rectangle, will 
give the number of square units in the area.- Thus, if AB 
is 3 inches, and BC 2 inches, there will be Q squjare inches 
in the area^ ^ : 

Since, the;n, y is a line, and ub an area, the equation as 
so proposed is impossible. - , 

In order that it may have a geometrical representation, 
it is necessary to introduce a factor to represent the linear 
unit. This may be an inch, a foot, a mile, or even a still 
larger -quantity. In astronomy, the radius of the earth's 
orbit is considered as the unit. Let, then, / be the unit of 
length. ^ The equation may then be written, 

It is therefore reduced to the last case. 

259. The principle of Aowog^Wt/y treated of in the last 
article is extreiAely important, since no algebraical formula 
cart have a geometrical interpretation unless its terms be 
fir^t made homogeneous. 

260. Let now the expression be y == a\ introducing the 
unit / as the denominator. The equation becomes 

- y sss -J- et 1 1 a :i a : y» 

By which we see that y is a third proportional to / and a. 

Tliis third . proportional ^ ■ ' 

maybe bbfained by several ~ , C 

methods. Thus, draw Wo "" ^^ 

lines AC and AE, making 
any angle. Lay off AB 
= /, AC,=±=-AD = o. Join 
BD, and draw CE parallel 
to BD. Then AE is the 
third proportional required. 

261. Let y =s= y/ab ; then y is a .mean proportional be- 
tween a and b. 
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Make AB»a, BC »^ 
upon AB describe a 'semicir- 
cle ADC, meeting a perp^ndi- 
cuiar through j£ in D, th^ 
BD 18 the meaA pTPportiixial 
required. 

Other means of ponstnicting 
the mean proportional will occur to the studei^* 

26S. Let it be repaired to construct the equation 

in winch a, b, c und d represent lines of ktioi^ length* In 
order to render the terms homogeneone, the uhit of length, 
/, must be introduced into the second term. Unek dividing 
by a and transposing, the equation becomes 
cd M ~ 

^ a a 
From which we perceive that it is necessanr to determine 
X the fourth proportional to a^-Ci and d, and z the fourth 
proportional to a, 6, and /, and then construct the eqiiation 
yvBfX — z. 



268. Let 



y = ^ 



abe. 



This may be written y =s ^ . —, or representing — by a:, 

To construct the expression^ therefore, fod. z a fourth 
proportional to e, 6, and c, and then find y a fourth proper 
tional to d^ ^r, and a, ' 

Amongst the various forms of coostructioti we may select 
the following* 

Draw,, AD making any 
angle with BC, lay off AG 
« e, AB ^ 6, AE s e. 
Then BF being parallel to 
GE, AF will be jzr. 

Make AD ^d, AC =* a^ ^ ^ ^^ I r^^-^C 

and draw FH panllel to DC* 
Then will AH aiy.. 
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264. Let y = \/a« + b\ 

Take AB = o^and BC perpen- ^ 
dicular to it equal b. 'Then the 
hypothenuse AC = v'AB« + BC« 

ACc=v. ^ 




distance CA s 

will BA = x/ftTZTp == y. 



- 6^ make BC = b^ and from C with the 
a desoribe fiji arc cutting BA in A. Then 



2G5. . Let now the quadratic equation a?" ^— aa? = 6 be 
proposed. Supplying the unit, it becomes 

or - ar (ar — a) = bL 

There are a number of methods of Constructing this 
equation ; the following is among the most simple. 

f)raw AC any straight 
line. Upon it lay off AB 
2= /, and AC = b. Bisect 
BC in D by the perpendi- 
cular DE. MakeCE = ^a. 
With the centre E and disr 
tance EC describe a circle, 
cutting AEF in G and F. - 

Then (Euc. 36. 3. Cor.) AF . AG :=« AC . AB. But if 
AF =s i, AG = /I — a? ; consequently x{a — a?) = 6/. 

If AG = X, then AF ss a + x^ and we shall have 

AF . AG = (a + a:) a: ^ oar + a?^^ 

The above form answers therefore for both these equa- 
tions. ^ . . . 

266. If the equation had been ax ^ oi^ ^az blj the pro- 
ceeding would have been as follows. - > 
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Make AB a /, and BC « ft. Bi 
sect AC by the perpendicular D£. 
Make EC » in, and draw GBF. 
Then GB or BF will be x. 
For(£uc.85.d.)OB.BF»AB.BC. 
But if GB « a;, BF a a ^ Xf and 
vice yersa* 



x.(a — x)aaBiM? — aj*sBs AB . BC 




267. If a geometrical problem i»to be solved algebniif^ 
ally, it is necessary to conceive a figure that sfhall represent 
the conditions of the problem. Tlus figure being regarded 
as the true, one^ next draw such lines as shi^ appear to 
conduce most to develop the properties of .the problem. 
Affix to some of these lines, those whose values appear to 
be most easily found, and dlso to known lines, arbitrary 
83rmbols ; then express among these symbols the relations 
which by the problem are )mown to exist. An eauation 
will thus be formed, whose solution will give the values of 
the unknown lines. 

No general rule can be given for drawing the h'nes in 
the fi^re,nor for selecting those relatidns which lead to 
the most simple solutions. A compet^it knowledge of 
geometry, and a degree of tact which may be acquired by 
practice, are absolutely necessary. 

Frob. 1. The base and hypothenuse of a right-angled 
triahgte being given, to determine the perpendicular. 

Let. the base be represented by 
6, the hypothenuse by A, and the 
perpendicular by a?. Then (Euc. 
47.1.) 

a?« «= i« — 6» or x^ y/{h^ — 5»), 

Prob. 2. The base and the sum of the 
hjrpothenuse and perpendicular of a xight- 
angled triangle being^ven, to detenhine 
the perpen&ular. ' 

Let the base be 6, and the sum of the 
hypothenuse and perpendicular be a ^ 
then if 0? be the perpendi<iular, a*^ x will 
be the hypothenuse. Therefore (Euc. 
47. 1.) 
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(« 



or 0^ — 3 iM? + «• 1 



b^ + x^; whence z -- 






This problem may be nearly construcited thus: Make 
AB ^ 6, and draw BD perpendicular to it ecmal to a. Join 
ADy and bisect it in C, by the perpendicular EC ; join AC. 
Then it is evident AC ^ CD and AC + CB = BD « «. 

Piob. 8. The area of a right-angled triangle, and the 
sides of a rectangle inscribed therein, being given, to deter- 
mine the triangle. 

Put BE a a, BF s» 6, and AB » x. Then the area 
being 2 m, we^hall. have 

BC-~ Abo by similar triangle,.. 



or 



A£ : ED 2 : AB : BC, 

. . m 

z -- a :a: I X : — ; 

X 



whence m- 



am . 

= 5a?, 

z 



or bx^^mz^—^am; 

consequently solving the quadratic. 




m . :/m* am\ 



Prob. 4. Having the baise and perpendicular of a triangle, 
to find the side of its inscribed square. 

Let ABC be the triangle, 
the base BC being a, and per- 
p«ndicular AH ss b. Put the 
side of the square «s x. Then 
AKs5 — ar. But similar tri- 
angles, 

AH:AK::BC:DE, 

b:b -^ x^taix^ 

ab '— aXi and x : 




or 



bz^^ 



db 



The problem may b^ constructed thus : Make AI per- 
pendicular and equal to AH. Join BI cutting AC in E. 
Then will EGhbe a side of the square. 
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Prob. 5. The segments of , the Jbase and the ratio of the 
other sides of a triangle being given, to determine the 
sides. ' 

Let At) arid DB be represented by 
a and b ; the sides AC and BC being 
as m : n, put vix apd na? for those 
sides. Then we shall have (Euc. K. 6.) 

AB ; AC + BC : : AC — BC : AD -^ DB ; 

Qx a + b :mx + nxiimx — nxia — b ( 

whence (m»,— - rf) j^^c^-^b^, 

—- • and X = s/i -^ i, )• 




or 



x^^- 



Prob. 6. The base, sum of the sides, and distance of the 
vertex to the middle of the base, being given, to determine 
the sides. . . 

Let AB == a, AC + CB = b, 
CD = c, and AC = x ; then 
AC»6 — X. But(Euc.A.2.) 

AG« + CB« sfc 2 AD« + 2 DCS 

or 3^+b^'-'2bx+a^=^+^c^ ^ 




whence 



X^ -^ bx == 



ti«_269 + 4c« 



i^^c 



4 

fl9 — 6^ 



+ c«): 



Prob.?. Given the 
perimeter of q. right- 
angled triangle and 
the radius of its in- 
scribed circle, .to de- , 
termirie the trian^e. . 

From D draw DE, 
DF, and DG. perpen- 
dicular to the sides^ 
and join DA, DB and 
DC. ThenCE = CF , . ' ', 

and BF = BG. - Consequently, if « = the half sum of the 
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sides, and r == the radius of the inscribed circle, we shall 
have .. 

2««AB + AC + BC = 2AG + 2GB + 2CE; 

whence «=:AG + GB + CE. ' 

Put EC = :r ; then BG =» « — AG — EC = « — r — x. 

Also BC = BF + FC = ar + « — r —x = « — n 

.*. by the property of right-angled triangles, 

. AO+,ABac=.BC«, 

OT r^-^Hrx +a^ + (A-r- r)« — 2 (« — r) a? + i*^ == (« — r)»; 



whence 



But 



« , /«« — 2r»\ 




Prob. 8. The three sides of a triangle being given to 
find the area. . 

Let BC = a, AC « 6, AB == c, 
and DC == a?. Then (Euc. 13, 2,) ^ 

BC« =^ AC« + AB* - 2 BA . AD; 

, ^_ AC» + ABa-BC» 

whence AD ?= ^ . f. 5 A 

■ -^2AB 

that iis, ' ' • 

\/6« - x« = ^^1^ and^^ a?« ==^11^4—^--^. 

2c 4c». ' 

- (6« + €• — q«)^ 4 6»c^ — (6» + c« — g«)« 
4c« 4c^^ 

But since the difference of the squares of two> quantities 
is • equal to the sum of thd quantities multiplied by their 
difference,, this formula admits of the following reductions, 
viz. : * 



a?« 



^ {2bc + {b' + (^-a^)] '. {25c- (5« + c*-fl")| 



4c« 



(&« + 26c + c^ — a«) (q' — g« -f 26c — c») 



4c» 
27 
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^ {b + c + a) {b + c ^ a) (a ^ b + c) {a + b ^ c) 
"* 4c« 

anda: «= ,j-v^(6 + c + a)(6 + c — a) (a — b+c) {a'+b — c) 

Now, the area of the triangle is equal to i AB . DC 

= ^ca?=s I v^(^^+c+a) (b+c^dj {a-^-b+c) (a+b^c) 

This result may he written more simply if we make 
3 « •=« a + 6 + c, for then !> + c — a = 2« — 2 a, 
a — 6 -f c = 2 » — 2 6, tr + 6-.cs=2» — "2e. 

Substituting these values, we have ihe following expres- 
sion for the urea, viz. : . , 



1 




^ \/2« . (2« - 2a) (2« - 2L6) (2« — 2c) 

saa \^« . (« — a) (« — b) (« — C). 

Prob. 9. Given the hypothe- 
nuse and side of the inscribed 
square, to determine the sides of 
the triangle. 

LetAC = aandFD = 6. Put 
AB = X and BC = y. 

Then a:" + y' = a". 0) 

and AF:FD::AB:BC, • 

or x — b:b::x:y 

xy=^b{x + y) (2y 
• Adding twice this to (1), we have . 

s^ + 2xy+y=^2b{x + y) + a\ 
or . ' (a? + y)»-26(a? + y) = a«; 
whence - (^ ^ y) --- ^ ^ \/a« + 6*. 

The Tipper sign only will apply in this case ; ptherwise 
we should have two sides of the triangle less than the 
third. ' ■ - 

Substituting ihis value in (2), it becomes 

xy^b* + bs^a^ + 6«. ^ 
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From this and (1) we obtaiii 

ar-f y =* %/(«' + 2 6^ + 2 h>/a^ + ¥) 

from whence a? and y are readily obtained. 

Prob. 10. To find tb^ side of a square inscribed in a 
given semicircle whose diameter is (f. . 

AnB. \ d y/h, ^ 

Prpb. 11. To find the side of an equilateral triangle in- 
scribed in a given circle, and also of acircumscfibe^ tri- 
angle. . ; 

' -. An9, Inscribed, 5 d v^3. 

. Circumscribed, dv/3. ' 

Prob. 12. Having the lengths u and h of the lines from 
the centre of two legs of a right-angled triangle to the oppo- 
site angles, tp determine the sides. 



AuB. — >/A¥^ a« and — \^4 a« -^ ¥. 
15 15 

Prob.. 13. Find the side of a regular, pentagon inscribed 
in a circle whose diameter is d, 

Arts, i d v/l0-.2^/6. 

Prob. 14. Having the lengths a, '6 and c, of the three 
lines drawn from the angles A, B and C of a plane triangle 
to the middle of the opposite sides, to determine the tri* 
angle. .^ 

Am. AB = ? x/(2a« + 26- c«). 
BC = I s/{2. b^ + 2c« - o«.) 
AC=*|v<(2»' + 2c«-^g«.) 

Prob. 15. Given the, base 194, Uie line tha^ bisects the 
vertical angle 66, and the diameter 200 of the circle cir- 
cumscribing a plane triangle, to determine the sides. 

Ans. 

Prob. 16. Two trees stahding on a horizontal plane are 
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100 and 80 feet high respectivelyt the distance hetween 
their hases being 120 feet. The owner wishes to place a 
fountain between them, so that it shall be equally distant 
from their tops. What must be its distance from the taller 
tree! 

w^n«. 40v'3. 

Prob. 17. The lengths of the lines that bisect the acute 
angles of a right-angled triangle being 48 aiid 60 respec- 
tively, to determine the three sides of the tridngle. 

^n«. 42-9688, 56-8887 and 71-2937. 

• Prob. 18. The base 16, the perpendicular 7, and the 
ratio ef the sides, as 3 to 5, being given, to determine those 
sides. 

Arts. 3 v/34±8Vll and 5 s/M±Sy/\\. 



NOTE, 

MULTINOMIAL THEOREM. 



If a multinomial, a + fr+f4-<^ + &c« to p terms, be 
multipKed by itself, care being taken in this, as well as in 
all' the subsequent parts of this investigation, to write the 
multiplying factor first, we shall have in the product all the 
possible products of two factors that can be formed among 
the p quantities, and all the permutations of the factors, in 
every product. Thus the product "Will be 

aa + a^.+ ac^- ad + &c. 
ba'\^hb + bc -^bd + &c. 
ca + cb + ec -^ cd -4* &c. 
da + db + dc + dd + &c. 
&6. 

If this product be multiplied by the original polynomial, 
the result will contain all the possible variations of the pro- 
ducts of three factors that can be made among the p quan- 
tities, a, 6, c, &c. ; hot only those in which the letters are 
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all different, but Jikewise all that can be formed having 
two alike, and those in which the three factors are the 
same. Thus, of the ijuqjatities, a, 5, &c., will be formed 
aaa, aabj aac, abaj abb, abc, aca, acb\ ace, ban, bob, bac, 
bSa, bbb, bbc, bca, bcb, bcc, caa, cab, cac, cba, ebb, cbe, 
cea, ecb, and ece. 

If a, b and c were the only terms in the root,' the above 
would be the complete cube.. CoUectmg the terms nume- 
rically equal, this power may be written, cfi -f 3 a^ +3 a*c 
+ 2 cA^ + 6 abc -^2 ac^ + b^ + S bH + 8 6c« + c^. 

By multiplying again by the root, we shall obtain a 
result containing all the possible products of four factors, 
and so on to any extent. : 

From the above, it is evident that the nth power of the 
polynomial will contain. all the possible products of n fac- 
tors that can be made from the p quantities, a, b, c, &c*, 
and all the possible permutations of the factors found in 
each product. 

The genera] form of the ttel-m, without the coefficient, is 
therefore 

a'6*c*,&c., 

in which r, s, t, &c. are only limited by the equation 

r + « + ^ + &c. =s n. 

Now, as the factors in this product are in the* general 
expression permuted in all possible ways, it is evident that 
the term will be repeated as many times, as there are per- 
mutations of n quantities, r of which are equal to a, 8 of 
which are equal to b, &c. The number of sUch permuta- 
tions being (Art.' 78) 

n.{n^ 1) (ri - 2)....,,.. 3.2 . J 

r . {r - l)....l .«.(«- 1)....~1 . ^ . (^ - 1) 1 &c., 

the general t«rm (^f the development is therefore 
n.(n~l).(n~2).. ^'^'^ .^.fr-e^ &c 

In forming the power, it will generally be best to deter- 
mine the co-efficients belonging to the various form uIsb of 
powers, and afterwards annex to these the literal parts. 

Thus, if the fifth power of a -f 6 -|- c + were required, 
the different forms of the literal part of the terms would be 
.27* 
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a», a*fr, a»6«, a«6tf , ^''h^Cr 

the order of the indices, of connse, heing arbitrary. 

The co-e/Hcients of these terips, beginning ^t . the last, 
are, 

6.4.3>2>1 ^ 5.4.3.2.1 ^ 5.4.3.8.1 „ 
272 *" ^^ 273 ^' 2.2.3 ^ *^' 

6.4.3.2.1 ^ J 5.4.3.2.1 , 
-27374-""^' ^^ITTsTrs-*- 

Hence the complete power is v 

a» + ^5 + c» + 5 a« + 5 a*c + 5 0^* + ^ «c* + 5 ft*c 
+ 66c* + 10a«6« + 10a»c« + 10a«6» + 10«»(J» + 106»c« 
+ 10 6«c» + 20 a»6c +20 a5»c + 20 abt? + 30 a«^ 
+ 30 fl«6c» + 30 ab^d". 



THE END. 
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B. C. & J. BIDDIB'S 

SOHOO l PUBLICA TIOKS. 

THE UNITEO STATES ARITHMETIC. 

THE UNITED STATES ARITHMETIC ; designed for Acade- 
mies and Schools. By li'iUiam Togdes, Profeieeor of Mathematics in the Central fflgh 
School of Philadelphia. 

The first 104 pages of the abb^e-named work; embracing the rules to Gompotmd -Division 
indusive^ with 16 pages of miscellaneous exercises additional, are published as a FnusT Paet 
— designed for the use of Secondary Schools and the junior classes of Grammar Schools and 
Academies — in a separate volume, at half the price of the whole work. 

A KEY to the above-named work, designed for the use of teachers, has also been pub- 
lished. 

<<The United States Arithmetic" haa been adopted as a clafl»-book in the public schools of 
Philadelphia, Baltimore, Chicago, Lancaster, Camden, &&, and in very many highly respeo* 
table private seminaries throughout the Union. 

THE UNITEII STATES FRIMART ARITHMETIC. , 

THE UNITED STATES PRIMARY ARITHMETIC. By Pro- % 

fessor W. Vogdes— ^IN fbiss. 

RINB'S 3000 EXERCISES IN ARITHMETIC. 

THREE THOUSAND. EXERCISES IN ARITHMETIC. By 

David Ring, late Prindpal of the Female Public High School, Front street, Baltimore. 
Third edition, revised and corrected, with an Appendix, by W. J. Lewis. 

A KEY to the work, for the use of teachers, has been published. 

This little book is used in the public schools of Baltimore, Ac, and in many private semi- 
naries of respectable standing in various sections of the Union, and is adapted to use in 
connection with any treatise on arithmetic 

The importance of numerous examples to insure a flill understanding by the pupil of 
arithmetioal niles, is generally conceded by teachers. Messrs. Jacob and Charles E. Abbott- 
(the former well known as the author of those admirable books for <^ldren, the ^BoUo," 
**Lucy," and « Jonas" books, &c.,) thus express their opinion on this subject: 

*^ It is generally the object, in text-books on arithmetic, to give a sufficient number of 
problems, under each rule, to exemplify and illustrate the process, so. that it may be fully 
understood by the pupil. But experience in teaching arithmetic shows us that much more 
than this is required. It isnot enough that the pi^U understands an arithmetical process, nor 
that he is simply able to perform it. He must become thoroughly accustomed to the i>ec* 
fbrmanoe of it by means of long-continued.practioe^ until the prindples involved and the 
methods to be pursued, in all the variouli modifications which may arise, become completely 
and permanently familiarized to the mind. It is, accordingly, found necessary, in l^e best 
Institutions, to provide, in some way, a great number of examples tx practice, after those 
contained in ,the text4x>oks are exhaustei^." - 

aisop'sTlbebra 

A TREATISE ON ALGEBRA, in which the principles of the science 

are fiunUiarly explained and illustrated by numerous examples. Designed for the use of 
Schools, Academies, and C(^eges. By Samuel Alsop, PHncipal of Friends' Select School, 
Philadelphia. Second edition, enlarged and improved. 

A portion of the work» comprising i^uadratie Equations^ is published separately, as Pa&t 
FntST, for the use of lower classes. 

A KEY, for the use of teachers, has been published by E. C. ft J. B. 

Tl^e above-named work has been adopted as a text-book in Miami Universily, theCentral 
High School or Philadelpfaia, Hartford Public High School, Haverford (Friends' Collegiate) 
School, Ac, 
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E. C. & J.-BIDDLE'S SCHOOL PUBLICATIONS. 

JVom Professor John Gritcomf LL. D. 

Haying long boen' acquainted with the reputation of i;he author of thia work as a very 
eucceasfiil student -of the higher mathematics, both of English and foreign authors, and a 
skilful and ftithful teacher of youth, I hareloc^ed through his "Elementary Treatise on 
Algebra" with no little iutcrest. The result of the examination is a full conviction that 
none of the treatises before extant with which I have be^n acquainted, through a loiLSp 
course of teaching, is so well adapted as this, under the care of an intelligent master, to 
indoctrinate the student into a thorough acquaintance with Algebraic Analysis, and quaJi^ 
him for its application to Qeoihetry and Physics. 

The care manifested in th».gr<mati<m of his treatise, the neatness of the solutions^ and the 
numerous, but choice selection of questions for practice, sa^actorily prove that the author 
is habituated to a knowledge of tiie wants of students^ and has arranged his work in coix- 
fbrmity to such experience. JOHN GfelSCOM. 

BOBUNQTOK, N. J., 10th mo. 23d, 1846. ' ' 

ALSOF'S FIRST LESSONS IN ALfiEBRA. 

FIRST LESSONS IN ALGEBRA: designed for the use of Qram- 

nur Schools, and the lower <dftsse& in Academies. By Samuel Alsop, formerly Principal 
ofthe Friends' Select School for Boys, Philadelphia. Iwi 



TOGSES'S MENSURATION. 

AN ELEMENTARY TREATISE ON MENSURATION AND 

PRACTICAL GEOMETRY ; together with numerous Proolems ef practical importance in 
Mechanics. By William Vogdes, Professor of Mathematics in the Central High School of 
Philadelphia, author ofthe United States Arithmetic. 

A KEY, for the use of teachers, has been published b^ B. C. A J. B. 

I)£A& Sib — I have examined your Treatise on Mensuration, Ac, and am fully persuaded 
f of its excellence. The accuracy of its definitions, and the copiousness of its illustrations, 
make it admirably adapted to the wants of students in our elementary schools. Sincerely- 
desiring that you may be compensated for your labour by its speedy introduction into our 
academies, Ac, I remain, truly, yours, M. L. STOEVER, 

Peof. Vogdes. ^_ Prin. of the Acad. 2>ept. Psnna. CbUege. 

Messrs. Biddle — ^In Togdes's Mensuration you have given us the requisite mtdtum in 
parvo. We shall introduce it in this institutiou. Yours, truly, 
Hkeembi Co., N. Y., Ma^'21, 1847. D. W. ASHBURN, Prin. t. F. Acad, 

MAURT'S NATIBATION. 

THE text-boob: of THE U. S. NATY. 

AN ELEMENTARY, PRACTICAL, AND THEORETICAL 

TREATISE ON NATIGATION. By M. P. Maury, Lieut U. S. Jf avy. Third edition, much 
enlai^ed and improved. 

General Order, Navy Department. \ 

Maury's Navigation is hereby adopted as the textrbook of the Navy. Midshipmen are 
therefore required to make themselves acquainted with at least so ihueh of Ma^ematics, 
Nautical Astrohomy, and tha other kindred branches of Navigation a» is therein contained. 

Professors of Mathematics and Boards fQr thd examination of Midshipmen are charged 
with the execution of this order. [Signed] , • J. Y. MASON. 

The above-named work has also been adopted' as a text-book in the Central Public High 
School of Philadelphia, the High School of Bal^moxe, Ac. 

BirAlMERE'S~ASTRONDMT. 

AN ELEMENTARY TREATISE ON ASTRONOMY. In two 

Parts — ^the first containing a dear aind compendious view of the theory ; the second, a 
numl^r of Practical Problems. To which are added Solar, Lufaar, and other Astronomical 
.Tables. By John Gummere, A. M. Member of the Am. PhU-. Soc, author of a Treatise on 
Surveying, Ac, Ac. Third edition, improved. 

The work Is used as a text-book in the Univerrity of PeiOisylvaiida, Wesleyan University, 
Union College, Central High School of Philadelphia, Ac 

From prqfesscT A. D. Bache, LL. 2?., Supervtdendent of U. S. Cbati Survey. 

The undersign^ having iised< the second edition of Oummere*s Astronomy as a text-book 
in the University of ^nnsylvania fbr several years, and the ^ttdrd edition for a year, 
when last connected with the University, ha4,had a good opportolity to judge of its merits, 
and recommends' it strongly for its clear style and perspijuoua arrangement. The Appen- 
dix to the third edition contains matter of the highest interest to tiie practical astronomer 
as well as to the student. A. D. BACHE, 

Late Prqf. of JVat. PhOos. Vhiver. qf Bl 
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^. C. & J. BIDDLE'S SCHOOL PUBLICATIONS. 
MANUAL OF CLASSICAL LITERATURE 

FOURTH EDITION— NINTH THOUSAND. 

MANUAL OF CLASSICAL LITERATURE, from the German 

of John J. Eschenburg. With Additions hy Professor Fiske, of Anpiherst College. The work 
comprises fire parts i—i. Classical Geography and Chronology. 2. Iltfythology of the Greeks 
and Romans. 3. Greek and Roman Antiqitities. 4. Archaeology of Gre^k and Roman 
Literature and Art 5. History of Ancient Literature, Greek and Roman. Fourth edition, 
much enlarged and improved; illustrated by twenty findlr executed copper-plates, and by 
wood-cuts representing more than four hundred different ol^ects. In addition to these 
illustrations, thirty-two finely executed oopper-plaip engrayings, referred to in the Manual, 
are bound as a Supplemental Volume. 

The Manual has been placed among the text-books in many of the colleges of the United 
States, e. g.. Harvard, Wesleyan, and Miami Uniyersities; Universities of Pennsylvania and 
Alabama; Union, Rutger's, Amherst, Middlebury, Dartmouth, Bowdoin, W. Reserve, Maric 
etta, La&yette, and Hamilton colleges, &o. 

FISKE'S CLASSICAL ANTIQUITIES. 

This work, which is designed for use in High Schools and Academies, comprises the first 
three parts of the *' Manual of Classical Literature!" It is an 8vo volume of about 350 
pages, and embraces five distinct treatises: — 1. Classical Geography and Topography; 
2. Classical Chronology ; 3. Greek and Roman Mythology ; 4. Greek Antiquities ; 5. Roman 
Antiquities. With copper-plate and wood engravings, illustrating more than 300 olgects. 
Its price is one-half that of the '< Manual." 

PEALE'S~GRAPHICS. 

GRAPHICS, THE! ART OF ACCURATE DEUNEATION. A 

System of School Exercise for the Education of the Eye, and the training of the Hand, as 
auxiliary to Writing, Geography, and Drawing. With an Introduction for the use of 
Teachers, explanatory of the first Education of the Eye, especially calculated for Primary 
Schools and young beginners. By R. Peale, late Professor of Graphics in the High School 
of Philadelphia.' 

In use in the Public Schools of Philadelphia, in Rutger's F^ale Institute, N. T, and in 
many other seminaries of high repute in various parts of the Union. - 

CONTROLLERS«~COPY-SLIPS. 

' These Copy-Slips are of the old-fashioned round style of writing, as opposed to the Car* 
stairian or angular style ; and consist of four sets, vis.. Large Text-hand, Text-hand, Round- 
hand, and Introduction to Running-hand ; each set containing 24 to 26 slips, or sentences, 
commencing with different letters of the alphabet. These sets or alphabets are stitched in 
book-form, or pasted on separate slips of binder's board. In this latter form they are used 
in the Public schools of Philadelphia, where its economy has been satisfactorily tested. 

HARDING'S ALPHABETICAL OUTLINES. 

ALPHABETICAL OUTLINES in German Text, Old English, 

Plain and Ornamental Print ; together with examples of shading in each style. By W. A. 
Harding. 

DRAWING-BOOK OF FLOWEt^ AND FRUIT. 

DRAWING-BOOK OF FLOWERS AND FRUIT; with beauti- 

fVilly colored illustrations. Designed for the use of schQols,-private pu|>ils, and amateurs. 
By Mrs. AnneHUl. 

" We have never seen any thing of the kind, .of American producti(^ that could be at all 
compared with-it, and cannot Well imagine how th^ wealth and expe^ence of Europe could 
produce a more excellent book of instruction, for the use of seminaries, private pupils, and 
amateurs. The designs and coloring appear faultless. The mechanical portions have been 
confided to master hands, and the very first artists in the country have warmly commended 
the whole work." — Saturday Oourier. 

PROGRESSIVE LESSONS IN THE PAINTING OF 
FLOWERS AND FRUIT. 

BT MBS. ANNE HILL. 

The series consists of six sheets each containing- four studies, beautifully colored and 
gradually increasing in difficulty of execution. The price of the set is $1.50; of the num- 
bers separately, Nos. 1 and 2, each 25 cents ; Nos. 3 and 4^ each 31^ centi^ and Nos. 5 and 6 
each 87i cents. { ^ \ 
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E. C. & J. BIDDLE'S SCHOOL PUBLICATIONS. 

M'HVBTRIS'S SCIEMTiriO LSriOON. 

A TEZ!^BOOK IN TBS CKNTEAL BIOH 869001 Ot PBIL&DELPHIA. 

LEXICON SCIENTIARUM. A DICTIONARY OP TERMS 

used in the various branches bf Anat<»nv, Astronomy, Botany, Geology, Geometry, Uygien^ 
Mineralogy, Natural PfailoBophy, Physiology, Zoology, Ac. By Henry M^Mtirtrie, M. B^ etc^ 
Professor of Ani^my, Phy^lOgy, and Natural History,'' in the Central High School or 
Philadelphia. 

Fnm Samud Cfearpe Morton, M. D^ Vice-Praideni qf (he Academy o/Mtunil Sciences, of 
Philaddt^ia ; formerly President of the Assodaiion of American GeoCoffiOs and Naturalists; 
author qr ** Crania AmeHeana,'* ** Crania ^ffypUca," dc dc 

I have examined Dr. M<Murtrie's Bictionary of Soientifl<? Terms, and believe it to be ad- 
mirably adapted to the explanation of the numerous teohniealities tl^it are inseparably 
connected with every department of Science. Such a glossary is indeed indispensable to the 
leuner, who by its aid will find every step Iksilitated and much time saved. 

PniLADKLPHiA, October 27, 1847. 4BAB1UEL QEOfiGE MORTON. 

From M. H. Boyd, Ptofestor of Chemistry in the Oeniral Bigh School, Philadelphia, 4c 

Laboratory, aJt Oid Mint, 
l^HlLADELPniA, October 19, 1847. 
I have been much pleased with Dr. M^urtrle's Sdentifio Dictionary. Such a work has 
been long needed to enable the student to acquire a correct knowledge of the derivation 
and meaning of the various scientific terms : It will also be found very convenient to more 
advanced scholars, as a book .of reference. I therefore take great pleasure in recommend- 
ing it to the public in general. M. H. BOT£. 

GLEVELANS'S GOMPENBinM OF ENBLISI LITERATIJBE. 

A COMPENDIUM OF ENGLISH LITERATURE, chronologL- 

oally arranged, firom Sir John Mandeville (14th century) to William Cowper (dose of 18th 
century;) consisting of Biographical Sketches of the Authors, choice Selections from their 
works ; with Notes explanatory and illustrative, and directing to the best Editions, and to 
various criticisms. Doriigned as a text-book for Schools and Academies, and Colleges, as 
well as for private reading. By Charles D. Cleveland. 

ITT* AdofML as a tessbbook in the PiMie Normal and Qrammar Schools qf Philadelphia, the 
Pmie High Schools of Bartford, Providence, dc. dc. 

Pram Rev. John Ludhw, D. D^ Provost of the University of Pennsylvania. 

The public are greatly indebted to you for placing before our youth this Compendium of 
English Literature. I hope it will command the attention which it certainly deserves ; and 
if my name would have any infiuenoe, I would most earnestly recommend it to every young 
lady especially, who desires a << finished" education. 

Departing from my usual custom, if you or your publishers should deem this note of any 
use to extend the circulation of your valuable work, it is heartily at your service. 

UNiVERaiTT OP Pexna., January 13, 1848. JOHN LUDLOW. 

From Prqfessor Goodrich, of TdU CbUege. 

I have read Professor Cleveland's "Gompendirm of English Literature" with lively inte- 
rest The selections are^made with uncommon taste and judgment.- The biographi<»l 
notices and critical estimates prefixed to the extracts appear to me accurate and discrimi- 
nating, and they certainly add much to the interest of the work, which supplies a want 
that has long been felt, and which must, I think, when knosrn, be deemed an almost indis- 
pensable auxiliary in the highest classes of our schools and academies, in the study of 
English Literature. CHAUNCEY A. GOODRICH. 

New Haven, January 20, 1848. 

• • 
firom Bev. Charles B. Haddock, D. D., Professor </ hsteUectudl Phihsophy andJBngUdi 

Literature in Dartmouth Oott^fe. 
<<Mt Dear Sm.'^-I have read your Compendium with g^at satfsfkctlon and delight. It 
*8 a work much needed, and exdeedingly well executed. The plan is, so for 80 I know, 
quite original ; the biographical sketches are judicious and elegantly written ; and the 
selection of authors, and of passages from their works, in an eminent degree fitted to IntrO' 
dttoe the student to the most finished and moat wholesome portions of our Literatar»— the 
richest, noblest Literature the world has yet produced." 
4 
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E. C. & J. BIDDLE'S SCHOOL PUBLICATIONS. 

CRITTENDENS' DOUBLE ENTRY BOOS-EESFIHO, 

AN INDUCTIVE AND PRACTICAL SYS^FEM OF DOUBLE 

ENTRY BOOK-KEEPING, on an entirely new plan; haying a general rale, deduced front 
fhe definition of Debtor and Creditor, applied to the Journalizing of all Transactions; con- 
taining Twelre Sets of Books for Imparting a Oencral Knowledge of the Science, with 
somerons and rarious Entries, and illustrating Single and Partnership Business, both 
prosperous and adyerfte; also. Approved Forms of Auxiliary Books— A Vocabulary of Com- 
mercial Terms— Practical Forms ibr Keeping Books in dififerent Branches .of Business — 
Commercial Calculations — A Table of Foreign Coins, and Moneys of Account, ftc Itesigned 
for tlie use of Private Students, Schools, and Practical Accountants. By A. F. & S. W. Crit> 
tenden, Accountants, of Philadelphia. 

The above-named work has been examined by, and received the approval of many of the 
best practical book-keepers in Bostdh, New York, Philadelphia, Baltimore, Richmond, 
Charleston, Savannah, Mobile, New Orleans, Natchez, Ticksburg, Memphis, St. Louis, Naah- 
Tille^ Louisville, Cincinnati, Wheeling, Pittsburg, BufBoilo, &e. 

That portion of the work especially adapted to impart to iuvenile pupils a knowledge of 
the sdenoe of which it treats, is published as a School Edition. 



THE NEW AHERICAn SPEAKER. 

BEING A SELECTION OF SPEECHES, DIALOGUES, AND 

POETRY for the Use of Schools. By ThomfU Hughes. 

ETTmOLOOICAL OLASS-BOOSS. 

1. LYND'S FIRST BOOK OF ETYMOLOGY. 

2. LYND'S CLASS-BOOK OF ETYMOLOGY. 

3. OSWALD'S ETYMOLOGICAL DICTIONARY AND KEY. 

Designed to promote precision in t|ie use, and facilitate the acquisition of a knowledge of 
the English language. w 

|JU=" The above-named series is introduced, in whole or In part, as text-books in the pub- 
lic schools of Philadelphia, BeJtimore, New York, Brooklyn, Troy, tJtica, Hartford, Ac. &c. 

I^om Professor J. S. Hart, Principal ofth& Pfaladdphia Central High SchooL 
Oentleuzn — I have examined, with unusual satisfaction, the First Book and Class-Book 
of Etymology, by Mr. James Lynd. These books, both in their plan and execution, give 
evidence of having been prepared by one practically acquainted with the difficulties of the 
imlocct and able successfully to meet them. I have long considered the study as one of 
primary importance, and I am free to say, that I think Mr. Lynd's work the greatest ad- 
vance tiiat has yet been made towards a practical and efficient method of teaching it. The 
conviction has been for some time gaining ground, that the study of the analysis of words 
into their elements, of the meaning of these elements, and the method of combining them— 
in other words, the fitudy of Etymologj — is essential, especially to the mere English scho- 
lar, to a proper and tntell^ent comprehension of the laiiguage. These exercises, also, like 
all rational exercises connected with the study of language, have been found to be one of 
the most efficient means of disciplining the youthful mind. But hitherto serious difficultly 
have been experienced from the want of text-books precisely adapted to the necessities of 
English scholars; and many teachers have omitted what they believed to be an important 
branch of primary instruouon, because no method of teaching it had been presented that 
seemed sufficiently practical. Mr. Lynd's books, I think, will go far to remove this diffi- 
culty. They are evidently prepared with care, with reference to the wants of scholars 
rather tban the display of erudition ; and on a plan that can hardly fail to commend itself 
at sigHt to the experienced teacher. 

r Your& respectfully, • JOHN S. HART. 

PHILADKLPBX&, Juua 15, 1847. 

Ih>m Prqfeasor C. D. Clevdand, author of ** Latin Lesspns," *^Laiin Cframmar," dtc. 
Geitflbmen— In republishing « Oswald's Etymological Dictionary," enrfched as it Is by 
the sensible and well-written *^ Introduction" of Dr. Keagy, you have done a real service 
to the cause of sound education. It is the beet work of the kind (designed for schools) that 
I have yet seen, and it must have an extensive circulation'; for in every well-regulated 
school, taught by competent masters, Elymology will form a promihent branch of study aa 
long as there is an inseparable connection between clearness of thought and a correct use 



of language. Yours, respectfully, ^.... ,e.n>:(GM^VELAND. 
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E. C. & J. BIDDLE'S SCHOOL PUBLICATIONS. 
TREGO'S OEOORAPHT OF PENnSTLVANIA. 

A GEOGRAPHY OP PENNSYLVANIA, containing an Account 

of the History, Geographical Features, Soil, Climate, Geology, Botany, Zoolpgy, Population, 
Education, Government, Finances, Productions, Trade, Railroads, Canals, &c^ of the State ; 
"With a separate Description' of eiftch County, and Questions for the oonyenience of Teachers. 
By Chiles B. Tifego, late Assistant State Geologist, &c. &c Illustrated by k Map of the 
State and numerous engravings. ^ 

OUTLINES OF SACRED BISTORT, 

From the Creation of the World to the Destruction of Jerasalem.' 

With Questions tot 'Examination. Intended for the use of Schools and Families. New edi* 
tion, enlfu^ed and improved. Illustrated with 34 engravings on wood. 

Published in London, under the direction of the Committee of General Literature and 
Education, appointed by the Society for promoting Christian iCnowledge. 

. The above-named work is used as a class-book in the Academical Department of the Uni- 
Tersity of Pennsylvania. 

Usetradjrom the last Annual Report ofthelate Superintendent of Common Schools of the city 
and county of New York — CW. Wm. L. Stone, 

" But there are several other books wanted in those schools, (under the care of the Pub- 
lic School Society,) among which is a good oompend of Sacred History. * * The ofSoers of 
the District Schools of the fourteenth ward have adopted * Outlines of Sacred History' — aa 
abridgment of great excellence.*' 

JOHNSON'S MOFFAT'S NATURAL FHILOSOFHT. 

A SYSTEM OF NATURAL PHILOSOPHY, designed for the use 

of Schools and Academies, on the basis of Mr. J. M. Moffkt; comprising Mechanics, Hydro- 
statics, Hydraulics, Pneumatics, Acoustics, Pyronomics, Optics, Electricity, Galvanism and 
Magnetism; with Emendations, Notes, Questions for Examinatitiu, Ac, Ac. By Professor 
W. R. Johnson. 
The title of this work has been changed from << Scientific Class-Book, Part I.** 

JOHNSON'S MOFFAT'S CHEMISTRY. 

AN ELEMENTARY TREATISE ON CHEMISTRY, together 

with Treatises on Metallurgy, Mineralogy, Crystallography, Geology, Oryctology, and Me- 
teorology, designed for the use of Schools and Acadomiea ; on the basis of Mr. J. M. Moffat ; 
with Additions, Emendations, Notes, References, Questions for Examination, &&, &c. By 
Professor W. R. Johnson. 

The title of this work has been changed from " Scientific Class-Book, Part IT." 
, The above-named works by Prof. Johnson are used as text-books in many Colleges, A(^0- 
mies, and High Schools of respectable standing in various sections of the tJnion. 

FRENCH LESSONS FOR BE&INNERS. 

L'ABEILLE POUR LES ENFANS. OU LECONS FRAN- 

CAISES, lere Partie, & I'usage des ^coles. 

This work, -es its name imports, is designed for the First Beading*book. The style is sim- 
ple, the sentences short, and containing few idioms, inversions, or difiiculties. At the end 
of each page is.a translation of the idiomatic expressions it contains, and of the words used 
in an acceptation not given in the dictionary. The work has been oomp^ed with special 
reference to moral tendency. ^ 

SANHFORH AND MERTON IN FRENCH. 

THE STORY OF SANDFQRD AND MERTON. By Thomas 

Day. Translated into French by M. Berquin. Designed us a Beading-book for Juvenile classes. 

JFVom Prqfessor Brlgy, of the PhUaddphia Oentral High School. 
« Philadelphia, January 24^ 1848. 

GsinxEinEN— No better idea could have been 8ugg6stM to you than that of republiddng 
this wosrk of Berquin. 

Among the French popular writers he occupies a place secondary, to no one; the purity 
of his style is unsurpassed, and he has been prc^rly called the Historian (f Toung oge, 
whidi he idotures both.as it is and should be. 
The morality of all his works tends to awake the noblest and purest sentiments of the mind. 
With my best wishes for the suooera of the work, should you pubUah it, . 

I remain yours, most respectftilly, F. A. BBEGY. 
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